
PREFACE. 


The rapid growth in recent years of all branches of applied 
science and the consequent increasing claims on the time of 
students have given rise in various quarters to the demand 
for a change in the character of mathematical text-books. 
To meet this demand several works have been published, 
addressed to particular classes of students and designed to 
supply them with the special kind and quantity of mathe- 
matics they are supposed to need. 

With many of the arguments urged in favour of the 
change I am in hearty sympathy, but it is as true now 
as it was of old that there is no royal road to mathematics, 
and that no really useful knowledge can be gained except 
by strenuous effort. 

It is sometimes alleged that a thorough knowledge of 
the derivatives and integrals of the simpler powers, of 
the exponential and the logarithmic functions, and perhaps 
of the sine and the cosine, is quite sufficient preparation 
in the Calculus for the engineer. This contention has a 
solid substratum of truth; but a knowledge that goes 
beyond the mere ability to quote results is not to be 
obtained by the few lessons that are too often considered 
sufficient to expound these elementary rulea It may be 
possible to state and illustrate in a few lessons a sufficiept 
amcmnt of the special results of the Calculus to eni^e 
a student to follow with some intelligence the 



vi AN ELEMENTARY TREATISE ON I'HE CALCULUS. 

elementary treatment of mechanical and physical problems | 
but, though such a meagre course in the Calculus may 
not be without value, it is quite inadequate, both in kind 
and in quantity, as a preparation for the serious study 
of such practical subjects as Alternate Current Theory, 
Thermodynamics, Hydrod3mamics, and the theory of Elas- 
ticity, and to a student so prepared much of the recent 
literature in Physics and Chemistry would be a sealed 
book. Besides, it should surely be the aim of every well- 
devised scheme of education to place the student in a 
position to undertake independent research in his own 
particular line of work, and the very complexity of the 
problems presented to modern science, with the vast accum- 
ulation of detail so characteristic of it, enhances in no 
small degree the value of a liberal training in mathematics. 
Subsequent .specialisation makes it tlie more, not the le.ss, 
necessary that the mathematical training in the eaidier 
stages should be the same W'hether the student afterwards 
devotes himself to pure mathematics or to the more 
practical branches of science, especially as the processes of 
thought involved in any serious study of mechanical, 
physical, or chemical phenomena have miich in common 
with those developed in the study of the Calculus. 

The early text-books on the Calculus, such as Maclaurin’s 
or Simpson’s, were not written for pure mathematicians 
alone, but drew their illustrations largely fi'om Natural 
Philosophy ; the later text-books, probably in consequence 
of the ever-widening range of Physics, gradually dropped 
physical applications, and ei en tended to become treatises 
on Higher Geometry. In the present\ position of mathe- 
matical science, however, it is just as inAch out of place to 
make an elementary work on the Calclilus a text-book 
of Higher Geometry as it would be to \uike it a text- 
book of Physics or of Engineering or of ChWiistry- What 
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may be reasonably required of an elementary work on 
the Calculus is that it should prepare the student for 
immediately applying its principles and processes in any 
department of his studies in which the Calculus is generally 
used. With this end in view, the subject should be 
illustrated from Geometry, Mechanics, and Physics while 
the peculiar difficulties of these branches are relegated 
for detailed treatment to special text-books, so that the 
illustrations may really serve their purpose of throwing 
light on general principles, and may not introduce rather 
than remove intellectual obscurity. As regards Chemistry, 
a sound knowledge of the Calculus is of special importance, 
since it is the properties of functions of more than one 
variable that are predominant in chemical investigations ; 
the lately published book of Van Laar, Lehrbuch der 
Mathematischen C/iemic, is a sign of the times that cannot 
be mistaken. 

In this text-book an effort has been made to realise 
the aims just indicated. With respect to mathematical 
attainments, the reader is supposed to be familiar with 
Geometry, as represented by the parts of Euclid’s Elements 
that are usually read, with Algebra up to the Binomial 
Theorem for positive integral indices, and with Plane 
Trigonometry as far as the Addition Theorem ; but no 
use is made of Complex (imaginary) number, nor is a 
knowledge of Infinite Series presupposed. The excessive 
refinements of inodeni mathematics have been deliberately 
avoided, as being neither profitable nor even intelligible 
to the young student; constant appeal has been made to 
geometrical intuitions, while at the same time considerable 
attention has been paid to the logical development of the 
subject. 

The early chapters may seem to contain a great deal 
of matter that is foreign to the book ; but the theory 
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of graphs and of units is of such importance, and is as 
yet so imperfectly treated in elementary teaching, that some 
account of it appeared to be a necessity. After considerable 
hesitation I have included in my plan the elements of 
Coordinate Geometry, so far as these were likely to be of real 
service in elucidating fundamental principles or important 
applications ; but for many applications of the Calculus an 
extensive acquaintance with Coordinate Geometry is not 
necessary, and I hope that a sufficiently clear account of 
its principles has been given to meet the practical needs 
of many students. I have, however, excluded the discus- 
sion of the theory of Higher Plane Curves and of Surfaces 
as unsuitable for an elementary treatise. 

Another innovation is the chapter on the Theory of 
Equations ; the innovation seems to be justified, not merely 
as an arithmetical illustration of the Caleulu.s, but also by 
the practical importance of the subject, and by the absence 
of elementary works that treat of transcendental equations. 

The general development is that which I have followed 
in class-teaching for several years. The somewhat lengthy 
discussion of the conceptions of a rate and a limit I have 
found in practice to be the simplest method of enabling a 
student to grapple with the special difficulties of the 
Calculus in its applications to mechanical or physical 
problems ; when these notions have been thoroughly 
grasped, subsequent progress is more certain and rapid. 
!No rigid line is drawn between differentiation and inte- 
gration, and several important results requiring integration 
are obtained before that branch is taken up for detailed 
treatment. The discussion in Chapter X. of areas and of 
derived and integral curves is designed, not only to furnish 
a fairly satisfactory basis for the geometrical definition 
of the definite integral, but also to illustrate a method 
of graphical integration that is of some importance to 
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engineers, and that may be of some value even in purely 
theoretical discussions. 

As in some of the more recent text-books, the discussion 
of Taylor’s Theorem has been postponed ; the Mean Value 
Theorem is sufficient in the earlier stages, and the some- 
what abstract theorems on Convergence and Continuity of 
Series are most profitably treated towards the end of the 
course. The treatment, however, is such that teachers who 
prefer the usual order may at once pass fi’om the Mean 
Value Theorem to Chapters XVII. and XVIII. 

Functions of more than one variable are treated in less 
detail than functions of one variable ; but I have tried to 
select such portions of the theory as are of most importance 
in physical applications. The book closes with a short 
chapter on Ordinary Differential Equations, designed to 
illustrate the types of equations most frec^uently met 
with in dynamics, physics, and mechanical and electrical 
engineering. 

Simple exercises are attached to many of the sections; 
in the formal sets will be found several theorems and 
results for which room could not be made in the text, and 
which are yet of sufficient importance to be explicitly 
stated. I have tried to exclude all examples that have 
nothing but their difficulty to recommend them ; and 
with the object of encouraging the student to put himself 
through the drill that is absolutely necessary for the 
acquisition of facility and confidence in applying the 
Calculus, I have freely given hints towards the solution 
of the more important examplea 

In the preparation of the book, I have consulted many 
treatises, and where I am conscious of having adopted a 
method of exposition that is peculiar to any writer, I have 
been careful to make due acknowledgment. It is difficult, 
however, when one has been teaching a subject for years to 
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recognise the sources of his knowledge, and it may well be 
that I have borrowed more largely than I am aware. 

I am greatly indebted to my friends Professor Andrew 
Gray, F.R.S.; Mr. John S. Mackay, LL.D.; Mr. Peter Bennett ; 
Mr. John Dougall, M.A.; and Mr. Peter Pinkerton, MA., for 
help in the tedious task of the revision of proof-sheets and 
for useful criticism. In all matters bearing on Physics, 
Professor Gi’ay’s advice has been of the greatest service. 
To Mr. Dougall riiy obligations are specially great ; he has 
taken a lively interest in the work from its inception, and 
has read the whole of it in manuscript, placing at my dis- 
posal, in the most generous way, his great knowledge of 
the subject and tlie fruits of his experience as a teacher ; to 
him, too, I owe the verification of the examples. 

I desire to thank Profes.sor R. A. Gregory for his constant 
and kindly advice on matters relating to the passage of the 
book through the pre.ss. I am also grateful to the printers 
for the excellence of their .share of tlie work. 

GEORGE A. GIBSON. 


Gla.sgo\v, September, 1901. 
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AN ELEMENTARY 
TREATISE ON THE CALCULUS. 


CHAPTER 1. 

COORDINATES. FUNCTIONS. 

§ 1. Directed Segments or Steps. Let A,B (Fig. 1) be any 
two points on a straight line. In Elementary Geometry it 
is customary to denote the segment of the line between 
A and B by AB or by BA indifferently, the order of the 
lettera being of no consequence. It is useful, how'ever, for 
many purposes to distinguish the segment traced out 
by a point which moves along the line from A to R from 
that traced out by a point whith moves from B io A. 
When this distinction is made, the segment is called a 
directed segment or vector or step, and the distinction is 
represented in the symbol for the segment by the order of 
the letters; thus, AB denotes the segment traced out by a 
point which moves from A to B, while BA denotes the 
segment traced out by a point which moves from B to A. 
The length of the step .4^ is the same as that of the step 
BA, but the steps have opposite directions. 

A B 5^ C d” 


C D 

Fig. 1. 

Two steps AB, CD are defined to be equal if (1) they are 
on the same straight line or on parallel straight lines, (2) 
the lengths ot A B and CD are equal, and (3) D is on the 
a.c. A C 
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same side oi C &s B is of A. Thus, if D' be at the same 
distance from G as D is, but on the opposite side, is not 
equal to CD' but to D'G. The step AB has the same length 
and the same direction as CD or D'G, but though it has the 
same length as CD', it has not the same direction and is 
therefore not equal to CD' in the sense in which “ equal ” 
has been defined for steps. 

§ 2. Addition of Steps. Let A, B, C be any three points 
on a straight line. Whatever be the relative position of 
the points A, B, C, a. point which moves along the line 
from A to B, and then from B to C, will be at the same 
distance from A and on the same side of A aa if it had 
moved directly from A to G. AC is therefore taken as the 
sum of the steps AB and BG, and the operation of addition 
of steps is defined by the equation 

AB+BC^AC. 

When B lies between A and C, the sum of the lengths of 
the steps AB and BC is equal to the length of the step AC, 
and therefore in this case addition of steps agrees with the 
usual geometrical meaning of addition of segments in 
which length alone is considered. But when B does not 
lie between A and G, the sum of the lengths of the steps 
AB and BG is not equal to the length of the step AC. It 
will be seen immediately that steps can be represented as 
positive or negative, and that addition of steps corresponds 
to algebraical addition. 

If D be any fourth point on the line 

AB+BG+CD=AC+CD = AD, 

and in the same way the sum of any number of steps may 
be defined. 

To find the sum oi A B and CD when B and G are not 
coincident, take the step BE equal to the step CD ; then 

AB+GD = AB+BE^AE. 

If X be any positive number, xAB is a step in the same 
direction as the step AB, and of a length which is to the 
length of AB in the ratio of a: to 1 ; thus, SAB is a step 
thrice as long, and in the same direction as the step AB] 
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lAB is a step five-thirds of the length of AB and in the 
same direction. 

The student will have no difficulty in showing that the 
commutative and associative laws for the addition of 
numbers hold for the addition of steps. 

§ 3. Symmetric Steps and Subtraction of Steps. If in the 
first case of the preceding Article the point C be supposed 
to coincide with A, the step AC becomes the zero-step AA, 
which is denoted by 0. Hence, in symbols, 

AB-hBA = AA = 0. 

Similarly, AB + BC-\-CA=^AC-\-CA={). 

In Algebra the negative number —a is defined by the 
equation 

«-!-( — a) = 0. 

In the same way the negative step —AB may be defined 
by the equation 

AB-\-BA=0 

as being the step BA ; that is, the step — AB is the step 
BA of the same length in the opposite direction. The 
symbol -4- may now be attached to a step AB, and +AB 
may be called a positive step. The two steps -\-AB and 
— AB (or BA) are called symmetric steps. Obviously, if 
two steps are equal, so also are their symmetric steps. 

The operation of subtraction of a step is defined as the 
addition of the symmetric step ; in symbols, 

AC-BG=AC-\-CB = AB] 
or, AB-CD = AB+DG=A(y, if BG' = DG. 

Precisely as in Algebra, the commutative and associative 
laws may be shown to hold for subtraction of steps, and 
there will be no confusion caused by the use of the symbols 
-f- and — to indicate symmetric steps as well as the 
operations of addition and subtraction. 

By the definition of subtraction, if A, B be any two 
points on a line and 0 any third point, 

AB=^AO + OB = OB-^AO = OB-OA. 
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§ 4. Abscissa of a Point. Let 0 be a fixed point on a 
line X'OX and P, P' two points on opposite sides of 0 but 
at the same distance from it (Fig. 2); let U be another 
point on the line on the same side of 0 as P is, say to the 
right of 0. 

The steps 0 U, OP have the same sign ; the steps 0 U, 
OP' have opposite signs. 

Let 0 P be taken as a standard of length, say 1 inch, and 
as a standard of direction ; it may therefore be called the 
unit step. Steps measured like OU to the right will be 
called positive steps, while those measured to the left will 
be called negative. Thus OP, P'P are positive, OP', PP' 
negative steps. 

P' A' lT O U a P K 

Fig. 2 

If OP is equal to xO U, then 

0P'=-P'0^-0P=-x0U. 

The positive number x is called the abscissa of P with 
respect to the origin 0; the negative number —a: is called 
the abscissa of P' with respect to the same origin, and the 
line X'OX is called the axis of abscissae. Every point of 
the line to the right of 0 will have a positive number for 
abscissa, and every point to the left of 0 a negative 
number ; the abscissa of 0 itself is zero. Thus if OA = 2017, 
the abscissa of A is 2 ; the abscissa of 17 is 1 ; the abscissae 
of U' and A', the points symmetric to P and A, are — 1 
and — 2 respectively. 

As thus defined, the abscissa of a point P is the ratio of 
OP to the unit step 0 P, taken with the positive or negative 
sim according as P is to the right or to the left of 0, 
17 being supposed to be to the right of 0. When a point P 
has the abscissa x, it is convenient to say that the point P 
and the number x correspond to each other. Thus the 
point A and the number 2, the point P' and the number 
— 1, the point 0 and the number 0 correspond to each 
other. 

Axiom. — The fundamental axiom on which the application 
of Algebra to Geometry rests is that, when the origin 0 and 
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the unit step OU have been fixed, there is a one-to-one 
correspondence between the points of the axis and the 
system of real numbers ; that is, to every point on the axis 
corresponds a definite number, namely the abscissa of the 
point, and to every number corresponds a point on the axis, 
namely the point which has the number for abscissa. 

When the ratio of OP to 017 is a rational number, that 
is, a positive or negative integer or fraction, P is determined 
by laying otf OU, or & submultiple of OU, a, certain number 
of times along the axis, to the right or to the left, according 
as the number is positive or negative. Thus if the number 
he — we lay off to the left a line equal to 7 times the 
third part of OU. When, however, the ratio of OP to OU 
is an irrational number, such as ^2 or tt, the position of 
P may be determined in practice by taking a rational 
approximation to the irrational number. Thus for tt we 
may take 31 or 314 or 3142, etc., according to the size of 
the unit line. Of course, whatever size the unit line may 
be, a stage is soon reached when the closer approximations 
become indistinguishable in the diagram ; if the unit be 
1 inch it would be difficult to distinguish the points whose 
abscissae are 314 and 3‘142 from each other. Irrational 
numbers are, however, subject to the same laws of operation 
as rational numbers, and though in a diagram it may be 
impossible to distinguish the points corresponding say to 
X and 3’142 from each other, yet in our reasoning they 
are to be considered distinct, just as in reasoning about a 
straight line we consider it to have no breadth, although 
we cannot represent such a line in a diagram. 


Ex. 1. 


Mark the points whose abscissae are : 

4 1 IT 

g J V— J " f ~ ^ f ~ 2 * 




Ex. 2. If .r be the abscissa of a point, niai-k the points w'hich are 
determined by the equations : 

2j; — 3=0; 3.r4-5=0; — 4=0; S.r''* — 4.r — 1=0. 


§ 6. Measure of a Step. If tlie abscissae oi A, B are a, b 
respectively, then 

AB=0B-0A = b0U-a0U=^{h-a)0U. 
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The number h — a may be taken as the measure o£ AB', 
the numerical value of b — a gives the ratio of the length 
of AB to the length of the unit step OU, and the si^ of 
b — a gives the direction oi' AB. Thus if OU he 1 inch, 
h = 5, a = 2, AB will be 3 inches and B will be to the right 
of .4 ; if 6 = — 5, a = — 2, AB will be 3 inches long, and 
since —5 + 2 is negative B will be to the left of A. The 
unit step OU is generally omitted, and is said to be 
equal to b — a. 

By the definition of the expression “ algebraically greater,” 
h is algebraically greater than a when b — a is positive; 
therefore when b is algebraically greater than a, B lies to 
the right of A. Similarly when h is algebraically less than 
a, B lies to the left of A. We have, therefore, the con- 
venient relation that the number h is algebraically greater 
or less than the number a, according as the point whose 
abscissa is b lies to the right or to the left of the point 
whose abscissa is a. Instead of the expression " the point 
whose abscissa is a,” it will be more compact and equally 
clear to use the phrase “ the point a.” 

Ex. 1. Determine in sign and magnitude the stej) AB for the cases ; 
a = ^, i = 4 ; a= - 1, b = l ; a= -2, h= -5 ; -\/2, h = Tr. 

Ex, 2. Show that the alHcis.sa of the middle point of AB is + 

Ex. 3. If .IP ; rB = k : 1 show that the abscissa of Pis {a-{-kh)l{k+\). 

For if X is the abscissa of P 

AP=a: — a, PB = h — x and x — a = k{h — x). 

What is the sign of h (i) when P lies between A and B, (ii) when 
P does not lie between A and B 1 

§6. Axes of Coordinates. Let X'OX, Y'OY (Fig. 3) be 
two unlimited straight lines at right angles to each other, 
and P any point in the plane of the diagram ; draw PM, 
PN perpendicular to X'X, Y' Y respectively. 

When P is given, the steps OM, OX are definitely deter- 
mined ; and conversely when the steps OM, ON are given, 
P is definitely determined as the point of intersection of 
the perpendiculars MP, NP. 

Let OU he the unit step for the direction X'X, OV the 
unit step for the direction Y'Y, and for the present suppose 
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these two steps to be of the same length, say an inch. The 
step OM or its equal, the step NP, will be considered 
positive when P lies to the right of Y'Y, but negative 
when P lies to the left of Y'Y •, the step ON or its equal, 
the step MP, will be considered positive when P lies above 
X'X, but negative when P lies below X'X. 


1 

<2 -< 

I ( + , +) 

p 



X o 

U M X 

1 

III 

1 

1 

IV(+,-) 


Y' 




Fig. 3. 

Of course, the direction which is to be considered positive may be 
chosen at pleasure, but unless the contrary is stated, the positive 
directions will be assumed to be from left to right and from below 
upwards respectively. Again OM and MP will only be compared as 
to their lengths ; we only compare steps with each other when they 
are on the same straight line or on parallel straight lines. Obviously 
the theorems that hold for the comparison of steps wdth each other are 
true, whatever be the particular line on which the steps are taken, but 
we have given no definition of equality or of sum or of difference, 
except when the steps compared are on the same straight line or on 
parallel straight lines. 

Suppose now that 

OM^NP = aOU: ON=MP = hOV-, 

the numbers a, b are called the coovdinates of P with 
respect to the axes X'X, Y'Y; a is the abscissa, b the 
ordinate, and P is descril3ed shortly as “ the point (a, b).” 
In thus describing the point the first coordinate is under- 
stood to be the abscissa, the second the ordinate. The axes 
are at right angles to each other, and it will be assumed, 
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unless the contrary is stated, that the axes are always 
rectangular. 0 is called the origin of coordinates, and its 
coordinates are 0, 0. 

The axes divide the plane into four quadrants ; the first 
quadrant is that bounded by OX, OY, the second by OF, 
OX', the third by OX', OF', and the fourth by OF', OX 


!ssssbsbs»sb!«H»»H"^^^ 

^SBBBBBBSBSSBBBBSBSBBBSBSSSBBSSSSSBBBBS 

■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■ 
■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■ 
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The signs of the coordinates show at once the quadrant in 
which a point lies : in the first quadrant XO F the signs 
(the first being that of the abscissa) are +, + ; in the 
second, FOX', — , + ; in the third, X'OF', — , — ; in the 
fourth, F'OX, +, — . 
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Paper called “ squared paper,” ruled twice over with two 
sets o£ equidistant parallel lines, can be readily purchased, 
and its use greatly facilitates the plotting of points. 

Fig. 4 shows several points referred to the axes X'X, 
T'Y. The four points A, B, C, D are each at unit distance 
from both axes, but no two of them are in the same 
quadrant, since no two pairs of coordinates agree both in 
sign and in magnitude 

E lies on X'X, and its ordinate is therefore zero; the 
abscissa of K is zero, since K lies on Y'Y. 

Since OU is divided by the faintly ruled lines into 
10 equal parts, each of these parts will represent 1 ; it is 
easy, therefore, to mark off a length such as I S or — '7. 
In the same way — represented by — 1‘41, 

— •87, though the second decimal can only be roughly 
indicated. 

Ex. 1. Plot the points (1, -2) ; (-f, 0) ; (-3, - 2) ; (0, 3) ; (1, 0) ; 
(- 1, 0) ; (0, 1) ; (0, - 1) ; (tt, ; (^/2, ^3) ; (-^ 2 , - ^/S). 

Ex. 2. What is the locus of a point whose abscissa is (i) 2, (ii) — 2, 
(iii) 0, (iv) a ? What is the locus of a point whose ordinate has these 
values ? 

Ex. 3. Two points Q are said to be symmetric with respect to a line 
when the line bisects l‘Q, and is perpendicular to P(i ; two points 
P, Q are said to be st/mmetric with respect to a point 0, when 0 is the 
middle point of the line PQ. If P is the point (a, h) show 

(i) that the point (a, - li) is symmetric to P with respect to X'X. 

(ii) that the point ( — a, b) is symmetric to P with respect to Y'Y. 

(iii) that the point ( — nr, - Ii) is symnietiic to P with respect to 0. 
For simplicity take first the case ff = 1, f> = 2. 

Ex. 4. If A is the point (jtj, y,), B the point Vu), and P the point 
dividing AB in the ratio of it to 1, show, as in § b. Ex. 3, that the 
coordinates of P are 

l+i ’ I+ifc ■ 

What is the sign of k (i) when P lies between .1 and B, (ii) when P 
does not lie between A and B ? 

§ 7. Distance between two points. Let P (Fig. 5) be the 
point (®i, yA, Q the point (x^, ; draw PM, QN perpendi- 

cular to X'X, and let PR be drawn parallel to X'X to meet 
SQ (or NQ produced) at R 
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Whatever be the relative position of P and Q, we have 
for the measures of PR, RQ 

PR = MN RQ = y^ — y^. 

As regards magnitude we have, by Euclid I. 47, 

PQ^ = PR^+RQ\ 

and whether the signs of £c,— ajj 
and y^ — yi be positive or nega- 
tive the squares of these numbers 
will give the number of sqiiare 
units in the squares described on 
"" M N X PRandRQ. Hence 

and therefore the length of PQ is 

J{(^t-^iY+(y2~yJ-} 

where the positive sign mu.st be given to the root. 

If Q coincide with 0, x^ and y^ are both zero, and the 
length of QP is s/i^id-y^^). 

The student should verify the result for different positions 
of P and Q. 



Ex. J. Find, the distance between the points (.3, 7), (f), 6), the 
length of the unit being 1 inch. 

Let the distance be r inches ; then 

= (3-9)2 + (7-6)2 =37 ; r = ^/37 = 6-083, 
so that the distance is 6-083 inches. 

Ex. 2. Find the distances between the following pairs of points : 
plot the point.s in each case. 

i. (1, 1), (3, 2). ii. (-1, 1), (3, 2). iii. (-1,0), (0, 2). 
iv. (-2, -3), (2,3). V. (tt, -tt), (-|, |). 

Ex. 3. Show that if the point (.r, y) be any point on the circle 
whose radius is 3, and whose centre is the point (2, 1 ), 

.yS + _ 4 _ 2^ _ 4 = 0. 


§ 8. Polar Coordinates. The position of the point P 
(Fig. 6) would clearly be determined by the angle which 
OP makes with the fixed line OX, and by the length of the 
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radius OP. We must be clear, however, as to the meaning 
of the word “angle.” Following the usual convention in 
Trigonometry, we consider the radius OP to be always 
positive, and define the angle 
positive direction of OX as 
the angle through which a line 
coinciding with OX (not with 
OX') has to be turned till it 
passes through the point P. 

The angle will be considered 
positive when the rotation is 
counter-clockwise. 

If OP be r units of length 
and the angle XOP d degrees 
or radians according to the 
unit of angle adopted, the two 
numbers r, 6 are called the 
polar coordinates of P, and P 
is described as the point {r, 6). 

(?■', 6 ') ; 6' is negative. 

With the usual system of rectangular axes in which OX 
has to be rotated counter-clockwise through 90° till it 
coincides with OY, the positive direction of the axis Y'Y, 
we see that the polar coox'dinates (r, 0) of P are connected 
with the rectangular coordinates (x, y) by the equations 

x = r cos 0, y = r sin 0. 

These equations, when solved for r and 0 in terms of 
X and y, give 

r = -t- -h y^), tan 0 = ^- 

*c 

It must be noted, however, that tan 0 does not definitely 
determine the angle 0. For if tan 0 be positive we can 
only infer that P lies in the first or third quadrant, w’^hUe 
if tan 0 be negative that P lies in the second or fourth 
quadrant. We must consider also the signs of x and y or 
of cos 0 and sin 0. 

It is usually most convenient to suppose 0 to vaiy from 
— 180° to -pl80° so that a point above the axis X'X has a 
positive angle, and a point below that axis a negative angle. 


that OP makes with the 



Similarly, P' is the point 
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Ex. 1. If P is the point ( - 3, 4), find its polar coordinates (r, 0). 

r=V(9 + 16)=.5; tan (9 =-^= - 1-3333 ; 0=126° 52'. 

— *5 

Since tan 6 is negative, 6 is in the second or fourth quadrant ; but 
X or cos Q is negative, and therefore Q is in the second. 

Ex. 2. If P is the point (3, - 4\ show that its polar coordinates 
are (5, -63° 8'). 

§ 9 . Variable. Continuity. Let .A be a fixed point on a 
line, say, on the a:-axis X'X, and let a point P start from 
the position A and move steadily along the axis, say to the 
right, till it reaches another position B. The segment AB 
described bj?^ the point P is the most perfect type of a 
continuous magnitude ; there is no gap or break in it. As 
P moves from A to B, the step AP steadily increases; AP 
is a continuously varying magnitude during the motion 
of P. 

If a, h are the abscissae of A, B, and x the abscissa of P 
at any stage of the motion, then, as P moves from A to B, 
since AP = a:— a,* x steadily increases (algebraically) from 
a to 6 ; a3 is a continuously varying number or, more 
briefly stated, ic is a continuous variable. 

Again, since P coincides in succession with every point 
lying between A and B, so x assumes in succession every 
value lying between a and h. If a be negative and h 
positive, A will be to the left and B to the right of the 
origin 0, and when P passes through 0, x will be zero so 
that as X passes from negative to positive values it passes 
through the value zero. Had P instead of moving always 
to the right moved sometimes forward, sometimes back- 
ward, then every time it passed through 0 the value of x 
would have been zero, so that x would only change from 
negative to positive or from positive to negative by passing 
through zero. 

We will assume then, as characteristic of a continuous 
variable, that as it varies continuously from a value a 
to a value b it assumes once at least every value inter- 

*Here, and in similar cases, it is the measure of the step AP that 
is of importance ; it will cause no confusion to let AP stand for the 
step, and also for the measure of the step as is usually done in all 
applications of geometrical theorems. 
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mediate to a and h ; if one of these values, say a, be 
negative and the other positive, one of the values the 
variable takes will be zero. 

§ 10. Geometrical Representation of Magnitudes. The 

measure x of any magnitude A is the ratio of A to another 
magnitude TJ of the same kind that is chosen as the unit. 
If then on any axis a unit step OU is taken as representing 
the unit magnitude U, the step OM where OM is equal to 
xOU will represent the magnitude A. There is thus 
established a correspondence -between the magnitudes of 
the particular kind considered and the points of the axis ; 
the point 1 corresponds to the unit magnitude U, the 
point 2 to the magnitude 211, and so on. 

Many of the magnitudes considered in Geometry and 
Physics, for example, lines, angles, velocities, forces, are 
often treated as directed magnitudes, and their measures 
may then be either positive or negative ; when the meas- 
ures are negative, the points that correspond to the magni- 
tudes will lie on the opposite side of 0 from that on which 
U lies. ^ 

A variable magnitude P will be represented by a variable 
segment OP, and when the magnitude varies continuously 
the point P will trace o\;t a continuous segment of the axis. 

For purposes of calculation it is the measure of the 
magnitude that is of importance, and, to avoid a tedious 
prolixity of statement, .such an expression as “ a velocity v ” 
will often be used in the sense “ a velocity whose measure 
is V units of velocity. ” Of course in all cases care should 
be taken to prevent ambiguity as to the units employed. 

§ 11. Function. Dependent and Independent Variables. In 

any problem the magnitudes dealt with will usually be of 
two classes, namely, those that retain the same value all 
through the investigation and those that are supposed to 
take different values: the former are called constants, the 
latter variables. It has become customary to denote con- 
stants by the earlier letters of the alphabet, a, b, c, and 

variables by the later letters, z,y,x Of course when 

there is any advantage in denoting a variable by a or a 
constant by z there is no reason against doing so. 



14 AN ELEMENTARY TREATISE ON THE CALCULUS. 

Again, taking first the case of only two variables, it will 
usually happen that when one of the variables is given a 
series of values the other variable will take a series of 
definite values, one for each that the first is supposed to 
have been given. The second variable is then said to be 
a function of the first, or to be a variable dependent on the 
first, which is distinguished as the independent variable. 
Instead of the phrase “ independent variable,” the word 
argument is often used, and the dependent variable is then 
called a function of its argument. 

Thus, if we consider a series of triangles, all of the same 
altitude, the area of any triangle is a function of its base. 
The distance travelled by a train which moves at a constant 
speed is a function of the time during which it has moved 
at that speed. The pressure of a given quantity of gas 
which is maintained at a constant temperature is a function 
of its volume. In these examples the independent variable 
or argument is the base, the time, the volume ; and the 
dependent variable or function is the area, the distance, the 
pressure respectively. 

It is usually a mere matter of convenience which of the 
two variables is considered as independent. Thus if the 
time at which the train passed certain stations on the 
railroad were the subject of inquiry, the distance would be 
taken as the independent variable and the time as the 
dependent. 

When there are more than two variables it may happen 
that when definite values are assigned to all but one of 
them the value of that one becomes determinate ; this one 
variable is then said to be a function of or to be dependent 
on the other variables which are called the independent 
variables of the problem. 

Thus the area of a triangle is a function of the base and 
of the altitude when both base and altitude vary. The 
pressure of a given quantity of gas is a function of the 
volume and of the temperature when both volume and 
temperature vary. 

Generally, a variable y is said to be a function of another 
variable x when to every value of x there corresponds a definite 
value ot y\ 9, variable y is said to be a function of two or more 
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variables, x,u, . . . , when to each set of values of the variables 
x,'W, ... there corresponds a definite value of y. 

While it is important to keep tliis general notion of 
functional dependence in mind, it will . however, be usually 
assumed that a function is defined by an equation (see 
§§ 13, 26, 27, 28), and that it can be represented by a 
graph (§ 16). This assumption implies (i) that as the 
argument varies continuously, in the sense explained in 
§ 9, from a value a to a value h, the function also varies 
continuously from a value, A say, to a value B ; (ii) that- 
to a small change in the argument corresponds also a small 
change in the function. The assumption implies a good 
deal more than what is here stated, but at this stage the 
student is earnestly urged to pass lightly over the purely 
theoretical difficulties and to try to get a thorough grasp 
of the fundamental conceptions of variation and functional 
dependence by working out for himself the graphical 
exercises in the next chapter. He will find by trial that, 
except for special values of the argument, the property (ii) 
is actually found in all the ordinary functions ; the pro- 
perty (i), though apparently simpler, is really much harder 
to demonstrate mathematically. A mathematical definition 
of the continuity of a dependent variable will be given in 
Chapter V., § 44. 

The student should notice the phrase “ definite value ” 
or “ determinate value.” It may happen that the analytical 
expression for a function ceases to have meaning for certain 
values of the argument ; for these values, therefore, the 
function is not defined. Thus the function (a;* — l)/(x — 1) 
is defined for all values of x, except the value 1 ; because 
when 33 = 1 the expression takes the form 0/0, which is 
absolutely meaningless. We should not get out of the 
difficulty by first dividing numerator and denominator by 
aj — 1 and then putting 1 for x ; because in dividing by a; — 1 
we assume that a: — 1 is not zero, division by zero being 
excluded by the fundamental laws of algebra. 

Again, such a function as v^(l — ic^) is only defined for 
values of x that are numerically less than or equal to 1 ; in 
this case we may say that the function is defined for values 
of the argument in the range from — 1 to 4-1 inclusive. 
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It has always to be understood in reasoning about aj 
function that only those values of the argument are to 1» 
considered for which the function has a definite value, or, 
in other words, for which the function is weU-deJined. 

§ 12. Notation for Functions. A function of a variable is 
often denoted by enclosing the variable in a bracket and 
prefixing a letter; thus, ^x), F(x), <j>(x) denote functions 
of X. The letters /, F, are functional symbols, not 
multipliers; the symbol f{x) must be taken as a whole, 
and means simply “ some function of x,” the context or 
some explicit statement determining which particular 
function is meant. For diflTerent functions occurring in 
the same investigation diflTerent functional symbols must 
of course be used. 

/(a) means “the value of the function f(x) when x has 
the value a," or “ the value of the function f(x) when x is 
replaced by a.” Tlius, if f{x) denote the function 

x^ — Zx— 1, 

then /(0)= -1; /(1)= -3; /(« + ?^) = (ft + 6)2-3(a-t- ?>)-!; 
/(.c2) = {xy - 3.c2 - 1 = iC* - 335* - 1 . 

A similar notation is used for functions of two or more 
variables ; tlius, f{x, y), F{p, v), <p{x, y, z) denote functions 
of X and y,oi p and v, of x, y, and s respectively. 

If fix, y) = Zx^- txy - y® + 4, 

then /(I, -l) = 3 + 2-l +4 = 8; 

/(ft, 6) = 3ft^ — 2a6 — 6^ + 4. 

The letters should be separated by a comiua to indicate that there 
are two or more variables, and thus distinguish the function from one 
in which the argument is the product of two or more variables. Thus, 
f{3y) is a function whose argument is the product xy, and if fx) be 
ax->rb, then_/(a^) is axi/+ h. 

§ 13. Explicit and Implicit Fonctiona. One variable is 
usually defined as a function of another by an equation. 
The dependent variable is called an explicit function of its 
argument, or is said to be given explicitly when the 
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e( 5 tiation ia solved for the dependent variable in terms of 
the argument. Thus 

y = a;3— 203 + 3 •, 8 = 008(71^ + 6); = 

y =/(«) ; « = ^( 0 ; p= F{v) 

are equations which give y, 8 , p explicitly as functions of 
X, t, V respectively. 

When the equation is not solved, the dependent variable 
is called an implicit function of its argument, or is said 
to be given implicitly. Thus y is given as an implicit 
function of x by the equation 

aa;y + hx + 67/ + d = 0. 

This equation when solved for y in terms of x gives 

_ bx-\-d 
^ ax+c’ 

and y is now an explicit function of x. 

§ 14. Multiple-valued and Inverse Functions. When a 
function is given implicitly by an equation, it may happen 
that to one value of the one variable there correspond two 
or more values of the other. The definition of a function 
given in § 11 assumes that to each value of the argument 
there corresponds but one value of the function, and in 
reasoning about a function we must always suppose that it 
has but one value for each value of its argument; in other 
words, that the function is single-valued. When the 
defining equation gives more than one value of the one 
variable for one value of the other, we can usually consider 
the equation as defining a function that is made up of 
two or more functions each of which is single-valued; 
such a function is called a multiple-valued function. 

Thus, if y is given as a f\inctioii of x by the equation 
x- + ixy -y‘—\=0, 

then — 1), 

and to each value of x there correspond tioo values of y ; y is a two- 
valued function of x. The equation really gives two functions of Xy 
namely, 

y=x-f-^/(2x*-lX y=x-sJ{2a?-\), 

O.C, B 
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each of which is single-valued, and defined for those values of x for 
which is greater than or equal to 1. 

Again, the equation 

^*-y+i=o 

defines y as a single- valued function of x, but a; as a two- valued function 
of «, namely x is either s/{y — l) or — ^/(y-l). 

VVTien the graphical representation of functions is considered, it will 
be seen that the separate functions represent different parts of the one 
curve {e.g. § 20). 

The equation a;^ — y -f- 1 = 0, as we have just seen, not only 
defines y as a function of x but also defines a: as a function 
of y. More generally, the equation y = fix), which defines 
y explicitly as a function of x, also defines x implicitly as a 
function of y\ the two functions thus defined by the one 
equation are said to be inverse to each other. 

For example the equation y — oc? when solved for x gives 
x — ^y and thus defines two functions which are inverse to 
each other, namely the cube and the cube root. 

It- is usual in English books to employ as the symbol 
of the function inverse to that denoted by the symbol / so 
that 

when y =/(*). 

The student will be already familiar with this notation 
in the case of angles. Thus sin'^y means, not 1/siny but, 
the angle (within a certain range) whose sine is y ; and just 
as we have the identity, sin(sin*^y) = y, so we have 

/{/"Xy)}=y 

or, as the identity is usually written, 

Again it may well happen that the inverse function is 
not single- valued. Thus, sin'^ic may, unless some restric- 
tion be imposed, be any one of an infinite number of 
angles. To secure definiteness some restriction has in 
such cases to be placed on the range of the variable ; 
for example, sin'^a: may be restricted to angles lying 
between — x/2 and -f (inclusive of — 7 r /2 and -f' 7 r/ 2 ), 
and then sin-^a; is single- valued. For further information, 
see §§ 26, 27, 28. 
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EZEBCISES I. 


1 . lif{x)=a^ — a;+\, find j^0),_/ll),_/(- 1), and show that 
J{x + A) =j(x ) + — 1) a 4- 3x/i^ + A^. 


2 . 

3. 


li f(x)=x^-x-2, write down _/(ar+ 6), 


If f(x ) = — 6.zr + 1 , write down J{x^), J{x^), Tlsin x). 


What is the value of 



? 


4 . If log j:, show that 

5. If + show that /i[ — is equal to /(/■). 

When _/( — a:) the function is called an even function of 

its argument. 

6. If y(.r)=aar^ + A:e‘‘ + c:r®+<Ar, show that^i^-x) is equal to —A^)- 
When f[ — x)=- f{x), the function j{x) is called an odd function 

of its argument. 

7. Show that sina^, cosec tanx, cot a; are odd functions of x, and 
that cos X, sec x are even functions of x. 


8 . Show that (e* - e~*)/r is an even function of x. 

9. liA^i y)=aa^-\-hxy+c, write down_/(^, x),f{x, x\ and Aj/) y)- 


10 . 


If y=A^)= 


a :+2 

3i+4’ 


show tba.t /(y)= 


7x+10 

15.r+22’ 


11 . 


If y=A^)=^2''a’ ^^An)- 


12. If A^iy)=^~y^y show that _/l[co8 0, sin 0)=cos 20, and that 
yi^sec 0, tan 0) = 1. 



CHAPTER II. 

GRAPHS. RATIONAL FUNCTIONS. 

§ 16. Object of the Calculus. Graphs. Stated in the most 
general terms the object of the Calculus may be said to be the 
study of the changes of a continuously varying function. 
The investigation of the raie at which a given function is 
changing for any specified value of its argument belongs to 
the Differential Calculus ; the converse problem of deter- 
mining the amount by which a function changes for a 
specified change in its argument, when the rate of change 
of the function is known, belongs to the Integral Calculua 

An almost indispensable aid to this study is furnished by 
the graphical representation of a function, and for the sake 
of those students who may have had little or no experience 
in graphical work a few hints will now be given that may 
be of service to them. At times the tracing of a graph 
involves a good deal of tedious calculation, but the student 
will be well repaid for his labour by the insight he will 
obtain into the fundamental conceptions of variation and 
continuity of a function. When he has made but a little 
progress in the differential calculus he will find several 
methods of reducing the necessary calculations. An ex- 
tremely good discussion of graphs from an elementary 
standpoint will be found in Professor Chrystal’s Introduc- 
tion to Algebra. (London : A. & C. Black.) 

§ 16. Graph of x^. In geometry and physics we frequently 
find a function defined by an equation of the form y='Ca:^ 
where c is a constant. Thus the area of a circle varies as 
the square on the radius; the distance that a body falls 
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from rest, the resistance of the air being neglected, varies 
as the square of the time of fall ; the heat generated by an 
electric current in a given time varies as the square of the 
current in the circuit and so on. These statements when 
expressed in the usual algebraical way all lead to an 
equation of the above form ; x denotes the number of units 
of the one kind of quantity, for example the number of feet, 
or the number of seconds, or the number of amperes; y 
denotes the number of units of the second kind, for example 
the number of square feet, or the number of linear feet, or 
the number of ergs (or other heat units). The number c is a 
constant, that is, does not change when x changes ; it is not, 
however, the same constant in the different problems ; thus 
for the area of the circle c — ir, for the falling body c = \g, 
for the electric circuit c depends on the resistance and on 
the heat unit. 

Suppose for simplicity that c=l ; the more general case 
can be deduced from this one. Let X'X, Y'Y be two 
rectangular axes (Fig. 7), OU, OV unit segments on these 
axes. Give to a: a series of values, and from the equation 
y = x^ deduce the corresponding values of y. Associating 
each value of x with the corresponding value of y, we 
obtain a series of pairs of numbers, and each pair may 
be taken as the coordinates of a point in the plane of the 
diagram, the value of x being the abscissa and the 
corresponding value of y the ordinate of the point. If the 
values given to x form an increasing or a decreasing series 
of numbers, and if the difference between any two con- 
secutive values be small it will be found that the consecu- 
tive points determined on the diagram lie pretty close to 
each other ; the curve drawn through these points with a 
free hand is called the graph of the function x^. 

Tabulating values, we have 

X I 0, -1, % -3, ... 1, IT ... 
y I 0, -01, -04, 09, ... 1, 1-21... 
a; I -T, --2, --3, ... -1, -IT ... 
y\ -01, 04, -09,... ], 1-21 ...' 

Take OU, OV each, say, 1 inch and plot the points 
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(0,0), (1, -01) ... (-1. -01), (--2, -04) ...; by a 

curve through the points we get the graph of cc* (Fig. 7). 



Of course only a comparatively small number of points can 
be plotted, but by actual calculation we find that a small 
change in x produces but a small change in y, we are there- 
fore warranted in concluding that an ordinate corresponding 
to a value of x that has not been used in plotting the points 
but that lies between two values that have been used can 
differ but little from the ordinate of the graph correspond- 
ing to that value of x. When there is any room for doubt, 
a few more values of y at closer intervals may be calculated. 

When X is at all large, y will be much larger and it 
becomes impossible to jnot the points in the diagram ; we 
must then try to follow in imagination the course of the 
graph or if it be of importance to know the form of the 
graph for such values we may take the unit lines OU, OV 
sturdier. See further § 19. 
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§ 17. Eaofttion of a Curve. Symmetry. Tumiag Values. 

hi^t us now consider the graph of from the purely geo- 
metrical point of view. 

(i) Equation of the Curve. A point in the plane will or 

will not be on the graph of according as the ordinate of 
the point is or is not equal to the square of its abscissa ; in 
other words, the condition that a point should lie on the 
graph is that the coordinates of the point should satisfy the 
equation y — x^ which states the law according to which the 
curve was constructed. This equation is generally called 
the equation of the curve, and the curve is said to be repre- 
sented by the equation ; the two expressions “ the graph of 
the function ” and “ the curve whose equation is y = ” 

(or "the curve represented by the equation y = a;*”)mean 
the same thing. 

More generally, “ the graph of the function f{x) " and 
“the curve whose equation is y—f{x)” mean the same thing, 
and the condition that a point should lie on the curve or 
graph is that its coordinates should satisfy the equation 
y—f(x). Thus the point ( — |, does, and the point 
(“i) i) not, lie on the graph of x^', the origin lies on 
the graph of x^ but not on that of 

(ii) Symmetry. The ordinate of the point on the graph 
of £C* which has — a for its abscissa is equal to the ordinate 
of the point which has a for its abscissa, since each ordinate 
is a®. Jf A is the point {a, a^) and B the point ( — a, a*) 
AB will be perpendicular to OF and will be bisected by 
OF; that is, since a may be any number whatever, the 
graph is symmetrical about OF, or OF is an axis of sym- 
metry (cp. § 6, ex. 3). In plotting the graph by points 
therefore, it would be sufficient to calculate y from positive 
values of x alone ; the part of the curve to the left of OF 
is simply the reflection in OF of the part to the right. We 
mi^t imagine the plane of the diagram turned through 
two right angles about 0 F and the part of the curve origin- 
ally to the right of 0 F would after rotation form the part 
to the left of OF. 

The graph of a function f{x) is not, as a rule, sym- 
metrical about the y-axis or about any other line ; but the 
function should always be examined for symmetry since 
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the presence of symmetry saves labour. The graph of fix) 
will be symmetrical about OY if fix) is an even function 
(Exer. I, ex. .5), for in that case the ordinate fi — a) of the 
point whose abscissa is —a. is equal in sign and in magni- 
tude to the ordinate /(a) of the point whose abscissa is a. 

(iii) Variation of the Function. Suppose a point to start 
from 0 and move along the graph. At first the ordinate of 
the point increases very slowly ; as the point gets nearer to 
the point (1, 1) its ordinate grows more rapidly; when it 
has passed (1, 1) its ordinate grows still more rapidly. As 
X increases from 0 to | the ordinate increases from 0 to J ; 
as X increases from ^ to 1 the ordinate increases from J to 1 ; 
as X increases from 1 to f the ordinate increases from 1 to 
Thus for the same increase of i in x the ordinate increases 
by the amounts |, f respectively. The course of the 
graph shows very clearly that after a certain point has 
been reached the ordinate grows more rapidly than the 
abscissa while near the origin it grows less rapidly ; the 
graph thus gives a vivid picture of the variation of the 
function x^ represented by the ordinate. 

(iv) Turning Values. If a point move along the graph 
from any position on the left of 0 F to any position on the 
right the ordinate of tlie point decreases till the point 
reaches 0 and then increases. The point 0 where the ordi- 
nate ceases to decrease and begins to increase is called a 
turning point of the graph, and by analogy the value 
of the function x^ at 0, namely zero, is called a turning 
value of the function. The turning value is in this case a 
'minimum value of the function or ordinate. 

In general those points on a graph at which the ordinate 
ceases to decrease and begins to increase, or else ceases to 
increase and begins to decrease are called turning points of 
the graph, and the corresponding values of the function turn- 
img values ; the turning values are respectively minima and 
maxima values of the function, that is values respectively 
less and greater than any other values of the function 
in their neighbourhood. 

§ 18. Graph of cx^. We might by assigning values to x, 
and calculating the corresponding values of y from the 
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equation y = cx‘‘ construct the graph of cx^ ', it will be 
instructive to consider another method of deriving the 
graph. 

First let c be positive. Let any ordinate of the graph of 
x‘‘‘ be denoted by and the ordinate of the graph of cx^ for 
the same value of x by y^', then y^ = cy.^, because i/j = x^, 
y^=:cx^ and x is the same number in both equations. The 
two ordinates may be called “ corresponding ordinates.” 



Hence to obtain any ordinate of the graph of ca^ we 
have only to multiply the corresponding ordinate of that 
of x^ by c ; in other words, if MF is any ordinate of the 
graph of a? divide MP or MP produced at P' so that MP' 
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is to MP as c to 1 and P' will be a point on the graph of 
ca?. 

The upper dotted curve (Fig. 8) is the graph of 2ic®, and 
is obtained by doubling each ordinate of the graph of 
(full curve). It will be noticed that the general character 
of the two graphs is the same ; the graph of 2a;* however 
recedes more rapidly from X'X than does that of a:* and is 
steeper. In general, the graph of ca:* lies above or below 
that of as* according as c is greater or less than 1. 

Next let c be negative, say —2. The graph of —2a!* may 
be got from that or 2a:* by reflection in X'X, or by rotating 
the graph of 2a;* through two right angles about X'X ; for 
the ordinates of the graph of — 2a::* are simply those of the 
graph of 2a::* with signs changed. The lower dotted curve 
18 the graph of —2a;*; 0 is a turning point of the graph 
and zero a maximum value of the function — 2a;*, the value 
being taken algebraically. 

§ 19. Scale Units. Let us now consider the graph of c®* as 
the geometrical representation of the law of falling bodies ; 
c may be taken as 16 when the foot and the second are the 
units of space and time. The graph shows clearly how 
rapidly the distance fallen increases with the time, for the 
curve moves rapidly away from the axis OX ; in this case 
the part of the curve to the left of OF does not belong 
to the representation since negative values of x are not 
considered. 

But if OCT" and OF are, as has been supposed, of the 
same length it will be impossible to represent the connection 
between the distance fallen and the time of fall, even for 
values of a: up to 1, within the limits of an ordinary sheet 
unless 0 U and 0 V are both very small. The remedy is to 
choose these segments of difierent lengths. The foot and 
the second are magnitudes of different kinds and there is no 
necessity therefore that the segment which represents 
1 second should be of the same length as that which repre- 
sents 1 foot, nor is it implied in the definition of the coordi- 
nates of a point that OU and OF should be of the same 
ler^h. M being the foot of the perpendicular from P on 
X'X, the coordinates of P are x, y if OM—xOU, MP^yOY 
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and P is definitely determined whether OU, OV are of the 
same length or not. 

In the case of y = we might therefore take OTJ equal 
to 1 inch and 0 V equal, say to iVth of an inch ; an abscissa 

1 inch long would therefore represent 1 second while an 
ordinate 1 inch long would represent 1 6 feet ; an abscissa 

2 inches long would represent 2 seconds, an ordinate 2 inches 
long would represent 32 feet and so on. A similar choice 
would in other cases bring the graph within manage- 
able size. 

But even when the two magnitudes whose connection is 
represented by a graph are of the same kind it is often 
advisable to have units of different lengths. The value of 
the graph will not be tliereby impaired ; the purpose of the 
graph is to show to the eye how one magnitude ehanges as 
another with which it is connected changes, and the ratio 
of the two lines, say MP and NQ, which represent any two 
values of the first magnitude is independent of the size 
of the line which represents the unit magnitude. For 

MP:NQ=^y^OV:y^OV=:y^-.y^ 

where OV represents the unit magnitude and y-fiV, y^OV 
the two values considered. 

Thus, in a contour road map, if the heights were represented on the 
same scale as the horizontal distances, it would he difficult to trace the 
character of the road ; hence the heights are exaggerated by using a 
much larger unit for the vertical than for the horizontal distances. If 
the graph is to be used to determine actual heights, the scale of the 
drawing must of course be given. 

§ 20. Coordinate Geometry. Many of the properties of a 
curve can be most simply investigated by using the 
equation of the curve ; the study of curves from this point 
of view is the subject of coordinate geometry. 

On the one hand the curve may be defined by some 
geometrical property ; the law of the curve is then 
expressed in the equation of the curve. Thus the law of 
the circle is that every point on it is at the same distance 
from the centre. Now, taking rectangular axes, let 0 be 
the centre of the circle, c its radius and P (x, y) any point 
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on it. 
to c. 


Then (§7) OF^ is equal to x^ + y'^-, also OP is equal 
Hence ^ 2 +^ 2 ^^^ (1) 


and this equation is true for the abscissa and the ordinate 
of every point on the circle but of no otlier point. As P 
moves round the circle, x and y change in value, but always 
the sum of their squares is equal to c^. Equation (1) is 
therefore called the equation of the circle with radius c. 

On the other hand an equation between x and y defines 
y as a function of x, and the graph of this function may be 
plotted point by point ; numeroiis examples will be found 
in later articles. As a simple case we might consider the 
equation y — which gives the graph of § 1 6 : or we might 
take equation (1). In that case y is defined as a two- 
valued function of x,y= ± — for values of x from 

x= —c to x= +c; clearly if x is numerically greater than c 
y is imaginary. The graph will be symmetric about 
the axis X'X, and by considering the inverse function 
x = ± ^{c^ — y^), we see that the graph is also .symmetric 
about YY. We might then plot points for which x and y 
are both positive and thus arrive at the form of the graph. 
The two functions + ij{c^—x^) and — ij{c^ — xr) are repre- 
sented respectively by the semicircles above and below the 
aj-axis. 

In later sections it will be seen how the geometrical 
properties of the graphs of the simpler functions can be 
deduced from the equations (see § 26). 

If in plotting the graph of the function defined by 
equation (1) the units OU, OV are of different lengths the 
graph will seem to be not a circle, but an ellipse (Exer. V. 4) ; 
if OF be, say, half of OU, each ordinate will be only half 
the actual length of the ordinate of the circle. So long as 
OU, OV are of the same length the s/ut^jc will not be 
altered; a change in the .size of the units, so long as the 
units remain of equal length, only enlarges or reduces the 
figure since all lines are altered in the same proportion. 

Even in studying the geometrical properties of curves, 
however, it is often necessary to choose units of different 
lengths in order to get the curve represented on a sheet of 
reasonable size ; it must then be borne in mind that the 
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graph will only show the ratios and not the actual lengths 
of the lines whose measures are the numbers taken as the 
ordinates. 

In all cases the units should be chosen so as to make the 
graph as large as possible ; a diminutive graph usually 
defeats the end of its existence. 

EXERCISES II. 

1. Are the points A(^, 1), BQ, i), J), 100), E(3, 40) on 

the curve whose equation is ^ = 4.r^ ? 

2. Is the 3^-axi3 VO V an axis of symmetry for the graph of any of 
the functions — 

(i) (ii) 2.r^-3.r®; (iii) ; (iv) integral) ; 

(v) (r+ 1 )/(t^ + 1) ; (vi) l/(ar’‘4-l); (vii) a + bx'^ + cx* + dxfi 1 
Does the point (1, - 1) lie on any of the graphs ? What must be 
the value of a if the origin lie.s on the graph of (vii)? 

3. Trace the graphs of the following functions for values of x 
between -2 and +2, and find the turning jioints of the graphs and 
the abscissae of the points where the graphs cro.ss the axis of 
abscissae — 

(i) .r* - 1 ; (ii) 2,»'^ - 1 ; (iii) - 2,r^ + 1 ; 

(i v) 3.r - ; ( v) 1 - .r - ; (vi) - 1 + 3a^ - 2.?’^. 

How may the graphs (i), (ii), (iii) be derived without calculation 
from the graphs of j-'\ 2.r-, - 2.( - respectively > How may the graph 
of (iii) be deiived fiom that of (ii), and the graph of (vi) from that 
of (iv) ? 

4. Having given the graph of t/c fawtioii /{•>'), show liow to obtain 
the roots of the equation = Illustrate from the graphs of ex. 3. 

[Let a be the abscissa of any point .1 on the graph ; by the 
nature of a graph the ordinate of A is f{a). Hence, if /(n) = 0, A must 
be on the axis of abscis.sae ; but if J{a)=0, then a is a root of the 
equation f {a ) = 0. Thei'efore the roots of the ecpiation /(.r)=0 are the 
abscissae of the points where the graph of f{x) crosses the axis of 
abscissae.] 

6. Ti'ace the curve whose equation is ?/=.r®. 

To every point P on the curve there corresponds another point 
P on the curve which is symmetric to P with respect to the origin 
(§ 6, ex. .3.) ; for if P is the point (a, M, P' is the point ( — «, — h\ and 
when h=<P then also —b={ — ny. When, as in this case, the equation 
is not altered by replacing .r and y by —x and - y respectively, the 
origin is called a centre of symmetry of tlut curoe. 

6. On which of the curves given by the following equations is the 
origin a centre of symmetry — 

(i) y^aa^+ha^ ; (ii) y=x^ ; (hi) y=.v^ ; (iv) ax^+by'^ = c ? 



30 AN ELEMENTARY TREATISE ON THE CALCULUS. 

§ 21. The Lmear Function. If any point be taken on the 
bisector of the angle XOT, the ordinate of the point will be 
equal both numerically and in sign to the abscissa of the 
point ; but if any point not on that bisector be taken its 
ordinate will not be equal both numerically and in sign to 
its abscissa. Hence the bisector has for equation y—x\ the 
bisector is the graph of the function x. 

Similarly y = —x is the equation of the bisector of the 
angle YOX'. 



If P is any point on the straight line BOA (Fig. 9) and 
if X, y are the coordinates of P, then y = x tan X OA ; this 
equation is true whether the coordinates of P are both 
positive or both negative as when P has the position Pj. 
Conversely, if the point is not on BOA the equation 
y — x tan XOA will not be true for the coordinates of 
the point. Hence the straight line BOA has for its equa- 
tion y = x tan XOA; BOA is the graph of the function 
X tan XOA. 

Similarly y = x tan XOA' is the equation of the straight 
line BOA'; the angle XOA' and tan XOA' are both 
negative. 

Hence the ^nation y = ax always represents a straight 
line through 0, the origin of coordinates, and a is the 
tangent of the angle which the line makes with OX- 
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Tf through G a line DOE be drawn parhllel to BOA then 
ME=MP + PE= OM tan XOA + 00 
M-J) = M^P^ + PJ) = tan XOA + OC 

by the rule for addition of steps (§ 2). 

Hence if x, y are the coordinates of E and OC is equal to h 

y=x tan XOA + h 

and the same equation holds if x, y instead of being the 
coordinates of E are the coordinates of D or of any other 
point on DE. 

If C were taken on OY', the only difference would be 
that its measure h would be a negative number. 

The graph of any function of the form aa;+6 is therefore 
a straight line ; a is the tangent of the angle which the line 
makes with OX and h is the distance from 0 of the point 
where the line crosses the axis 0 Y, or as it is usually called 
the intercept on OY. (See also Exer. HI,, ex. 2.) 

If a = 0, the line is parallel to the axis OX if h is not also 
zero ; if both a and h are zero the line is the axis itself. 

The equation x = c represents a line parallel to the axis 
OF if c is not zero; if c = 0, the equation represents the 
axis Y’Y. In this case, the line is perpendicular to OX and 
the tangent of the angle it makes with OX is infinite. 

Since the graph of ax + b is a straight line, aaj + b is often 
called a linear function of its argument x. 

It is important that the student should attach a definite 
meaning to the phrase “the angle that a straight line makes 
with the axis of abscissae.” We make the following con- 
vention which will save constant repetitions; the line is 
understood not to be perpendicular to OX. Through 0 
draw a parallel to the given line ; by the angle which the 
given line makes tvith OX is meant the acute angle (positive 
or negative) through which a line coinciding with OX 
(not OX') must be turned till it coincides with the parallel 
through 0 : or, what amounts to the same thing, it is the 
acute angle (positive or negative) through which a line 
drawn from any point on the given line parallel to OX 
(not OX') must be turned till it coincides with the given 
Jine. 
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Thus the angle which DE makes with OX is XQA or 
AGE, if CA be parallel to OX ; this angle is positive. The 
angle which B'A' makes with OX is XOA' and is negative. 

§ 22. Gradient. The gradient of a line is the tangent of 
the angle the line makes with the axis of abscissae OX ; 
the gradient is therefore positive or negative according as 
the angle is positive or negative. Instead of “ gradient ” 
the word “ slope ” is used by some writers ; but the term 
“ gradient ” is already well established in this meaning. 

If we suppose the axis of abscissae OX to be horizontal 
and the axis of ordinates 0 Y vertical, the positive directions 
being to the right and upwards respectively, we can 
describe the motion of a point which moves along the 
line briefly thus: as the projection of the point on X'X 
moves to the right or to the left the point itself moves 
upwards or downwards ; or, if the coordinates of the point 
be {x, y), we may say, as the 'point x moves to the right or 
left the point {x, y) moves upwards or downwards. 

When, as on the straight line DE, the gradient is positive 
we see that as the point x moves to the right the point 
{x, y) on the line moves upwards ; but when, as on the 
straight line B'A', the gradient is negative, as the point x 
moves to the right the point {x, y) on the line moves down- 
wards. Of course if the direction of motion of the point x 
be reversed so is that of the point {x, y). Instead of “ the 
point {x, y) on a line or curve ” we shall sometimes say 
simply “ the graphic point ” meaning the point supposed to 
be describing the graph. 

EXERCISES III. 

1 . Find the gradients of and the intercepts on the axis of y made by 
the lines whose equations are 

(i).y=--r+2; (ii)y=|.r-l; (iii) y = -f.r- 1. 

Trace the lines on a diagram. 

2 . Show that the equation 

23/ + 3 a: — 1=0 

represents a straight line, and find its gradient. 

The ec^uation may be written y = - ; it therefore represents 

a straight line with the gradient 
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In the same way it may be seen that the equation 

a.«;+?)^ + c=0 (i) 

represents a straight line. If h is not zero, the gradient is —ajb. If 
h w zero, the equation becomes .r= —cja and represents a straight line 
perpendicular to the r-axis ; in this case the gradient is infinite. 

If a, b are both different from zero, and if the line cut the x-axis 
at A and the ,y-axia at B, then OA = — r/«, OB = - cjb. For the 
coordinates of A are {OA, 0), and since these satisfy (i), we must have 
a0A+c=0 or OA^—c/a. 

Similarly the coordinates of B are (0, OB), and therefore b0B+c=0. 

OA, OB are called i/ie intercepts made by the line on the coordi- 
nate axes ; of course, the simplest method of graphing the straight 
line is to find the intercepts OA, OB, and to join AB. 

3. Determine whether any or all of the points d(l, 1), 5(2, — 1), 
C(9, —4) lie on the straight line given by the equation 

2r-|-3.y = 6. 

4. Show that whatever constant value a may have the point yj) 
will lie on the line given by the equation 

Tile equation is true when for .r we put x, and for y we put y,, 
and this is the only condition required. 

5. Determine the constant a in Ex. 4 so that the point (x,_>, yj) may 
lie on the line. 

Since the cooi'dinates (x.,, y.^) must satisfy the equation, we find 
and therefore the equation of the line through the points (x„ y,), 

3 / 2 ) is 

■‘2~-'l 

6 . Find the equations of the lines tlirough the following pairs of 
points — 

(i) (1,2), (2,1); (ii) (-1,2), (2, -1); 

(iii) (0,0),(1,- 1); (iv) (0, 3), (-2, 0). 

7. Find the equation of the line with the gradient 2 passing through 
the point (3, 1). 

8. Find the equation of the line with the gradient r passing through 
the point (a, b). 

9. Find the coordinates of the point of intersection of the two lines 
jiven by the equations 

(i)x-f2y = 3; (ii) 3A'-l-y = 4. 

Since the point of intersection lies on botA lines, its coordinates 
nust satisfy both equations (i) and (ii). Solving these as simultaneous 
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equatious, we get for the required coordinates .*:= 1, 3/= 1. Verify the 
result by means of a diagram. 

10. Draw on one diagram the curves whose equation.s are 

2.r+y-3=0, y=s\ 

and find by measurement the coordinates of the points of intersection. 
Verify by solving the equations as simultaneous equations. 

11. Show that the roots of -the equation 2.r+.r‘'^-3 = 0 are the 
abscissae of the points of intei'section of the curves of ex. 10. 

12. Show that the roots of the equation /(.r) = c are the abscissae of 
the points of intersection of the curves given by 

y=A^)- 

Compare Exer. II. ex. 4. 


§ 23. Rational Functions. An expression of the form 

a 4- bx + + . . . + hx^ * ^ + Za;” (1) 

where the coefl^cients a, b, c, ... are constants and the 
indices of the powers of x are all positive integers of which 
n is the greatest is called a Rational Integral Function of 
X of degree n. 

The quotient of two rational integral functions of x is 
called a Rational Fractional Function of x. 

It is known from the theory of equations that an 
expression of the form (1) will in general vanish for n 
values of x ; hence the graph of the function (1) will in 
general cross the a:-axis n times. (See Exer. II. ex. 4). 
Some of the values of x for which (1) vanishes may how- 
ever be imaginary and for such values of the abscissa there 
are no real points on the axis so that the graph may not have 
as many as n crossings. When two of the values of x for 
which (1) vanishes are equal, the student will find that the 
graph touches the a:-axis at the corresponding point. 

Graphs of the even powers. The graphs of the even 
powers of x, x^, x^ ... are all of the same general character ; 
they touch the avaxis at 0 and have the ^-axis as an axis 
of symmetry. The greater the index however, the slower 
does the graph recede from the cc-axis near the origin ; on 
the other hand, the greater the index the more rapidly 
does the ^aphic point move upwards when x is greater 
than 1. The general shape of the graphs of aaj®, ax*,... 
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can be seen by dividing the corresponding ordinates of the 
gr^hs oi x^,a^ ... in the ratio of a to 1 , as in § 18. 

Graphs of the Odd Powers. The graphs of the odd 
powers higher than the first, a?, afi,... touch the cc-axis at 
the origin but they do not have the y-axis as an axis of 
-symmetry. For these the origin is a centre of symmetry. 
(Exer. II. 5). For positive values of x the graphs resemble 
those of the even powers ; near the origin the graph of x® 
is flatter than that of x\ 
not so flat as that of x*, 
while for values of x 
greater than 1 the graph 
of 'jd lies above that of 
X*, below that of x^. 

To construct the grapli 
of X® for negative values 
of X, take ^ point P on 
the graph of the posi- 
tive values of x, produce 
PO backwards its own 
length to F, and F will 
be the point on the graph 
symmetric to P (Fig. 10). The .same construction holds for 
any curve- that has the origin for a centre of symmetry. 

The graphs of the odd powers thus both touch and cross 
the X-axis at 0, bending away from the axis in opposite 
directions on opposite sides of 0 (Fig. 10). 

Definition. A point such as 0 where the curve crosses its 
tangent and bends away from it in opposite directions on 
Opposite sides is called a Point of Inflexion, and the tangent 
at the point is called an Inflexional Tangent. 

The student should plot on the same diagram for values 
of X between —1 and -fl, using a pretty large unit, the 
graphs of x^, x®, x*, x®. He will gain useful ideas of the 
relative magnitude of the powers of x when x is a proper 
fraction. He will also be able to deduce the general course 
of the graph of such a function as x^ for values of z 
between 0 and 1 ; the graph will lie below that of x®, but 
above that of x®. If x be negative x^ is imaginary, and 
there is no part of the graph to the left of the y-axis. 
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In the same way by plotting the graphs of -the same 
functions for values of x between 1 and 3, using a small 
unit, he will see how rapidly the higher powers of x 
increase when x is greater than 1. He can readily verify 
the important principle tliat the term of highest degree in a 
rational integral function will for sufficiently large values 
of X be numerically greater than the sum of all the other 
terms, and will therefore determine the sig'd of the function 
for large values of x. 

The construction of the graph of the general rational 
integral function is usually laborious ; when the student is 
able to differentiate a function he will find that the labour 
may be considerably reduced. 

A.S an example take the function /{*), where 

/(,r) = .<'a-3a: + l. 

Write = 

Now, if X is mimericidlg equal to or greater than 2 the 
expre.s.sion within the bracket will be positive, as a little 
consideration shows. Hence if x is positive and equal to or 
greater than 2, f{x) will be positive : if a? is negative and 
numerically ecjual to or greater than 2, f{x) will be 
negative, since will be negative and the expression 
within the bracket positive. The graph must therefore 
cross the .x'-axis once at least between the points on that 
axis at which ,x is —2 and 2 respectively. 

Examining further, we find 

/(-2)=-l; /(-!)= +3; /(1)=-1; 

and therefore the graph must cross thrice, namely, between 
the points —2 and —1, —1 and 1, 1 and 2; since the 
equation is of the third degree, the graph cannot cross 
more than thrice. There will thus be two turning points. 

Again, /(-l-9)= -159, 

/(-I -8) =+-568. 

so that the graph crosses betM'^een — 1'9 and — TS, 
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When 33 = — 1 ‘88, fipc) = — -005, 

80 that the graph crosses very nearly where x= — 1’88, and 
this value is ah approximate root of the equation 

a;® — 3a;+l = 0. 


In the same way it may be found that the other two 
roots are approximately -35 and 1’53. 



§ 24. Asymptotes. The simple.st example of a rational 
fractional function is ijx. 

When X is small and positive, l/j- is large and positive, 
and^ as x tends towards zero Xjx Ixjcomes extremely large 
or, in the usual language, l/.r tends toward infinity; thus 
when X takes the values T, '01, '001, ... l/.r takes the values 
10, 100, 1000, ... respectively. Hence as the point x moves 
from the right toward 0 till it all but coincides with 0 the 
graphic point moves upward and recedes to a very great 
distance from the x’-axis while appi-oaehing very close to 
the y-axis ; when x is zero, that is when the point x 
coincides with 0, the graphic point may be said to be at 
infinity. In this case the graph is said to approach the 
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positive end of the y-a,xis asymptotically, or to have the 
2 /-axis as an asymptote. 

In the same way it may be seen that when x is veiy 
large and positive Ijx is very small and positive; the 
graph approaches the positive end of the as-axis asymp- 
totically. 



Fig. lu. 

The graph is obviously symmetrical with respect to the 
origin, and approaches both ends of both coordinate axes 
asymptotically (Fig. 12). 

Definition. In general, when a curve has a branch 
extending to infinity, the branch is said to approach a 
^straight line asymptotically, or to have the straight line 
for an asymptote, if as a point moves off to infinity along 
the branch the distance from the point to the straight line 
tends towards zero as a limit, that is, if as the point moves 
off to infinity the distance becomes and remains less than 
any given length. 

If 33 — a be a factor of the denominator of a rational 
fr^tional function of x in its lowest terms, the function 
wiU tend towards infinity as x tends towards a and the 
line whose equation is a; = a will be an asymptote. If as x 
tends towards infinity the function y tends to a finite value 
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/9 then y = ^ will be the equation of an asymptote. These 
asymptotes are parallel to or coincident with the coordinate 
axes, as in the example just considered ; but there may be 
asymptotes that are not parallel to either axis, as in the 
following example ; 


Here we may write 

7/ = .c-p 1 -p 

If we denote by the ordinate of the graph and by 
the corresponding ordinate of tlie straight line whose equa- 
tion is y = x-\-\, we see that 

yi = 2/2+_^2- 

Hence whether x be positive or negative y^ is greater 
than y^ and therefore the graph of the function is always 
above the straight line. 

Again when x is numerically very large \jx^ is veiy small, 
and the difference between //, and y„ will a.s the point x 
moves either to the extreme right or to the extreme left 
of the x-axis become less than any given fraction ; hence 
the graph approaches both ends of the line whose equation 
is y = a: -f 1 asymptotically. 

The y-axis is also an asymptote ; y is 'positive when x 
is either a small positive or a small negative number and 
therefore the graph does not approach the negative end of 
the y-axis but it approaches the positive end both from the 
right and from the left. 

The graph will cross the as-axis for those values of x 
which make the numerator zero; a few trials 

will show that the numerator vanishes only once, namely 
when re =—1-47 approximately. When x is algebraically 
less than — 1'47, y is negative ; for all other values of x the 
ordinate is positive. 

When x—\,y = ^\ 

when 0 - = 2, 2 / = 3^, 

and there is a turning point when a;= 1'3 approximately. 
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The graph is shown in Fig. 13. The unit for the 
abscissae is double that for the ordinates ; if the units were 
equal the portion ABG would be at a considerable distance 
above X'X and the diagram would have to be very large 



to show that part clearly. The cur ve approaches the 
asymptote GH very rapidly but the asymptote OF more 
slowly. 


In plotting the gfaph of <1 fractional function it will be frequently 
found convenient to split the function up into partial fractions as has 
been done above. Thus, if 

_ .r"+l 

^ (ir— i)(a7 — 2)’ 

2 5 

we can write y = \ rq 

x—l x—2 

and we see that there are three asymptotes whose equations ar e 


y=l, .r=], .r=2. 

In this case the graph crosses the horizontal asymptote at the point 
whose abscissa is because when y=l we have 

a -^+1 


1 = 


For the equation ^ — 


(x-l%x-2y 


^=-+ 3 -^+^. 


we should have 
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and there would again be three asymptotes, two of which are parallel 
to the y-axis while the third has for equation 

y=.r+3, 

and this third asymptote cuts the graph again at the point whose 
abscissa is f. 


EXERCISES IV. 


Graph the functions 1 - 0 ; 

1. 3j?- — 5a’— 1 ; 2. a^+2.r + 2; 


3. .J" - j; ; 


4. 2 ; 


2. y-3 
•r-l ’ 


2a' + a — 1 
a - 1 ■ 


7. Show that the roots of the equation .r^ — a.r—b = 0 are the 
abscissae of the points of intersection of the graphs of ,r' and of ax + h. 

8. Find to two decimals the roots of the e<juations 

(i) .r^’- 7.r + 3=0; (ii) .r*- 7a-t-9 = 0. 

Graph the functions. 

9. If /(a) = .c^ - 4.f^- 4.r2+ 16.r-|-l, show that the equation _/l.a)=0 
has four real roots, and find these to two decimals. 

[Find the values of /(.r) for a equal to - 2, - 1, 0, 3, 4 respectively. 
The ordinate - 2) is positive and the ordinate /'( - 1 ) negative, so that 
the graph cros.ses the axis of abscissae between the point -2 and the 
point - 1. Proceed in the same way with the other numbers.] 

10. A point is moving in a plane and at time t seconds reckoned 
from a fixed instant, its coordinates w'ith icspect to two rectangular 
axes in the plane are a and y feet. Construct the path of the jx)ini 
in the following cases : 

(i) .r = t + 1 , y = it ; (ii) ■>: = u + ht, y = c 4- dt ; 

(iii) .r = 2t, y = ; (iv; .f=t, y = C. 

[The position of the point at any instant may be found by 
calculating the values of .?■ and y for the value of t at that instant ; 
having found the position of the point for a number of values of t, 
the graph can be drawn in the usual wav. Or, the equation of the 

path may be found by eliminating t. Thus in (i) t may be considered 

a function of x, namely t=^x-\ ; but y is always 2^, and therefore 
y and x are always connected by the equation y = 2(.r— 1). In this 
case therefore the path is a .straight line. In (ii) the path is also a 
straight line. The equations of the paths in (iii), (iv) are y = 2a’^ 
y—Jtr. This method of representing the path of a point by means of 
two equations is of fre(iuent occui’reuce both in Geometry and in 
Mechanics.] 
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11. The angle $ between the two straight lines whose equations are 
(i) y=mx+Cy (ii) y=wi.'a; + c' 
may be found from the equation 


tan 0= 


m—m' 

1 


[Let (i) make the angle a, (ii) the angle ji with X'OX ; suppose 
a > /5, then d=a- fi and 

^ tan a — tan B m — m' 

tan d = , — — - - - 

1 +tan a tan B 1 +mm 

If the nnmerical value of (m-m')/0 +mm') be taken, the acute angle 
between the lines will be obtained whether a > yS or a < /3.] 


12. The angle between the lines given by 

ax + by + c=0 and a'x+b'j/ + c' — 0 
is given by tan 6 = (<tb' — a'b)l(aa' + bb'). 


13. Show that the lines of ex. 12 are 

(i) parallel if alb=a'lb', 

(ii) perpendicular if aa' + J>2)' = 0. 



CHAPTER III. 

GRAPHS. ALGEBRAIC AND TRANSCENDENTAL 
FUNCTIONS. CONIC SECTIONS. 

I 

§ 25. Algebraic Functions, y is called an Algebraic 
Function of x when it is determined by an equation of the 
form 

Ay^^+Bif-'^ + ... + Ky+L = 0, 

in which the indices of the powers of y are positive integers 
and the coefficients A, L, are rational integral 

functions of x. Manifestly, rational functions are special 
cases of algebraic functions. 

y will usually be multiple-valued and its graphical repre- 
sentation is much more difficult than that of the rational 
function except in particular cases of whifh the following 
are of special importance ^ : 

1 

Type I. y" — ar = 0 or y = j” 

When n is an even integer, x must be positive and y will 
be two-valued ; when n is an odd integer, x may have any 

value and y will be single-valued. The graph of x'* is 
readily found from that of .i” 

Let QOP (Figs. 14, 15) be the graph of a:'*, and let FN 

be perpendicular to Y'Y: then ON = NP'', or NP — ON”^. 

Hence if OF be taken as the axis of abscissae, that is, 
as the axis of the argument, and OX as the axis of ordi- 

' The beginner may find this article somewhat difficult ; he should work 
out the simple examples of the various cases that are set down at the end 
of the article and the discussion Mdll become more definite. He need not 
however spend much time on this article at a first reading of the subject. 
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nates, that is, as the axis of the function, the curve QOP 

1 

will be the graph of the function ON^. It is desirable 
however to have OX as the axis of abscissae and OF as 
the axis of ordinates, that is, the figure has to be turned 
so that OF becomes horizontal and coincides with the 
present position of OX, while OX becomes vertical and 
coincides with the present position of OF. The simplest 
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way of securing* this is to suppose the wJiolc figure rotated 
through two riglit angles alwut the bisector BOA of the 
angle XOY as axis; NAP will thus come into the position 
N'AP', and QOP will come into the position Q'OP'. Q'OP' 

1 j 

will be the graph of x^\ because N'P' —ON'^\ since 
N'P' = NP and 0N'=0N. 

Fig. 14 is the graph when n is even and when, tlierefore, 
for one value of x tliere are two values of ?/ ; on the otlier 
hand, when n is odd, as shown in Fig. 15, to one value of 
X there is but one value of y. 

Construction}, of Graph of an Inverse Function. Tlie same 
transformation gives the graph of the function inverse to a 
given function. If y — x:^ and if x be taken as the argu- 
ment, QOP is the graph f)f ui” ; the function inverse to y is 

X where x= y’\ and, when y is taken as the argument, QOP 
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is the graph of tliat is, of the function inverse to // or 
a;”. It is convenient however to represent the argument 
in all cases by lines measured along X'OX and to denote 
the argument of the inverse function by the same letter 
as is used for the arguinent of the original function ; that 
is when the inverse function has Ijeen formed we then 
replace y by x and x by y, and the graph of the inverse 
function, when this replacement has been made, will be the 
original graph rotated through two right angles about the 
bisector of the angle XOY. 

In this notation the graph of a;" is QOP ; the inverse 

1 1 

function, which as first stated is y’“, is now x'\ and its 
graph is Q'OP'. 

Again, when the graph of a function lias been constructed, 
we see how to choose the range of the variables so that the 
inverse function may be single-valued. Wlien n is even 

OP’ is the graph of -j-cc” and OQ’ that of — ; that is, OP' 

and OQ' are the two branches of the two-valued function 
inverse to .t" when n is even. 

T 3 rpe II. y” — = 0 where m, v are unequal and not both 
even. 

If m, ■}? were both even the e(|uation would be equivalent 

U 7)1 ^ lU 

to the two equations y- — .r- = 0, y^ + -('“ = 0, and there 
would therefore be two graphs, each of which would come 
under one of the following groups. 

The student shouhl notice the remark in § 23 about the 
graph of such a function as .r--’ ; it will be found useful in 
the discussion of the groups contained in the general 
equation. 

m 

(a) m > n; y = .t” where — is an improper fraction. 

(Aj) m, n both odd. The graph is of the form QOP 
(Fig. 15) ; 0 is a point of inflexion and X'OX a tangent 
at 0. 

(Aj) m even, n odd. The graph is of the form QOP 
(Fig. 14); OF is an axis of symmetry and X'OX a tangent 
at 0. 
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(Ag) m odd, n even, y is imaginary when x is negative; 
is an axis of symmetry, and both branches touch OX 
(|nd each other) at 0. (Fig. 16.) 

|DefiniTion. a point on a curve such as 0, at which 
two branches OA, OB have the same tangent, but beyond 
wkich they do not pass, is called a Cusp. It must be 
olfeerved that neither branch passes beyond 0 : a point 
moving from A along the curve to 0 reverses its direction 
in order to proceed along the other branch OB. 




(b) m <n ; y — x'^ where — is a proper fraction. 

yv 

(Bl) m, n both odd. The graph is of the form QOP' 
(Fig. 15); 0 is a point of inflexion and Y'OY a tangent 
at 0. 

(Bj) m odd, n even, y is imaginary when x is negative ; 
OX is an axis of symmetry and Y'OY a tangent at 0. 
The graph is of the form Q'OP'. (Fig. 14.) 

(Bg) m even, n odd. OY is an axis of symmetry and is a 
tangent at 0 ; 0 is a cusp. (Fig. 17.) 

Thus if m = 2, n = o, since 'i lies between f or ^ and 

f or the graph of will, when x is positive, lie 
between those of x^ and x^, each of which has the form 
OF (Fig. 15). The branch OB is present because OF is an 
axis of symmetry. 

The irtudent will have no difficulty in deducing the 
graphs when the equation is = 0 ; they are deduced 
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from those of i/’* — *”* = 0 by rotation about one of the 
coordinate axes. Thus the graphs corresponding to (Aj) 
and (b^ are obtained by rotation abovit X'X. More gene- 
rally, the graphs of — — can be deduced by dividing 

the ordinates of i/” — *“ = 0 in the ratio of a" to 1. 


Ex. 1. Draw the graphs of the following cases of Type I. : 

(i) y'‘=X', (ii) y^~x-, (iii) ?/= - .c\ (iv) y^—-x. 
Ex. 2. Draw the graphs of the following cases of Type II. (a) : 
(i) ; (ii) y=.r'' ; (iii) ; 

(iv) ~xf‘ \ (v) y— — ; (vi) _ 

Ex. 3. Draw the graphs of the following cases of Type II. (b) : 
(i)/=a?3; . (ii)y3=,;2. 

(iv) y'= ; (v) ; (vi) - 3 ^. 

Ex. 4. Draw the gra})hs of 

(i) y2=9.r^ ; (ii) y^= - Da.-® ; (iii) y^‘=27x\ 

Ex. 5. Graph the functions 


(i) X : (ii) 4 ; (iii) 4' 

t"' y-^ 


§ 26. Conic Sections. For the .sake of readers unfamiliar 
with the conic sections we give in this article the equations 
of the conic sections and define the most frequently occur- 
ring technical terms connected with them. 

Definition. — A conic section is the locus of a point 
which moves in a plane so that its distance from a fixed 
point is in a constant ratio to its distance from a fixed 
straight line. 

The fixed point is called the. focus, the constant ratio the 
eccentricity, and the fixed line the directrix. 

Let /S (Fig. 18) be tlie focus, KN the directrix and SK 
perpendicular to KN. 

Let e be the eccentricity and on KS take A so that 
AS—eKA ; then A is a point on the conic. 

As axes of coordinates take KAS and the perpendicular 
through A to KAS. Let F be any point (x, y) on the 
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conic and draw PM perpendicular to KS\ then x — AM, 

y = MP. 

Let KA=p] then 
AS=ep. 

Now 

SM = AM-AS = x — ep; 

NP = KM—p + x. 

But SP = eNP by the 
definition of the conic ; 
hence 

8P^ = e^NP^ 
or SM^ + MP^- = emP^, 
so that, inserting the values of 8M, MP, NP, we get 
{x — epY + = ^{x + pY, 

or after reduction 

( 1 — — 2e( 1 + e)/).T + ?/“ = 0 (1 )• 

Every point whose coordinates satisfy equation (1) will 
be a point on the conic section ; for diftei’ent values of the 
constants e, p there will be difierent conics, Evidently A8 
is an axis of symmetry. 

li A K were taken as the positive direction of the axis of abscissae, 
then in equation (1) we should have +:le(] ■\-e)px, for the change in the 
direction of the axis is equivalent to wiiting — x- in place of x. 

Special Foi'ms of the Conic Section. — I. If e = l, the 

conic is called a parabola. In this case equation ( I ) reduces to 

y'^ = Apx (p) 

A is called the vertex, AX the axis of the parabola. 

When e = l, A8=p and if SL is the ordinate at 8 equa- 
tion (p) shows that SL = 2p=KS. 8L is called the semi- 
latus-rectum of the parabola ; in every conic section the 
^double ordinate through the focus is called the latus rectum, 
■ Sometimes is called the 'parameter p f the parabola. 

It is easily seen that the ciirwe is ot the form of Fig. 19, 
extending to infinity towards the right. The graph of is 
a parabola with its axis vertical (see § 16) ; its latus rectum 
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is 1, its focus the point (0,^) and its directrix is the Hnc 
through (0, — ^) parallel to the axis of abscissae. 

II. If e is less than unity the conic is called an ellipse. 
In this case equation (1) takes the form 


a;2 _ 0 ; 

1 — e 1 — 


t. , 


or, putting a for epl{l—e) and for a^(l — e^), 




III. If e is greater than unity, the conic is called a 
li 3 rperbola. In this case, if a = cpj(e—\) and b^ = a%e^—l), 
equation (1) becomes 


2x 

(I 


0 . 


(H) 



Fig. 19. 


A more convenient form for the equations of the ellipse 
and the hyperbola is got as follows : 

In (e) let y = 0 ; then a: = 0 or 2a. The ellipse therefore 
cuts the a;-axis at two points, namely at A where a’ = 0, 
and at another point. A' say, to the right of A where 
!)s = AA' = 2a. A A' is called the major axis and A, A' the 
vertices of the ellipse. 

Similarly from (h) it will be found that the hyperbola 
cuts the x-axis at A and at another point, A' say, to the 
O.c, D 
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left of A where .4.4' is equal in length to 2a. .4.4' is called 
the transverse axis and A, A' the vertices of the hyperbola. 

To find the shape of the ellipse take the origin of 
coordinates at G, the middle point of AA' (Fig. 20). 

Attending to the sign of the segments we have in all cases 
AM=AC+CM. 

Let CM—x') AM—x \ then since AC=a 

x = a-{-x'. 


Replacing x in (e) by a+x' and reducing we get 

x'‘ 
a- 


- + = l 


(E') 


In exactly the same way we find, in place of (h), 


x 

a- 


y 

■p 


= 1 . 


.(H') 



If we remember that the abscissae are now measured 
from C and not from A we may drop the accent : the 
equations are then 

^+^ = 1 and ^-^ = 1 (c) 

and these may be considered the standard forms. 

From these equations we see that both curves are 
symmetrical aboiit both axes. The origin C is a centre of 
symmetry ; C is called the centre of the conics, and the 
ellipse and the hyperbola are called central conics. The 
parabola has no centre. 

The axis of ordinates meets the ellipse (Fig. 20) at two 
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points B, B BB' is called the minor axis. From the 
equation a; 2 /t ,2 _|. ^ 2//, 2 ^ | 

it is easy to see that x is never numerically greater than a 
nor y greater than h. The ellipse is therefore a closed curve. 

The circle is the particular ca.se of the ellipse in which 
6 = a and e = 0. 

The axis of ordinates does not meet the hyperbola 
because when ^c = 0, y-— —h- and therefore y is imaginary. 
It will be seen further that y is imaginary if x is numeri- 
cally less than a, so that no part of the hyperbola lies 
between the lines through A, A' perpendicular to AA'. 



Fici 21. 

The curve consists of two branches extending to infinity to 
the right of A and to the left of A' respectively. It will 
be a good exercise for the student to prove that the lines 
E'E, F'F who.se equations are 

y = bx/a, y = — bxja, 
are asymptotes (Fig. 21). 

If 6 = a the hyperbola is said to be equilateral ; since the 
asymptotes are in that case at right angles the hyperbola is 
also said to be rectangular. 

From the symmetry of the central conics about the axis 
of ordinates through G it may be inferred that they have 
a second focus S' and a second directrix K'N' symmetrical 
to S and KN with respect to C\ the curves might be con- 
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structed from 8' and K'N' in the same way as from S 
and the eccentricity bein^j tiie same. 

Some useful properties of the Conic Sections will be 
found in Exercises V., VI. 

§ 27. Change of Origin and of Axes. The device of chang- 
ing the origin of coordinates is often useful in simplifying 
the equation of a curve and thus making the construction 
of the curve more simple. 

I. New Axes parallel to Old Axes. In Fig. 22 let B be 
the new origin, and let X\BX.^, Y\BY^ be parallel to^ . 
X'OX, Y'UY respectively. 


Y 

x 

1 

1 

1 

P 

xr 

B 

M'l 

1 

X, 

X' 0 


M 

X 

y' 

y; 

i 

1 

1 




Fio. 22. 

Let (a, h), {x, y) be the coordinates of B and of any other 
point P with respect to the old axes X'OX, Y'OY; and let 
{x', y') be the coordinates of P with respect to the new axes 
X'JiX^, Y'^BY^. Then 

OA=a,AB = b-, OM=x,MP = y. BM' = x'\ M'P = y'', 
and OM = OA+AM=OA + BM': 

MP = MM' + M'P = AB + M'P ; 


and therefore x = a+x' \ y — h + y' (1 ) 

Conversely x' = x — a-, y' — y — h (!') 


When X and y have been replaced by aAod and h-\-y' 
the accents may be dropped, it being remembered that the 
origin is then B, so that x will mean not OM but BM', and 
y not MP but M'P, 
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Example. The equation »/2-4j!:-2y- 1 =0 may be written 

Put x-\-\ — x!i that is, ;r = — | and y — \ —y', that is, ?/ = 1 +//, which 
means transferring the origin to the point (-|, 1), and the equation 
becomes 

This equation, and therefoie also the given one, represents a parabola 
with its vertex at the new origin and with the new axis of abscissae 
as its axis. The latus rectum is 4 ; the focus is the point (1, 0) with 
respect to the new axes, and therefoie the point (i, 1) with respect to 
the old because the coordinates of any point with respect to the old 
axes are equal to those with respect to the new increased by the 
coordinates of the new origin. 

II. The origin not chnnged, but the Nenv Axes obtained 
by turning the Old Axes through a positive or negative 
angle 6. In Fig. 22of let P 
be the point {x, y) when 
referred to the old axes 
X'X, Y’Y, and the point 
(x', y') W'hen referred to 
the new axes X\X^^, F'jFj, 
so that 

x=0M, y = MP; 
x'=-0M', v' = M'P-, 

LX0X,=^e=LY0Yy 
By elementary trigono- 
metry, 

031= OM' cos S — 31 'P sin 0 : 31 P = 031' sin 0 + 3rP cos 6 ; 
that is, 

x = x' cos 6 — y' sin 0 ; y = ^’ sin 0 + y' cos 0 (2) 

Conversely, solving for x' and y' in terms of x and y, 

x=xcos 0 + y sin 0 : y = —a; sin 0+y cos 0 (2') 

It may be possible to choose 0, so that the new equation 
is simpler than the old or even is an equation of which the 
graph is known. 



Fig. 22<(. 


Example. By turning the axes through 45° the equation xy=c‘ 
becomes < .5+^^ 






since, by (2), 
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The new form shows that the curve is a rectangular hyperbola ; 
half the transverse axis, denoted in § 26 by «, is x/2c. Hence the 
graph of <^lx is a rectangular hyperbola referred to its asymptotes as 
coordinate axes. 

III. The origin changed to (a, b) and the axes turned 
through an angle 6. Combining cases I., II. we get the 
more general transformation 

x = a + x' cos 0 — y' sin 6; 

y = h-\-x sin Q + y cos d (3) 

a;' = (x — (t)cos0 + (y — 6)sin6; 

y' = —{x — a)sind + {y — b) cos d. (3') 

EXERCISES V. 

Unless otherwise stated the equations of the conic sections in this 
set of Exercises are .supposed to be in the standard forms (P), (U) 
of § 26. 

1. In the central conics prove CS=eCA^ CA=eCK. 

For the ellipse, AS : AK=e=^ A'f^ ■. A' K, 

and therefore e = A'S~AS ; A'K- AK=S'S • A'..4=C<'? ; CA, 
e = A'S+AS-.A'KA-AK^A'A : K'K=CA : CK. 

For the hyperbola, A'S - AS : A'K - AK= CA ; CK, 
yl'5 + d-SI . A'K + AK=CS ; CA. 

2: In Fig. 20, S is the point {-eu, 0), S' the point (ea, 0). 

In Fig. 21, S is the point (ea, 0), S' the point (~ea, 0). 

In Fig. 19, (S’ is the point (p, 0). 

3. Show that the latus rectum (or parameter^ of a central conic is 

4. On A A' (Fig. 20) as diameter a circle is described; if MP is 
produced to meet the circle at Q, show that 

MP : MQ=h : a = constant. 

For MQ^ = CA^- CM^ = a* - ^ ; MP^== ^^(a* - x^). 

The circle is called the Aiixiliary Circle of the ellipse. The theorem 
shows that if the ordinate MQ of a circle to any diameter is divided 
internallv at P, so that MP : if§=constant, the locus of P is an 
ell^e whose major axis is the diameter of the circle. 

The student may prove that if P is in MQ produced, the locus is 
an ellipse whose minor axis is the diameter of the circle. 
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5. Show that the point (a cos d, 6 sin ff) lies on the ellipse, whatever 
be the value of Q. 

For the equation of the ellipse is satisfied by .r = a cos 6, y = h sin 6. 

As $ varies from 0° to 360° the jioint travels round the ellipse. In 
the notation of ex. 4, if P is the point (a cos 0, h sin 6) 6 is the angle 
A'CQ and is called the EcceMrin Angle of P. 

6 . Show that the point {p0, 2pt), p being a constant, lies on a 
parabola whatever be the value of t. 

7. In Fig. 20, if CM=x, prove that SP=a-\-ex, S'P=a — ex, 
SP + S'P=2a. 

For SJ‘=eNP=eA'C+eCM=a + ex, 

S'P=e.PN'=e. CK' -eCM = a- ex. 

SP, S'P are called the foail distances of /’, and thei-efore in the 
ellipse the smn of the focal distance.s i.s constant, the con,stant being 
the major axis. 

8 . In Fig. 21, if CM=.r,provQ!SP=e.r-o,S'P=c.T + a,SP-SP=2a. 
Hence the differetire of the focal distances of a point on a hyperbola is 
constant. 

9. In the parabola (Fig. 19) prove 

.9P= KA +AM= d-Sd- AM= p +.r, 

X being the abscissa of P. 

10. On any of the conics (Figs. 19, 20, 21) a point Q is taken and 
the chord P(^ (produced if necessaT-y) meets the directrix KN at Z. 
Prove that liZ bisects the exterior angle PSQ, except when P and ^ 
are on different branches of the hyperbola when SZ bisects the 
interior angle. 

Draw liR perijendicular to KA-, then 

SP : PN=e=sq ■. qn, 

therefore SP : SQ = PN : qit = PZ . QZ, 

and the theorem follows by Euc. vi. 3 or A. 

11. Trace the conics given by the equations, 

(i) .r‘-’ + = 4 ; (ii) 2,r2 - 3)/“ = 6, 

and find the eccentricity of each. 

In (i) 0 ^ = 4, 5^ = 1, and h'^=a-{\ -tr), so that e- = (a--b-)ld‘ etc. 

12. Show by transferring the origin to (0, — b) that the equation of 
the ellipse when S' is the origin and B'B the axis of ordinates is 

x-/a“ +y^jh~ — 2yjb = 0. 

If B is the origin and B'B the axis of ordinates the equation is 
x'^/a“+ y^jb- + 2^/6 =0. 
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13. Show by finding the values of A and B in terms of p, a, b that 
when A is positive the equation 

i/^=Ax+Ba^ 

represents (i) a parabola if i?=0; (ii) an ellipse if B is negative, the 
ellmse becoming a cii'cle if = — 1 ; (iii) a hyperbola if B is positive. 

^ow that when B is negative and numerically greater than 1 the 
major axis of the ellipse lies along the axis of ordinates. Show that 
all the results hold also when A is negative. (See note on sign of 
term in .r in equation (1) ^ 26.) 

14. Graph the ellipses given by 

(i) — (ii) = 

and find their eccentricity. 

15. Show that the equation 

4/ - + 8// + 6.r -.5 = 0 

represents two straight lines through the point (3, - 1). 

§ 28. Transcendental Functions. All functions that are 
not algebraic are classed as Transcendental f auctions. 

The elementary transcendental functions are (i) the 
Trigonometric Functions, Direct and Inverse, (ii) the 
Exponential Function ami its Inverse the Logarithmic 
Function. 

Graphs of the direct trigonometric functions, sin x, cos x, 
tan £c, cosec x, sec x, cot x will be found in most textbooks of 
Trigonometry. The characteristic property of these func- 
tions is that they are periodic ; that is, if f{x) denote any 
one of these functions and if n be any positive or negative 
integer f(x + 2n-^)=f{x). 

In other words the function is not altered if its argument 
be increased or diminished by any multiple of 27 r. This 
number 2-7r is called the period of the function. The tang- 
ent and cotangent have also the shorter period tt. 

The graphs of the Inverse Functions can be constructed 
as explained in § 25 by rotation about the bisector of the 
angle XOF. To make the inverse functions single- valued 
we shall always suppose the angle denoted by sin'^a;, 

cosec "'a;, tan^^a;, cot“Vr to lie between — and ^ and the 

angle denoted by cos^^a;, sec'^a; to lie between 0 and tt. 
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Thus 



tan‘^a3 + cot"^a:= 2 if x be positive, 


— if a: be negativ^e. 

Ex. 1. Plot to the same axes the graphs of sin.)’, 2sin.r, 3.sin.r, 
^ sin X, J sin T between - 27r and Sir. 

Ex. 2. Plot to the same axes the graph.s of sin .sin.r, sin 2a; 
between - 27r and 27r. 

Ex. 3. Plot the graph of sini.(,’+sin.i’+.sin 2.r, making use of the 
graphs of ex. 2. ( “ 3 < •'' < ^ ) ' 

Ex. 4. From the graph of sin./- deduce without calculation the 
graph of sin(.r + a) where a is any positive or negative number. 
Deduce the graph of cos.c. 

[Shift the origin to the point (a, o).] 

Ex. 5. Plot the graph of sin .r+eos.r. 

j^sin .r+cos.r = ^/2sin^.r+^^, etc.J 

Ex. 6. With the iu)tation of ex. 10, Exer. IV. construct the path of 
the point when 

(i) .r = 2i, y = 3siu4f; (ii) .r=2?, ?/ = 3tair’<; 

(iii) .<’=acosMi, y = hnniit. 

§29. The Exponential Function and the Logarithmic Func- 
tion. The power a® is called an Exponential Function 
of X ; here the base a is any positive constant, and the 
index or exponent x is the argument of the function. 

'Yyt 

a® is always positive. If a; be a positive fraction — 

{m, n integers), means the (positive) n^^^ root of a”* ; if x 

be negative, say — — (m, n positive integers), a® means the 

reciprocal of the (positive) root of ; if a: is zero, 
a® is 1. If X be an irrational number we may for the 
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present suppose it to be replaced by a rational approxi- 
mation. 

(i) a >1. As 33 increases from — A to +1^, where N is 
a large positive number, a® will increase from a very small 
positive number a~^ through 1, the value of a® when x = 0, 
to a very large positive number a'^^. 

(ii) a = 1. In this case a® is always 1. 

(iii) ad, say a = 1 jh where b is greater than 1. As x 
increases from —N to +N, a® will decrease from a large 
positive number to a very small positive number b~-^. 



Fig. 23. 

ABO in Fig. 23 shows the graph of a® when a = 2. The 
graph approaches the negative end of the as- axis asymptot- 
ically. 

If a is greater than 1, 1/a is less than 1, and since 
(l/a)®=a'® it is evident that the graph of (1/a)® can be 
found from that of a® by rotating the latter about the 
axis F'F. Hence when a is less than 1, the graph of a* 
will approach the positive end of the a3-axis asymptotically. 
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By the definition of a logarithm, x = loga^/ if y — a^. 
Hence the logarithm x is the function inverse to the 
exponential function a®. By the method given in § 25 
for finding the graph of an inverse function, we get the 
graph of log aX by rotating the graph of a® about OD the 
bisector of the angle XOY. The curve A'B'C' in Fig. 23 is 
the graph of \og^x. 

The most convenient base for the exponential function 
is an irrational number, usually denoted by c and called 
Napier’s base; approximately e = 2-71828. Logarithms to 
the base e will throughout the book be denoted by the 
symbol “ log ” (without suffix), unless the contrary is 
expressly stated ; they can be converted into logarithms 
to the base 10 by the ordinary rule. 

logiflX = logeX X logn,e = log,a:-4- log, 10, 
and log^Qe = -434 294 log, 10 = 2-302 585. 

The exponential function will be considered more fully 
when the number e is defined (g 48). 

§ 30 . General Observations on Graphs. The graphs that have 
been discussed up to this point have been those of functions 
defined by equations of the kind that occur in elementary 
algebra and trigonometry, and it has been assumed that the 
functions are Continuous. It is only on this assumption 
that we are justified in joining the points whose coordinates 
satisfy an equation and concluding that the coordinates of 
the points which lie on the .short lines or arcs that we draw 
will actually satisfy the equation. In other words we 
assume that when the argument x changes by a small 
amount the function y will also change only by a small 
amount. The only exception we have found has been in 
those cases in which as x tended towards a special fin.ite 
value y tended to a very large value (numerically). See § 24. 
Thus if y = \jx, as x changes say from 1/1000 to 1/1001, 
y changes from 1000 to 1001, that is, an extremely small 
change in x produces a change of 1 unit in y, as x gets 
nearer still to 0 a change of the same amount as before 
would produce a still larger change in y. Hence as x 
approaches 0, y or \jx ceases to be continuous, or, as it is 
usually expressed, becomes discontinuous. 
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Since, division by zero is expressly excluded in stating the 
rules of division in algebra, the symbol ^ is really meaning- 
less ; but since it is possible by taking x nearer and nearer 
to 0 to make - greater than any given finite number, it is 

usual to define ^ as “ infinite,” or “ an infinite number.” 

Hence a function becomes discontinuous for those values 
of its argument that make it, in tlie above sense, infinite. 

The question of continuity will be taken up in Chap. V. 

When, as frequently occurs in practical work, the relation 
between a function and its alignment is determined by 
measurements, it is only po.ssibIe to calculate a compara- 
tively small number of corresponding values of function 
and argument. In such a ca.se it would be possible to find 
a great variety of curves which would be continuous in the 
mathematical sense and would pass througli all the points 
that are plotted. In practice the points are not joined by 
straight lines ; but the simplest curve on or near which the 
points seem to lie is msually taken as the graph of the func- 
tion. The broken line or curve which would be obtained 
by joining the plotted points by straight lines would have 
this disadvantage, that its curvature would not be con- 
tinuous; in the language of the Calculus, the derivative of 
the function as represented by the graph would change 
abruptly, as a rule, for the values of the function actually 
calculated. 

Of course considerable care must be taken in selecting the 
curve and no inference should be drawn, as a rule, from the 
form of the graph outside the range of the argument for 
which the values of the function have been calculated. 
Examples of such graphs will be found in most text books 
of mechanics, physics or chemistry 

EXERCISES VI. 

1. From the graph of /(.r) derive that of f{lc.r), k being a constant. 

Denote the graph of fix) by and that of f{kx) by When 
x — a, the ordinate of is f(ka) ; but /(ka) is the value of fix) when 
x—ka. Hence the ordinate of G 2 when x — a is equal to that of frj 
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when x = ka. Since a may be any value wbatevei- cf the aV)8cist>a, 
may be deiived from without further calculation of ordinates ; 
we may say that every line parallel to the .r-axis is contracted in 
the ratio k to 1, while every line parallel to the y-axis is unaltered. 

2. Apply the principle of ex. 1 to construct (i) the graph of sin 
and of sin from that of sin x ; (ii) the graph of from that of 2^ ; 
(iii) the graph of 2“** from that of 2'^. 


3. From the graph of /(.r) derive that of cfikx), c and k being 
constants. 

Deduce the graph of the ellipse 

(i) from that of the circle ; 

(ii) from that of the circle x‘+y^= 1. 


4 . A point moves in a plane and at time t its coordinates are 

X— Vl cos a, y = 17 sin a - \gt'^ ; 

show that the path of the point is a jiarabola with its axis vertical 
downward, that its vertex is the point ( !’'■* .sin a co.s a/_^, sin^a/2^), 

and that its latus rectum is equal to 2 1’- cos- 0/9. (L'ompare Exer. 
IV., 10.) 

Eliminate t, then the equation between .r and y may be written 
/ F'^sin aco.stt\2_ 2 T’'*cos''^(t/ F'-sin-a\ 

^ yy- y 

5. Show that the equation of the directrix of the parabola in ex. 4 is 

.v= rva; 


6. If the coordinates of a point are given by 


a- = ff + bt, y = A-\-Btx- Ct- 

wliere t is variable and a, b, ... (7 constants, show that the locus of the 
point is in general a parabola whose vertex is the point 





and whose latus rectum is equal to b'jC. 

7. .Apply the transformations of § 27, (2) to the equation 


. 1 .r- -(- 2Bxy + Cy^ =D, (i) 

and show that the new equation will lie 

B.r"^+2Mj'y' + Ay^= />, (ii) 


where L = A cos-d 2 5 sin ^ cos ^ -f- G sin^^, 

M— (G - d ) sin 9 cos 9 + il(cos^6l - sin^0), 
N=A sin-'t*- 2Z?sin 0cos 9+ Ccos‘$, 
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8 . Show that equation (i) of ex. 7 represents, in general, a central 
csonic. 

For equation (ii) will become Lx''^+ which is of the form 

(c), § 26, if M=i). It ia always possible to choose 0 so that M shall 
vanish, because 

(U- A)8in 0COS 61 + S(cos^0 — ain^^) = 0, if tan2^=j^ — g,, 

and whatever be the values of A, B, C, an angle can always be found 
to satisfy this equation. The values of cos 6, sin 6 found from this 
equation have to be inserted in the values of L and N. 

9. Show by turning the coordinate axes through 45° that the 
equation 

13,r‘‘*-10.rg + 13?/2==72 

represents an ellipse whose axes ai’e 6 and 4. Sketch the ciii've. 

10. The coordinates of a point are given by 

2ir< , „ / < \ 

«- = acoa-^, y = 5cos2ir^y,+ aj, 

where t is a var»ble, say the time. Show that the point describes the 
ellipse given by the equation 

XU 

'-.,- 2 '-^ cos2Tra+'^=sin--27ra. 

a‘ ah 


11. The coordinates of a point are given by 

.r = a c'os(2n-</ T), y — b cos(47r</ T) ; 
show that the point describes the parabola given by 


+ L 




12. Find the coordinates of the centre and the lengths of the axes 
of the central conics given by the equations 

(i) 4.r2 + 9/ - 24.?- + 72y + 1 44 = 0 ; 

(ii) 3,e2_4^2 + 66.r + 40y + 251 =0. 

Equation (i) may be written 

(.r-3)2 , (y + 4)» 

9 ■ 4 “ 

13. ^ow by tui'ning the axes through 45° that the equation 


.x^+y^=Z^2kxy (i) 

becomes, the accents being dropped, 

(.r + ^ 
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From the form (ii) show that there is an asymptote perpendicular 
to the new axis of abscissae. Show further that the new x is not 
greater than nor less (algebraically') than -h, it being assumed 
that Ic is positive. 

14. In Fig. 20, taking H as origin, SK as initial line, SP=r, 
lKSP= 6, show that for this system the polar equation of an ellipse is 

r=f/(H-ecos 0), 

where ^ = e.ffjS=»S'Z = aemi-latus rectum. 

By the definition of a conic SP=eNP ■, hence, since NP= KS+SM, 

r^eKS-^-eSM—l+ercoBiTT — d) = l-er cob 6, 
and therefore r(l+e cos 0) = 1. 

The equation is the same if /S” is origin, S'K' initial line, and 

L.K'S'P=-e. 

15. Show that the polar equation of a hyperbola is 

* r=//(] +ecos d). 

16. Show that the polar equation of the paiabola (Fig. 19) is 

r=2pl(l +CO.S 0), 

where ^=SL and lKSP= 0, the origin being »S and the initial line SK. 
If lXSP=0, we .shall have 1 - cos 6 instead of 1 + cos 0. 

17. Show that the length of the perpendicular fi’om the poin^ 
(a?j, 2/,) to the line ?/ - x tan 0=0 is 

(y, -x^ tan 0)/y,f{l +tan*0). 

In Fig 22a, § 27, let P be the point (.r,, y,) ; then M'P is the 
required perpendicular, since .r,YbV, is the line y-.rtan^=0. But 
by (2'), § 27, 

M' P=y' = 'j/^ cos 0 — x^ sin 0=cos 0(y, - .r, tan 0) 

= (yi - tan 0)/V( 1 + tan-0). 

By putting -a/b for tan 0, we see that the perpendicular on the 
line whose equation is ax + f>y=0 is 

(ax^ + by,)Uf(ri- + b‘^). 

Hence to find the length of the perpendicular from the point 
{Xi, y{) on the line whose egnation is ux + by=0, substitute y, for 
X, y in the expression ax-\-by and divide by the square root of the sum 
of the squares of the coefficients of x and y. 

18. By the method of ex. 17 show that the length of the perpen- 
dicular from the point (.r,, yj) to the line whose equation is 

ax+hy+c=0 

is (ar, iy, -f- c)IJ{<P -I- 6*). 

The sign of the expression for the perpendicular will be positive 
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or negative according as rr.r, + i^j + c is positive or negative if the root 
have always the positive sign ; the numerical value however always 
gives the length. 

19. Find the length of the perpendicular in the cases : 

(i) point (2, 1); line, 3 a’ — 4y + 5 = 0. 

(ii) point (2, -1); line, 12x— 13y- 10 = 0. 

20. Find the length of the perpendicular on the line given by 

-cos^+'^sin 0=], 
a b 

from the points (i) (0, 0) ; (ii) (ea, 0) ; (iii) ( - ea, 0). 

If e^ = (a^-b^)ja‘^ show that the product of the perpendiculars from 
the points (ii) and (iii) is equal to bt 

21. Show that the straight line in ex. 20 meets tlie ellipse given by 

at only one point, namely the point (a cos 0, b sin 6). (Compare 
Exercises III 9, 10.) 

The line is therefore a tangent to the ellipse ; the three perpen- 
diculars are those from the centre of the ellipse and the two foci. 
(See Exercises X. 9.) 

4 

22. If MP (Fig. 21) is produced to meet the hyperbola again at P 
and the lines CE, CF, at Q, O' show that 

Q'P . PQ = Q'JM 

From these eqviations pi’ove that CE and CF are asymptotes ; also 
that PQ and Q'P are equal. 



CHAPTER IV. 


RATES. LIMITS. 

^ 31. Bates. The fundamental problem of the Differential 
Calculus may be considered as the investigation of the rate 
at which a function changes with respect to its argument. 

The element of time does not necessarily enter into the 
conception of a rate. Whatever be the nature of the 
magnitudes under consideration a change in the one which 
is taken as the independent variable or argument will 
usually produce a change in that which is taken as the 
dependent variable or function, and by comparing the 
change in the function with the change in the argument 
we can determine the rate at whicli the function changes 
with respect to its argument. Many problems in pure 
and applied mathematics depend on such a comparison, so 
that their solution reduces to the determination of a rate; 
for example, the problem of drawing a tangent to a curve 
is equivalent to that of determining the rate at which the 
ordinate varies with respect to the abscissa. 

§ 32. Increments. When a variable x changes from a 
value £Cj to a value the difference — x^ (not x^ — ccg) is 
called the increment that x has taken, and is often denoted 
by the symbol or Atc^, read “ delta x^ S, A are the 
Greek forms of the small d and capital d, the initial letter 
of the word “ difference.” The symbol must be taken as 
a whole ; S by itself in this use of the letter is meaningless. 

If aj.2 > a?! the increment is positive, so that x has increased 
algebraically ; if < x.^ the increment is negative, so that 
X has decreased algebraically. In both cases the one word 
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“ increment ” is nsed, so that a negative increment is an 
algebraic decrease. 

Since x^ — x^ = we have *2 = ^1 + if ^ change 

from the value to another value and if the increment 
that X takes is that other value is x^ + Sx.^^; the student 
must accustom himself to this method of denoting the 
value to which x changes, for although + seems more 
cumbrous than x .2 its form is more suggestive and is really 
simpler in many investigations. 

Let y be a function of x, say 5.i; — 3, and let x^, y^ be 
corresponding values of x and y. When x changes from 
to ;Cj + (5.rj let y take the increment 8y^, so that the value 
of y corresponding to x^ + d,rj is + 8y -^ ; then 

= uaii - 3 ; 7/1 + 8y■^ = ^x^ + Sx^) - 3, 
and therefore 8y^ = 

If y = 3,r-+-7x — 2, we find, using the same notation, 

2/1 = 3xj‘^ + 7 — 2 ; yj + = 3(xi + + 7(iej + 8Xj) — 2, 

and therefore, by subtracting the left side of the first 
equation from the left side of the second, and the right 
.side of the first from the right .side of the second, 

(5//,=6,ridXi + 3(dXj)2 + 7(5xi 

= (ari + 7)&i + 3(foj)2 

In general, if y = f(x), we have 

<5^1 =/(Xi + foi ) -f(x^ ) = d/’(.x,). 

The same notation is ased whatever letters denote the 
variables, so that if s = 


dsj = <p{ti + 8t^) — ^(fj) = 8(j>(fj), 

and so on. 

As this process of finding increments is of constant 
occurrence the student should make himself quite familiar 
with it. The following examples should be worked 
through. 


Ex. 1. If y = .show that &/, = 
Ex. 2. If /{.r) = .r^- 1, show that 


2.r, &r, + (S./',y 
(.r, + 8.r,)2r,2 ' 


Wi) = + 3.v,(Sx,y- + (5a-, )^. 



INCREMENTS. UNIFORM Rv\TE. (>7 

Ex. 3. If I/ — ]ogi', show that 

= S log = log + ^•' 1 = log ( ] + Y 
•'l ■»'! / 

Ex. 4. If y = .r’ + calculate Sy, and when 

a’, = 10, 8 .r, = ], -,5, -1, -01, ‘OOl. 

Ex. 5. If ?/ = sin.r, show that 

dyi = 5 sin .Z-, = sin(.r, 4 - &rj) - sin 

From the Tables calculate Sy, and for the following values 
of .r, and &r„ the numbers denoting the value of the angles in degrees : 
(i) ar]=30, 4,, - 2, -1 ; 

(ii) .r,=60, S.r,=l, -5, -2, -1. 

Ex. Ci. If .i/ = logi„c, find from the Tables the values of Sy, and 
(1) when ./•,=^:125 and Sa, =2, 1, -.5, 1 ; 

(ii) when ,ri = 72 and 6 .»', = 2 , ], ■], 01 . 

§ 33, Uniform Variation. When the argument of a func- 
tion takes a .senes of values .r^, .fg, u'^...the function 
takes a corresponding sene.s of values 3/3, 3/.. When 
the increment of the function is in a con.stant ratio to the 
corresponding increment of the argument the function 
18 said to vary uniformly or at a constant rate with respect 
to its argument. ^ 

If the constant ratio is o, then 


h-lh 




a-nd y2-yi = »ix.-x,)\ y^-y.^ = n(x^-xs). 

If the increments (.r^ — and (u-^—x.^) of tlie argument are 
equal so are the corresponding increments (y^ — yf) and 
(yi~yz) of the function. The increment (x^ — x^) may be 
either positive or negative and may be of any magnitude 
whatever; the corresponding increinent of the function is 
o\x^ — xf), and always, when the argument takes two equal 
increments so does the function. 

It follows from the definition that the uniformly varying 
function is a linear function of its argument. For when 
the argument changes from any value 2;^ to any other 
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value X, let the function change from to y ; then the 
increment of the argument is the increment of the 

function is {y — y^ and 

that is, y = ax + i/j — aXy 

But X-., y-^ are fixed values of the argument and function 
and the ratio a is constant, so that 2 / is a linear function 
of^. 

It is easy to see conversely that if y is a linear function, 
ax+h say, of x, then y varies uniformly with respect to x. 

Measure of a Uniform Bate. — The constant ratio a is 
taken as the measure of the rate at which the function 
varies with respect to its argument. Instead of saying that 
the ratio a measures the rate we shall generally use the 
briefer expression that a is the rate. 

When a is a positive number, y increases as x increases 
and decreases as x decreases ; when a is a negative number, 
y decreases as x increases and increases as x decreases. 
The particular case in which the function reduces to a 
constant, y = l>, may be included in the general category of 
uniformly varying functions by saying that the function 
varies at the rate zero ; a = 0. 

Since the graph of ax-\-b is a straight line with the 
gradient a ($ 22) the gradient of the line measures the rate 
at which the function varies with respect to its argument. 
It should be noticed that if in plotting the graph the unit 
for the ordinates is not of the same length as the unit for 
the abscissae the tangent of the angle shown on the diagram 
will not be equal to the rate a ; if the unit for abscissae is 
1 inch and for ordinates, say T inch, then to an increment 
1 of the abscissa the diagram will show an increment, not 
of a but of Ta of the ordinate, so that the real gradient 
or rate will be found by multiplying by 10 the tangent of 
the angle shown on the diagram. 

§ 34. Dimensions of Magnitudes. It is customary and 
convenient to use such expressions as “the area of a 
rectangle is the product of its base and its altitude,” “the 
speed of a body which moves uniformly is the distance 
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gone in a given time divided by the time,” and these 
expressions are represented in the form of equations : 


area = base x altitude ; 


speed = 


distance 

time 


When considered as equations in the sense commonly 
understood in algebra these must be interpreted as “the 
number of square feet (or square inches, etc.) in the area is 
equal to the product of the number of linear feet (or inches, 
ete.) in the base and in the altitude,” “ the number of units 
of speed is equal to the (piotient of the number of units of 
len^h in the distance by the number of units of time.” 

But the equations may be interpreted in a different 
manner. Let capital letters denote, not numbers but 
magnitudes ; L the straight line of unit length, T the 
interval of time taken as the unit. Taking as unit of area 
the square on the line L, and as unit of speed that of a body 
which moves uniformly a distance L in time T, the 
equations may be stated for the unit magnitudes in the 
form 


unit area = Z x Z ; 


unit speed = 


L. 

r 


or, combining the smnbols by the algebraic laws of indices, 
unit area = L ~ : unit speed = LT~ ^ 

These equations are usually called diwsnsional equations, 
and the indices are said to give the dimensions of the 
magnitudes ; thus the first equation states that the unit area 
is of 2 dimensions in L, the unit of length, and the second 
states that the unit of speed is of dimension 1 in L and of 
dimension — 1 in T. Since all areas are magnitudes of the 
same kind as the unit area, area is said to be of 2 
dimensions as to length and to have L’ as its dimensional 
formula. Similarly, the dimensional formula of speed is 
LT-\ 

If M denote the unit mass the dimensional formula of 
momentum \vill be MLT'^, because momentum is the 
product of mass and velocity. 

It may happen that a magnitude has zero dimensions; 
thus angles when measured in i-adiaiis have zero dimensions, 
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because the radian is “ arc divided by radius,” and its 
dimensional formula therefore is LjL, that is 

A notation that suggests the dimensional formula is 
sometimes used ; thiis an area of 10 square feet is denoted 
by 10 ft.^, a speed of 10 feet per second by 10 ft./sec., a 
pressTire of 14 pounds per square inch by 14 Ib./in.^ and so 
on. The characteristic word for expressing a rate, namely 
per, is represented by the symbol of division. 

When a function varies unifoi'mly the number which 
has been defined as the rate of variation is quite inde- 
pendent of the magnitude of the increment which the 
argument takes ; it is therefore possible to choose at 
pleasure the increment of the argument that shall be 
called unit increment. Thus we may speak of a speed of 
30 miles per hour, although the motion may only last 5 
minutes, or 1 minute or less ; a rate of 30 miles per hour 
is the same thing as one of half a mile per minute, or of 44 
feet per second. It is important to bear in mind this 
aspect of a rate when discussing non-uniform variation. 

Again, the statement that the speed of a moving body ie 30 
miles per hour is equivalent to the statement that the distance 
travelled varies with respect to the time at the rate 30, when 
it is understood that the units are the mile and the hour. 
The latter mode of expression is more simple in many cases. 

When the measure of a magnitude is interpreted as a 
rate the dimensional formula for the magnitude will be the 
quotient of the formula for the function by that for the 
argument. Thus force may be measured as the rate of 
change of momentum with respect to time ; its dimensional 
formula is therefore MLT'^jT or MLT '^. 

It is important to bear in mind that the measure of one 
magnitude can often be interpreted as the rate of change of 
a second magnitude with respect to a third, because it is 
through this connection that the calculus is applied to the 
investigation of the numerical relations of magnitudes, and 
in all such interpretations the theory of dimensions is of 
great service. For a full treatment of that theory the 
student is referred to the books named below. ^ 

* Everett’s Uniti^ and Physical Constants ; Gray’s Absolute Measurements 
in Electricity ami Magnetism ; Maclean’s Physical Units. 
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§ 36. Variable Rates. So far, only uniformly varying 
functions have been discussed. But it may happen that 
the increment of the function is not in a constant ratio to 
the corresponding increment of its argument, or in other 
words, that two equal increments of the argument do not 
always produce two equal increments of the function; in 
that case the function is said to vary nov -imiforjuly , or at 
a variable rate, with respect to its argument. 

Let y = 3x^: when x varies from Xi to x^-\-h let y vary 
from 2 /i to + k, and when x varies from x,, to + h let y 
vary from y,^ to y.^-\-V. Then 

i/j = ; 1/j 4- /,: = 3 (x^ + k)'^ ; />■ = G.rji + Sk^ ; 

therefore hjk = Gx-^-\-3h and in the same v'ay we find 

///// = 6a^ + 3/e 

The two ratios hjJi, k'jh are therefore unequal, so that y 
varies non-uniformly with respect to ./■. 

In this case the ratio l'//i depends botli on h and on ; 
the characteristic property of a uniformly varying function 
is that the ratio k/k depends neither on h nor on the value 
of X, from which the increment begins. To obtain the 
number which is taken as the measure of a variable rate 
we proceed as follows. 

§ 36. Average Rate. We first define an average rate, 
thus : — The a^'erage rate at which a function varies with 
respect to its argument while that argument takes a given 
increment h is defined to be that uniform rate which would 
give the actual increment k taken by the function. 

The average rate is thus k/h. In the example of last 
article the average rate at whicli y varies with respect to x 
while X varies from x-^ to Xj + h is 

kjh = Gx-i + 3h : 

the average rate at which y varies while .r varies from x^ 
Uix^ + hiH lclh=^Gx.^ + 3h. 

The average rate thus depends both on x and on h. 

Next, it agrees with our ordinary notions of a rate of 
change to suppose that the smaller h is the better will the 
average rate measure the rate at which the function varies 
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as £C varies from aij to x-^+h. But as h is taken less and 
less the average rate 6*1 -f- 3A apprpximates more and more 
closely to the definite number fiiCj. The average rate will 
never be exactly Gaj^, because it would be absurd to suppose 
h actually zero; that would amount to supposing that x 
had not changed from the value x^ at all. On the other 
hand, however small h may be, provided it is not zero, the 
quotient k/h can be calculated and the average rate for 
that small increment determined. We may therefore 
suppose k to be, not zero, but so small that the difference 
between 603^ + 8^ and 6xj, namely 3/t, shall be less than any 
fraction that may be named, however small that fraction 
ms^ be, provided only it is not zero ; for example, the 
difference will be less than '001 if h be numerically 
less than one third of 001, say less than 0003. It is 
natural therefore to consider 6.rj as measuring the rate at 
which y changes with respect to a; as a; increases or 
decreases from the value x^. 

We therefore define as the rate at which the function 
y or 3a;‘'^ varies with respect to its argument x for the value 
ajj of the argument. 

In the same way 60:2 is, by definition, the rate of change 
for the value and in general for any value a of the 
argument the rate is 6a, because the reasoning does not 
depend on the particular value Xj ; the reasoning is the 
same whatever value of the argument be chosen. 

When X has the values 0, |, 1, 2 ... the rate is 

equal to 0, f , 3, f , 6, 9, 12 . . . respectively ; thus for the value 
1 of X, y is increasing twice as fast as for the value for 
the value f thrice as fa.st, for the value 2 four times as fast 
and so on. The student should compare these statements 
with the information to be derived from an inspection of 
the graph of 3x^. 

When X is positive the rate is positive, so that as the point 
X moves to the right the graphic point moves up ; on the 
other hand, when x is negative the rate is negative, so that 
as the point x moves to the right the graphic point moves 
down. 

It will be noticed that in stating a variable rate the 
phrase “ for the value Xj of the argument ” occurs ; the 
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phrase is needed because, unlike that of a uniformly vary- 
ing function, the rate is in this case itself a variable. If the 
number s of feet described by a moving body in t seconds 
be the rate at which s varies with respect to t at time 

seconds after motion begins is that is, the speed at 
time ti is 6t^ feet per second. 

§ 37. Measure of a Variable Rate. The method just given 
of defining a variable rate is of fundamental importance, 
and the student should make sure that he masters the 
reasoning on which the definition is based. The process 
consists of three steps : 

(i) We find the average rate k/h: the number kjh 
depends both on x■^^ and on h. 

(ii) We assume as consistent witli our notions of rate of 
change that the smaller h is the better will the quotient kjh 
measure the rate at which the function changes as the 
argument changes from to x^ + h. It usually happens 
that by taking h less and less the qxiotient kjh gets nearer 
and nearer to a definite number; h is not supposed to 
become zero, but in general wm can take h so small that the 
difference between kjh and a definite number will become, 
and for smaller values of h will remain, less than any stated, 
non-zero, fraction. The number will depend on x^ 

(iii) We then deJive this number as the rate at which 
the function changes with respect to the argiunent for 
the value x^ of the argument. 

The more rigorous of the older mathematicians, such as 
Maclaurin, starting from definitions or axioms respecting 
variation at a greater or less rate, pi^oved that BXj is the 
“ true measure ” of the rate at which 3*^ varies with respect 
to X for the value : but the reasoning on which ^'e have 
based the definition seems sufficient to establish its correct- 
ness. Of course if the values considered were determined 
by measurement a stage of smallness for h would soon be 
reached at which it would become impossible to distinguish 
between fiaji and ficCj + 3/t ; the average rate determined by 
the smallest available value of h would therefore coincide 
with that determined by the process and definition we have 
adopted. 
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Ex. 1. If find the rate at which s varies with respect to t, 

when t has the values 0, 4, 1, 2. 

Ex. 2. If p = '?, find the I'ate at which p varies with respect to v 
when 

§ 38. Limits. It would seem at first sight as if the rate 
6a;j could be determined from the average rate + 
simply by putting h equal to 0. But the logic of such a 
step would be faulty, because the equation 

7 = 6j', + 3/t. 
k 

can only be established on the assumption that h is not 
zero ; in proving the laws of division in algebra the case in 
which the divisor is zero is expressly excluded. But 
further, if h = 0, so also is /.', and the quotient L'lJt would 
appear in the form 0/0 — a .symbol which has absolutely no 
meaning whatever. The ground in common sense for 
defining as the rate of change for the value x-^ is that 
(ia'j is the one definite miniber towards which the average 
rate kjh settles down as h is taken smaller and smaller. 
(See the values of SyjSx^ in examples 4, 6 (§ 32) as an 

illustration of this settling down.) 

In mathematical language we are said, in determining 
the number towards which the quotient k/h settles down, 
to find the limit of kjh when h tends to zei’o as its limit ; 
in this process h is a variable number, positive or negative, 
and it may take any value except zero ; zero is so to speak a 
boundary to which it gets nearer and nearer, but which it 
never actually reaches. 

Before giving a formal definition of a limit we will 
consider a few typical cases ; by cai-efully studying these 
the student will gather the necessity for the introduction of 
the word and will see what it really means. 

§ 39. Examples of Limits, (i) Let AB (Fig. 24) be a 
chord of a circle whose centre is 0 ; AT, BT the tangents 

A, B. Let OT cut the chord AB M and the arc AB 
N ; M and N will be the middle points of the chord and the 
arc re.speetively and OM will be perpendicular to AB. 
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The triangles DMA, OA T are equiangular ; therefore 

MA _ OM 

Af~OA 


Suppose now that the chord AB moves towai’ds N, the 
point iV^ remaining fixed and AB being always perpendicu- 
lar to ON \ let A, B always ^ 

denote the ends of the chord, 

M its mid point and T the point / Y\ 

where the tangents at A and B f X 

meet. So long as A and B are 

not coincident, that is so long as \ ^ j / 

AB is really a cliord, equation \ y/ 

(1) remains true. The ratio 

MA -.AT is a function of OM, 

for as soon as OM is fixed every 

other line in the figure is fixed, and tlie ratio can be 
calculated. 

When OM is all but eciual to ON both MA and A T will 
be all but zero ; nevertheless the ratio MA : AT will be all 


but equal to 1, because equation (1) remains ti’ue and OM 
is all but equal to ON which is equal to OA. Manifestly 
the nearer M gets to N the nearer does the ratio MA -.AT 
get to unity. 

This behaviour of the ratio MA ; .AT is expressed in the 
words : — as Oil/ approaches ON as its limit the ratio 
MA : AT approaches 1 as its limit 

Here again it has to be noted that the reasoning ceases 
to be just if OM becomes actually equal to ON, for the tri- 
angles will then have disappeared and the ecjuation (1) on 
which the reasoning is based could not be established. 

We might equally well consider the ratio as a function, 
not of OM but, of the angle NOA ; if the angle NOA 
approaches zero as its limit the ratio approaches 1 as its 
limit. 


(ii) Suppose AB (Fig. 24) to be the side of a regular poly- 
gon of n sides (regular n-gon) inscribed in the circle; then 
it is easy to pi’ove that the side of the regular n-gon cir- 
cumscribed about the circle is equal to AT A- BT or 2 AT and 
that the angle NOA is 180/?i degrees. If p, P denote the 
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perimeters of the inscribed and of the circumscribed poly- 
gons respectively, then 

p = vAB = 2nMA ; P = 2nAT, 


and 


p MA OM , MN 
P~AT~OA~^ OA- 


( 2 ) 


Imagine a series of polygons constructed corresponding 
to greater and greater values of n. When n becomes very 
large the angle NO A will become very small ; AB and MN 
will also become small, and therefore the ratio p/P will 
become nearly equal to 1. Hence when the angle NOA 
approaches 0 as its limit, the ratio pjP appi-oaches 1 as its 
limit ; or again it may be put thus, when n becomes indefi- 
nitely large pjP approaches 1 as its limit. 

We may express the relation between p and P in a 
slightly different way. From equation (2) we get 

P-pJ-^.P. 

^ OA 

When n is greater than 4, P will be less than the peri- 
meter of the circumscribed .square, that is less than HO A ; 

P-p<HMN. 

Now let e be any line that is as small as we please, only 
not zero. By the geometry of the figure we see that we can 
take n so large that MN .shall be less than any given line ; 
choose n therefore so large that MN is less than e/8. Then 
for this and for all greater values of n, HMN will be less 
than e and therefore P—p less than t 

It is here that the limit notion comes in : no matter how 
large n may be P and p will never exactly coincide, but as 
n increases beyond all bounds the difference P — p tends to 
zero as its limit, that is the perimeters P and p tend 
towards the same limit. 

G 

t 1 — I — I 

F gn H 

Fia. 25. 


On the straight line Pif (Fig. 25) mark off Pq,„ P(r„ equal 
to the perimeters p, P respectively ; then clearly for every 
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value of n, Fgn is less than FGn- But, when n has been 
chosen as above, = P _ p < e, 

and therefore n can be taken so large that gnG-n shall be less 
than the line e. Hence the common limit of p and P is a 
line FO greater than every one of the lines Fgn, but less than 
every one of the lines FG„. 

Since the circumference C of the circle always lies 
between p and P, the circumference will be equal to the 
line FG ; the circumference may therefore be considered 
as the limit either of an inscribed or of a circumscribed 
regular polygon when the mntiber of its aides increases 
indefinitely. 

(iii) Show that the area of a circle may be considered as 
the limit either of an inscribed or of a circumscribed regular 
n-gon ; and that an arc of a circle may be considered as 
the limit of the sum of n equal chords obtained by dividing 
the arc into i? equal arcs 

The polygons have been supposed regular, but it would 
not be difficult to show that the theorems hold even if they 
be not regular, provided that as n increases beyond all 
bounds the length of each side of the polygons approaches 
zero as its limit. 

(iv) Let 6 be the number of i-adians in the angle FOA, 
where the angle is supposed to be acute : we have 

chord AB < arc AB < AT+ BT, 
and therefore MA < arc NA < AT, 


Hence 
that is, 

Divide by sin B ; 


and therefore 


MA s.rcNA AT 
OA^ OA ^ UA ! 
sin B <B < tan B. 
therefore 

J 

.sin B ^ cos B ’ 

, sin fi n 
1 > > cos B. 

u 


Thus the quotient sinfi/fi lies between 1 and cos B. When 
6 approaches 0 as its limit cos B approaches 1 as its limit ; 
therefore also ainB/B approaches 1 as its limit. 
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From the nature of a limit, or from the last inequality, 
we see that the statement that sin 0/0 approaches 1 as its 
limit when 0 approaches 0 as its limit may be put in the 
form : when 0 is a small number sin 0 is approximately 
equal to 0. The student should verify this statement from 
the Tables; thus, for lNOA = \°, 

0 = -0174.533 ; .sin 0= 0174524 ; 
iov lN0A = o\ 

0 = -087266.5 ; sin 0 = '087 1 5 57. 


(v) Show that the limit of tan 0/0, as 0 approaches 0 as 
its limit, is unity. 

(vi) Provided x is not equal to a, 

{x“ — (i^)l(x — a) = x + a. 


The equation holds true so lonjr as x is not equal to a ; but 
we can take x so nearly equal to a that x + a .shall differ 
from 2(t by as little as we please. That is, the quotient 
can be brought as neai- to 2a as we please simply by taking 
X near enough to a. Hence although the quotient has no 
meaning whatever, no value, when x is equal to a, it has 
a definite limit, namely 2a, for x approaching a as its limit. 


(vii) Let SPT (Fig 
PQ a .secant and PL 


26) be the tangent to a circle at P : 
a given length measured along the 
secant. Describe a circle with 
centre P and radius PR, cutting 
PT at R. 

Now let Q move along the 
arc PQ towards P ; R will 
therefore move along the arc 
RR towards R. The nea.rer Q 
approaches P, the nearer does 
• R come to R, and the smaller 
becomes the angle TPR. If 
we suppose Q to approach P 
as its limiting position, the secant PR will approach the 
tangent PT as its limiting position. If we suppose the 
secant drawn on the other side of P, as PQ', PS will be the 
limiting position of the secant as Q' approaches P. Hence 
we may define a tangent thus : 

Definition. A tangent to a curve at a point P is the 
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limiting position of a cliord PQ as Q approaches P as its 
limiting position. 

It is this definition of a tangent that will be subsequently 
used in the book. 

(viii) Show from the theorem in Exercises V. 10, that if T is 
a point on the directrix KN such that the angle PST is a right 
angle, the line PT will be the tangent to the conic at P. 

§ 40. General Explanation of a Limit. The special meaning 
of the word limit should now be fairly clear. In each of 
the examples there are two variables, one being a function 
of the other. 

One of these variables, the argument, is supposed to 
become all but equal to a definite number, for example to 
o, or 0 or ON ; or else it is svipposed to increase beyond all 
bound. In the former case the definite number is called 
the limit of the argument ; it is not a reduc that the 
argument actually takes ; thus in (iv) 0 is not a value that B 
assumes. In the latter case the argument is generally said 
to have infinity for limit, though this mode of expression 
seems rathei' a contradiction in terms ; the argument has 
infinity for limit if it is supposed to become greater than 
any number N , no matter liow great N may be. 

Again, when the argument becomes nearly equal to its 
limit the f\mction at the same time becomes nearly equal to 
a definite number ; not only so, but we can make the 
argument differ so little from its limit that the function 
shall differ by as little as we please (except by the difference 
zero) from that definite number. This definite mimher 
therefore is called the limit ()f the function for the 
argument approaching its limit. 

We will now give a formal definition of a limit : the first 
mode of statement is somewhat rough, the second is more 
definite, but in a first reading it may be found a little more 
difiicidt to grasp. 

§ 41. Definition of a Limit. Notation. Distinction between 
Limit and Value. 

Definition 1. When it is possible to make the argu- 
ment of a given function so nearly equal to a definite 
number a that the function will differ from another definite 
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number A by as little as we please, that difference remaining 
as small as we-please when the argument is taken still nearer 
to a, then A is called the limit of the function for the argu 
ment approaching (or converging to) a as its limit. 

Definition 2. Given any positive number e,that may 
be as small as we please, except that it must not be zero , 
given also two definite numbers a, A ; if it be possible to 
find a positive number tj such that a given function shall 
differ from A by less than e for all values of its argument 
that differ from a by less than »; (the value a itself being 
excluded), then A is called the limit of the function for the 
argument approaching (or converging to) a as its limit. 

The modifications required when either a or A is infinite 
offer no difficulty. In general a variable is said to become 
infinite if it takes values that are numerically greater than 
any positive number N, no matter how large N may be ; if 
the variable is positive it convei’ges to + 00, if negative to 
— so . The definite number A will be the limit of a 
function for its argument approaching +00 as its limit, 
provided that a positive number N can be found such that 
for every value of the argument greater than N the difference 
between the function and A shall be as small as we please. 

The notation for a limit is the letter L or the first three 
letters of the word limit, namely Urn. To state that the 
function f{x) approaches A as its limit when :r approaches 
a as its limit, the notation is 


L f{x) = A when hx — a, 
or, more usually, L f(x) = A ; 

x = a 

read “ limit of f(x) for X equal to a is A.” It must be 
remembered however that the more usual form is a con- 
traction for the first, and that a, A are not values that the 
variables are supposed actually to take. 


In this notation, if LyOA=0 and OA=a, ex. (i) of S 39 may be 
stated T^'l-1 


P=C; 


. sin d 


h 


j tan 9 , 

Xj ^ — A. 

OkO C7 


ex. (ii) : 
ex. (iv), (v) : 
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The necessity for the introduction of the notion of a 
limit arose from the consideration of cases in which the 
function ceased to have meaning when a particular value 
was assigned to the argument ; but the notion of a limit is 
not, by the definition, restricted to such cases. Whether 
f{x) has or has not a definite value when x is equal to a the 
limit is found by considering the values of f{x) for values 
of X nearly equal to a ; the value a itself is not to be used 
in the process. It may of course happen that the lint it A 
of the function coincides with the value f(a) \ still, even 
when A and f(a) coincide, the fact that they are deter- 
mined by different processes should not be forgotten. 
Instances frequently occur in which the limit A and the 
value /(a) are both definite and yet unequal. 

§ 42. Theorems on Limits. W'e now state the principal 
rules for working with limits. In the following theorems 
the functions have the same argument, x say, and the 
limits spoken of are the limits for each function as the 
argument approaches a limit, say a, the limits of the 
functions being finite ; it will be sufficient therefore to use 
the letter L without the subscript “ x = a,.” The number of 
functions is supposed to be finite; the theorems are not 
necessarily true if the number be infinite. 

Theorem I. The limit of the algebraic sum. of any 
number of functions is equal to the like algebraic sum of 
the limits of the functions. \ 

Theorem II. The limit of the qwoducl of any number 
of functions is equal to the jyroduct tf the limits of the 
functions. 

Theorem III. The limit of the quotient of two functions 
is equal to the quotient of the limits of the f motions, pro- 
vided the limit of the diinsor is not zero. 

The proof of these theorems is simple ; it depends on the 
particular cases that if the limit of each of a finite number 
of variables is zero, then the limit of their sum and of their 
product must be zero. 

Let Aj, /igj h^, for example, be three variables the limit of 
each of which is zero. To prove that the limit of their sum 
is zero we have to show that x can be taken so near a, that 
that sum will be numerically less than any given positive 

O.C, F 
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number e. Now, since the limit of each is zero, we can 
take X so near a that each of the valuables shall be numeri- 
cally less than Je ; hence we can take x so near a that 
their sum shall be less than e. The same reasoning holds 
if there be n variables ; each can be made less than ejn. 
It does not matter whether the variables be positive or 
negative or whether the sum contain negative terms since 
it is the numerical value alone that is concerned. Mani- 
festly the product will also have zero for limit. 

Again, if C be any finite constant, the limit of Ch^ will 
be zero ; we need only choose x so near to a that shall 
be numerically less than e/6’. 

Now, let u, V, w be functions of x whose limits are 
U, F, W. Then by the nature of a limit when x is nearly 
equal to a, u, v, iv are nearly equal to U,V, W ; hence we 
may write v=V+h,, tv=W + h^, 

where /i,, are variables which have zero for limit. 

Then u + v — w= U+kj^+ V+h.,— W — h.^ 

r= U+ V- 

Hence, since the limit of each of the numbers h^, h^, h„ is 
L(u + v-^v)^ U+ V- W, 

= Lu-l-L?; — Lm 


Again, uv = {U+h^)iV+ h.,), 

= UV+Uh„+V}i, + hJi.,: 

L (ttv) = UV = (L w) X (L v). 

L {uvv;} = L (uv) X L iv, 

= L X L i) X L ie, 

by applying twice the case for the product of two variables. 


so that 
Again, 


Finally, 


u _U+h^ _U f U U\ 

~ ~ Tr”*" 


or 


fVa.~ f'^Vf-i-a 


v) 


u_U F//j— Uh.., 

v~v^V{V^^y 


The limit of the second fraction is zero because the 
numerator can be made as small as we please, while the 
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denominator is not zero, since V is by hypothesis not zero . 
it follows that f;- 

~V^L v' 


We have for simplicity taken only three functions, but 
clearly the reasoning holds if there be more than three 
functions, the limits ^7, V, ... being of course all finite and 
no denominator having zero h)r limit. 

If one or more of the functions be constant it is evident 
that the reasoning holds : thus u might be a constant, and 
then we might consider La as being simply u itself, 
without in any way violating the conditions for a limit. 


§ 43. Examples. We will now give a number of examples 
in which the above principles come into play. In .seeking 
the limit it is useful to bear in mind that any transforma- 
tion of the function which is legitimate when the argument 
is not equal to its limit may be ap])lied as a help towai’ds 
the solution. Thus 


r-fl-l ^ 1 

.r 1 )-t-l I 1 )-l- 1 

The division of .r out of numerator and tlenominator is 
legitimate .so long as ,r is not zei'o ; but in finding the limit 
for x = 0, O’ is not to bectnne 0, and therefore the tii'st and 
the last of the three fractions are equal for all values of x 
considered. Hence ~ 


L x/Cr+D-l 

J'-O X 

In the same way we find 

^ ~ 1 


= 1 = 

.-ox/b' d” lid" 1 2 

= J - - ^ =0 

j - y. xA* d- 1 ) d- 1 


We take it to be .sufficiently evident that the first of 
these limits is J; by Def. 2, 41, we should be able to find /j, 
so that when .x is niimerically less than »; the difference be- 
tween the function and A shall be less than any number we 
may name, say less than ’001. But the search for rj is usually 
very troublesome, and i 2 i such simple cases as we have to 
deal with we shall usually dispense with that part of the 
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investigation, as the nature of the processes involved will 
show that such a number can be found. 

Ex. 1. L |i + ^ + ^+ ... 

n^x [71^ 71^ n-j 2 

„ „ 1+2+.,+ ...+,, + 11 

For the sum = .y — , — = ^ • 

n- 11 - Z ‘ 2)1 

This example shows that Th. I., S 42, is not necessarily true unless 
the nuniher of functions is finite; for although the limit of each term 
in the bracket is zero, the limit of the sum is not zero. 

Ex. 2. L 


12 + 22 + 33+ ... +wS = g«(w+l)(2;( + l), 


and therefore 


12 + 22 + 3-' + 


+'"■^=1+ ^ +_L 

3 2/i 6 m2’ 


so that the limit is i. 

3 

Ex. 3. If r be a proper fi'aetion and v a ))o8itive integer, L r” = 0. 

nss 

For any positive proper fraction is of the form 1 (1 + 0 ), where a is a 
positive number. Now, by the binomial theorem or otherwise we can 
readily show that (1 + 0 ^' is greater than 1 +//«. 

Hence, so far as numerical value is concerned, 

’ (] + 0 )”*'] 

and since the limit of 1,(1 +no) for «.= ao is zero, the limit of r” is also 
zero. 

Ex. 4. Show that if r be a jiroper fraction and n a ])ositive integer 
L nr"=0, L /tV = 0, etc., 


for the fraction 


(1 +a)’'> 1 +/nt + 2 «(a - !)«“; so that 
nr" < ^ , etc. 

„+„+_(„_ l )„2 

2.j,-2 + 3.r-l 2 

,it,3.r2-2a-+l“3’ 


and the limits of npmerator and denominator are 2 and 3 respectively. 
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Ex. a 
for 

Ex. 7. 


;i_o ^ 


(.r + kf 


h 


h 

.r2 + 4.c + 3 


= 3.t" + + h-. 


2 

x=li.*^-7.r-8“ fy 
First remove the common factor .r+l ; it is the jjresence of this 
factor that makes the fraction take the foini 0/0 when we try to 
calculate its value for x= — 1. 

.r3-4 


Ex. 8. 
Ex. a 


for 


j^siuar^ 

..=0 -r 

sin 3.r sin 3.r „ , . sin 3.i' , 

; — x3 and L — - =1. 
3a- i=() 3.r 




Ex. 10. 


cot .»■ 

L = 1. 

ir’T 


Put a =1^-//; then when ,r approaches ‘‘ a.s it.s limit y approaches 0 
as its limit. Hence 


h 


cot 




• ^ 

This device of changing the variahle is often useful ; for example : 
Ex. 11. 

A=0 «- ^ 

Put .r=^- and ,r + h =(y + >!■)'■*, -so that whcj) h approaches 0 so does k\ 
therefore 


L 

ft=0 


(.r + /0'-.P- 

h ■■ A., 


-oO + - >r K=o iijk . + 


_3/_3 ^3^.J 

Ex. 12. P, P' are tlie perimetei-s of two legular 9z-gons circum- 
scribed about two circles wlujse radii are «, a' and circumferences 
C, C ; show that 

P : a = l’' : a' and C . a = C' •. o'. 

The constant ratio of circumference to radius is denoted by 27r ; 
TT is an irrational number, approximately equal to 3-14159. 

Ex. 13. Show that the area of a circle of radius u is -n-d^, and that 
the area of a sector of the circle of angle 6 radians is ^6a^. 
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Ex. 14. Show that the volume of a right circular cylinder, the 
radius of the base being a and the altitude h, is tra^h. 

Show that the ai ea of the curved surface is 27ra/i. 


Ex. 15. If A i.s the base and h the altitude of a triangulai' pyramid, 
and if the pyramid be divided into n slices, each of height hjn, by 
planes parallel to the base ; show that the volume of the pyramid 
IS less than 


n I 


A + 


(m- 1)2^^ 


, J + ... + .,A + „ A 


j’ 


but greatei’ than 
h 
n 


((n-lf 


i + 


(«- 2)2 


22 


A + . . . + .... 1 + ..A 




Hence show, by ex. 2, that the volume i.s Jj/iA. Extend the result to 
any pyramid. 

(Let l’'be the vertex and DEF the base ; through the line in which 
a plane meets the face VEFAviVK a plane parallel to 17> to rueet the two 
planes next above, and next below the plane containing the line. Two 
sets of triangular prisms will be formed : the one set will lie within 
the pyramid, the other .set will include the pyramid. The two sums 
are the volumes of the two sets ; the highest pyramid of the upper 
set is got by drawing a plane through the vertex jiarallel to the base.) 

Ex. 16. Taking a circular cone as the limit of a pyramid whose 
vertex is the vei'tex of the cone and whose base is a I'egular «-gon 
inscribed in or described about the base of the cone, deduce from 
ex. 15 that the volume of a cone is .(/(A, h being its altitude and 
• A its base. 


Ex. 17. Show that the volume of the frustum of a right circular 
cone is J/i(A +v^AZI + /)) or wheie h is the height of 

the frustum. A, a and ZJ, h the areas and the radii of the circular ends. 

Ex. 18. C and a ar e the circumference and the radius of the base, 
and I is the slant side of a right circular cone : show that the area of 
the curved surface is \IC or Tvla. 

(The curved surface may be considered as the limit of the lateral 
surface of either of the pyramids of ex. 16.) 

Ex. 19. If the slant side of a frustum of a right circular cone is I, 
and if the radii of the circular ends ai'e a, b show that the area of 
the curved surface is irKa+h) ; if c, c' are the cii'cumferences of the 
ends, the area is \l{c + c'). 



CHAPTER V. 

CONTINUITY OF FUNCTIONS. SPECIAL LIMITS. 

§ 44. Continuity of a Function. The conception of a limit 
enables ns to put in arithmetical form the property that 
may be considered as most characteristic of a continuous 
function. 

The argument will be said to vary continuously from a 
to h when it takes once and once only every value lying 
between a and b : when the argument is represented as an 
abscissa, the corresponding point will move along the axis 
from the point a to the point h as the argument varies 
continuously from a to b, and will coincide once and once 
only with every point on that segment. 

In plotting the graphs of the elementary functions it 
was found that, except in the immediate neighbourhood of 
those values of the argument for which the function 
became infinite, a small change in the argument produced 
only a small change in the function. Now by the defini- 
tion of a limit, when a- is nearly equal to a the function, 
f{x) say, is nearly equal to its limit A ; if therefore the 
limit A be identical with the value f{a) of the function, 
we see that when jc either increases or decreases from the 
value a by a small amount the function /{x) will also 
change by a small amount from the value /(o). Hence the 

Definition. A function f{x) is defined to be continuous 
for the value a of x, or more simply, continuous at a if 

(i) f{a) is a definite (finite) number, and 
(ii) Lf{x):=/{a). 
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For continuity therefore the value of f{x) for a; = a and 
the limit of f{x) for x = a must coincide ; since infinity is 
not a value, in the sense that is required for the application 
of the laws of algebra, a function ceases to be continuous, 
that is it becomes discontinuous, for those values of the 
argument that make it infinite. 

Again it is implied in the definition that x may approach 
a either through values less than a or through values 
greater than a ; that is when f{a) is represented as an 
ordinate the point x may approach a either from the left 
or from the right and the limit must for both methods of 
approach be the same. It will sometimes happen, as for 
example when f{x) = ^ {a?— x^), that x can only approach 
a from one side, the function being undefined for values of 
X on the other side ; in such cases of course the condition 
that the limit must be the same from whichever side x 
approaches a has to be modified, but the modification offers 
no difficulty. To express that x is to approach its limit a 
through values less than a the notation 

L/(.r) 

t-a -<) 


is sometimes used, and in the same way the notation 
a: = a+0 implies that x is to approach a through values 
greater than a ; but we shall as a rule use the ordinary 
notation and leave the student to modify it to suit special 
cases. 

The only other type of di.scontinuity that needs special 
mention is that represented in Fig. 27. As x varies from a 

value a little less than a to 
one a little greater the func- 
tion changes by the finite 
amount BC. Here the func- 
tion /(.«) has not a definite 
value when x = a\ as x ap- 
proaches a from the left f(x) 
approaches one definite limit 
pjg 27 while as x approaches 

from the other side f(x) ap- 
proaches another definite limit AC. If a moving particle 
were at a certain instant to experience an impulse the 


Y 

C 





O 

a f 

\ X 
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graph of its velocity would present a discontinuity of this 
kind for the value of the abscissa representing the instant. 
(See § 69, ex. 6, for an example of discontinuity.) 

§ 45. Theorems on Continuous Functions. When f{x) is 
continuous at a it is merely stating the definition of 
continuity in another form to say that if x be nearly equal 
to a, f{x) is nearly equal to f(a) ; or again we may say that 
f(x)—f{a) + d, where t/ is a variable which converges to zero 
when X converges to a. 

A function is said to be continuous over the range from n 
to h if it is continuous for every value of its argument that 
lies between a and b ; the range is understood, unless 
the contrary is stated, to include its extremities a,h. A 
range which includes its extremities is sometimes called a 
closed range ; one which excludes its extremities an open 
range 

The following theorems are of constant application : 

Theorem I. If /(x) is continuous at a and if /(a) is not 
zero, then for values of x near a, /(x) has the same sign as 
.Aa). 

For if f(x)=f{<i) + d, the sign of /(.r) will be that of 
the numerically greater of the two numbei’s J(a) and d ; 
since x may be taken so near to a that d shall be less 
(numerically) than any given number, and therefore less 
(numerically) than f{a), the .sign will be that of /(a). 

The meaning of the phrase “ near a ” and of similar 
phrases will be gathered from the proof. 

Theorem II. lff{^^) be continuous over the range from a 
to b. and if f{&) = A and f{h) = B, then f{x) will assume once 
at least every value lying between A and B as x ranges 
continuously from a to b ; in particular if A and B have 
opposite signs f(x) ivill become zero for at least one value of 
X lying between a and b. 

A mathematical proof of (.his theorem lies beyond 
our scope ; so far as a function is adequately represented 
by a graph the theorem is geometrically evident. It is 
easy also to show by use of a graph that the converse 
theorem is not necessarily true. 
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§ 46. Continuity of the Elementary Functions. The theo- 
rems on limits stated in § 42 enable us to prove that the 
elementary functions of a single variable are continuous for 
all values of the variable except those for which a function 
becomes infinite. 

When X varies continuously so does the product and 
the product aa:”, n being any positive integer and a a con- 
stant. (§ 42, Th. II.). Hence by Th. I. a rational integral 
function is continuous for all finite values of its argument ; 
and bj?^ Th. I. and Th. III. a rational fractional function is 
continuous for all finite values of its argument except such 
as make its denominator vanish. 

From the geometrical definition or by direct application 
of the limit test we sec that the trigonometrical functions 
are continuous for all values of the variable except such as 
make the function infinite. The sine and the cosine are 
continuous for ail values of the argument ; the tangent and 
the secant for all values except the odd multiples of 7r/2 ; 
the cotangent and the cosecant for all values except 0 and 
multiples of tt. 

A full discussion of the continuity of (A' would take us 
too far into abstract considerations ; we will therefore 
assume that a* is continuous for all finite values of x and 
that its inverse, log x, is continuous for all finite positive 
values of x but discontinuous for * = 0. When a; is irra- 
tional we may in practice replace a* by a*' where x is a 
rational approximation to x\ the simplest discussion is 
based on the exponential series. 

Function of a Function. When y is a function of u, 
say y=(f>{u), and u a function of x, say n=f{x), then y is 
said to be a function of a function of x ; y is thus given as 
a function of x mediately, through u. Functions of func- 
tions are of constant occurrence in the calculus, and there 
Tnay be several intermediate variables such as u. 

If y is a continuous function of u, and u a continuous 
function of x, the student will have no difficulty in showing 
that 2 / is a continuous function of x ; in the notation of § 42 

L 0('M.) = 0(H) = ^(L w). 

Again when a function is continuous so is its inverse 
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function. Hence is continuous when n is fractional, 
positive or negative, except for .x = 0 when n is negative. 
In the same way we see that the inverse trigonometric 
functions are in general continuous. 


8 47. L . 

x=a 

fundamental. 


The limits discussed in §§ 47-49 are 


.t=a x — a 


= na"~\ 


n being any rational numbei’. 

(i) Let n be a positive integer; then 

1 + x>^ -I- ... -f X((,”- - - + a" - 1 ; 

X — a 


L ( -7 -- ) = L {,r" - 1 -I- X" - -a -f . . . + xa 


since the limit of each of the n terms is n'^-K 


(ii) Let n be a positive proper fraction piq, where 2 ^, </ 
are positive integers. 

Put for X and for a ; then when x = a, y = h. Hence 
since = x’pIi = y and = 

x» - n™ _ yJ> - h^' _ y >' ' ^ -t- }p ' " -f- . . . -f yhi' ' - -f h‘’ - ^ 

by rejecting the common factor y — h\ 

, T ( _ I 

x=S-x — a/~ h (y'^-^ + y‘i-'’b+ ... + ybi-- + b'i-^) 

;t^h 

= - 9 - 1 

qb't^^ q 

(iii) Let n be negative, but either integral or fractional, 
say n = ~m. Then 

a;»_a“ jr»' — a:«' — (f'" 1 

x — a ~ x — a ~~ x — a 



92 an elementary treatise on the calculus. 


x=aS « — « / OB— a ) 

= —ma™‘~^x -^= — = 
ct 

since the limit of the first factor is by cases (i) 

and (ii). 

The student should be able to identify the theorem in 
whatever notation it may be presented ; thus 

- / =nx>'-'-\ L ^1 5 )= — 

A=o «i,=ooy\t’ + ov V/ V- 

CoR. If h be a small positive or negative number, 
{x-\-hY is equal to approximately. 


/ 1 

§48. L (l+ -j . The number e. 

(i) Let m be a positive integer and expand by the 
Binomial Theorem : then 


/. J^y* _ , I "wi 1 m(?n — 1) 1 




, m(m — l)( 7 ?i — 2 ) 1 _ 
+ gf .^■5+' 




-) 

m/ 


3: 


In the expansion there are (w + 1 ) terms and every term 
after the second can be written in the form given to the 
3rd and 4th terms; for example, the last or (m + l)th term 
is 


— )-7n: 

\ m/ \ m/ \ VI J 


Let n be any positive integer less than vl and let n be 
kept fixed while m increases. Denote the first (77 + !) terms 
of the expansion by /S'n+j and the remaining (m — n) terms 
by R'n+y Then 
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Now, 


— 1 + T + 


i_A 

1 , mV m/V m/ 




The limit for 7n = ao of each of the factors (^1— --Y 

/ 2 \ ^ 

( 1 )■■■ is 1, and since thei'e is a finite number of factors 

\ mJ 

the limit of each numerator is 1. Denote the limit 

for m = oo of S'n+i ; therefore 


<Sin+i = LiS"„4.i = l + -+^, + ^-,H h 

We have now to consider the limit of R'n+y Th 
term of ii'n+i ia 

(l- -)-^(7?-bl)!, 

\ m/\ 'taJ V m/ 

and this term is a factor of every one that follows it. 
Hence R'n+i is the product of 

\ m/V m/ V m/ 


The first 


n + 2 +— > + 2 )(« + 3 ) 

Everywhere replace each of the factors (f 


•H — to {m — m) terms 


m — 1 


^1 m )’ positive and less than 1, by the 

factor 1, and replace each of the factors (9i + 2), (v+S) .. m 
by (■>^ + 1); by so doing we shall increase R'n+y which is 
therefore less than 

/ i^TVTl 1 + ^—1 +/ ~ .V\a+ ■ • • to (m-n) terms}- 
('n + l)It Ti-fl (w+iy ' J 
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But the series within the bracket is a geometrical pro- 
gression whose sum is 

1 1 

l n \ 1 ’ 

^“u + 1 

and for every value of m greater than n, this sum is less 
than (n + l)ln. 

Hence R'n+i is a positive number which for every value 
of m greater than ii is less than where 


R" =_ ^ 

(■a-|-])I n n{n'.) 

^ =L'^''h+i + L 


The first limit is /S„+i, and the second limit is a positive 
number less than . therefore, inserting the values of 

and we get, 

/ 1 \“ 11 1 

+ ^ + + + + 

=l + l+2^+3^+••■ + ^+^'‘-l (A) 

where is less than R"„j^^ *^^v(n!y 

When n is even moderately large, R„+i is very small ; for 
example, when a =12, l/7i(n'.) is less than ,‘1x10"^®; so 
that the value of the limit may be obtained very approxi- 
mately by calculating the series as far as 1/12!. The 
calculations are very easy to effect, and the value will be 
found to be, for the nearest 7-figure approximation, 

2-7182818. 

The limit is usually denoted by e ; e is really an irrational 
number. It is easy to see, by comparing with the sum 

l + l+2 + ^+--- + 2n-"i’ 
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which is greater than 8n+i and eqnal to 3- that no 

matter how great n may be is certainly finite and 

less than 3. Since e — is equal to Rn+i, and since the 
limit for = oo of Rn+i is zero, e may be considered as 



or, in the usual phraseology, 

e=l + l + J,H-^jH-...to infinity. 

(ii) Next suppose that m proceeds to infinity through 
positive fractional values ; m will therefore always lie 
between two consecutive integers, say v and 11 + 1. Hence 


n I , f , 1 

1+ >1+ >lfi — . , ; 

V m 'n + 1 


1 H — 

v 


1 \'‘+’ 


1/t 


> 1 + .- > ] + 


n + 1 


But L (l + ^y = L(l+-y‘x l(h--) = cx1 ; 


and L (l+-^ ,)"= + 

m = 'a+l/ „ = y V tl-j- 




1 + 


1 

II + 1 


= C-f-l 


by case (i). 

Hence in this case also the limit is e, because as m becomes 
infinite so does n. 

(iii) Let m be negative, m= —n where v is positive but 
either integral or fractional. Then 


= l(h--^ y''x 1.(1+ y ) 


= cx 1 

by cases (i) and (ii). 

Hence finally L ( 1 + 

7n = +30 ' 


1V“ 

m/ 
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whether m proceeds to iniinity througli integral or frac- 
tional values. 

] 

Cor. L(l-f/iy* = e. 

A=0 


§ 49. The Function If a;=|=0, we see, by putting 
m = Mx, that when m becomes infinite ,so does if; hence 



by § 46 (Function of a Function). 

Since if may be positive or negative, integral or frac- 
tional, the result holds whether .c or m be positive or 
negative, integral or fractional. 

By exactly the same method as in 4S, it may be shown 
that 


r /, Xr X'* .x" 


/ a;\™ . . 

by expanding (^1+— j for positive integral values of m. 

It is easy to see that this series is a finite number no 
matter how great n may be ; for as soon as is numerically 
greater than x, 

(71 4- iT- in+±y. In + 3) : + ■ ■ ■ 

_ + ' f X ) 

~ ('^iy:t •2'’'(^+^7) + 3) ■ I 

is numerically leas tlian 

(71-1-1)!! ^w+l^Vn-t-1/ ^ /’ 

where Xj is the numerical value of x. The series in brackets is 
a geometrical progression with a common ratio numerically 
less than 1 ; hence if we write 

(A) 
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JBb +1 will, for every value of n greater than x numerically, 
be less than 

^ n + l _ 

(n + l)!^ ajj (-n + l — I) 

If ajj= 1, this gives the value of Rn+i in § 48. 

r', T . 

Cor. L = 1. 

x=o -r 

For if a; be a positive proper fraction, we may put 1 for n in (a) ; 

therefore e^>l+.r, but e^<l+.r + -^^^ — , 

2 — .r 


SO that 


e*-l 


> 1, but <1+^ 


.V ' ' ' 2-.f’ 

from which the result follows for positive values of .v. 
If X be negative, ,r= -h where /> is positive, then 

L = L j— = L -T- x-7;=l 

x=0 ^ h—Q ^ A=0 ” ^ 


by the first case, so that the limit is the same whether x proceeds by 
positive or negative values towards its limit 0. 


§ 60. Compound Interest Law. When an exponential 
function is spoken of, the base is usually understood to 
be e ; where the base is any other number, say a, the func- 
tion a® can be written e*', w'here ^: = loga. 

The rate at which ae'^^ increases wdth respect to x when 
x = x^ is that is, is proportional to the value of the 

function when x = For when x increases from x-^ to -f A 
the increment of the function is 


+ __ _ (tgr-J-, (^gkh _ 1 

and the average rate is 

^ ' — kae^^i— 


kh 


By § Cor., the limit of this expression for h = 0is kae’^i. 

Many processes in nature follow this law ; the law is 
sometimes quoted as the compound interest law, since the 
simplest case of it is that of compound interest. For, 
suppose a principal of P pounds to earn interest at the 
rate of p per cent, per annum ; let interest be calculated at 
n, equal intervals in each year, and let it be added to the 
principal as soon as it is earned, so that the interest bears 

G.c, a 
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interest. It is easy to see that at the end of t years the 
principal will amount to 



1 + 


p 

l60i? 



Let us suppose now that n increases indefinitely, that is, 
suppose that the interest is added on at shorter and shorter 
intervals ; we thus approach a condition in which the 

interest is added on continuously. Put 71 = ^^ so that 

when n becomes infinite so does m. The limit of the above 
expression for n increasing indefinitely is 

J. = LP](H — ) [ioo = Peioo. 

111= 00 v.'^ J 

Again, we see that if t increase in any arithmetical pro- 
gression, whose common difference is h, A will increase in a 

ph 

geometrical progression whose common ratio is for if 

P{l+h) ph 

t become t + h, A will become Pe , that is, Hence 

A is a quantity which is equally multiplied in equal times. 

The density of the air as we descend a hill is a quantity 
which is equally multiplied in equal distances of descent, for 
the increase in density per foot of descent is due to the 
weight of that layer which is itself proportional to the 
density. Many other instances may be found in physics. 


EXERCISES VII. 

1 , If f(a:) = a.r^ + b,v"~^ + ...+k:v+l is a rational integral function 
of X, show that 



and therefore that when x is numerically large, 

A.r)=ar”(l+rf), 

where d is a variable whose limit is zero for x= ±<33. 

Use Th. I., § 42. 

2. Show that f{x) in ex. 1 haa the same sign as a when is a large 
positive number, but has the same sign as (-l)”a when x is 
numerically large but negative (that is, has the sign of + a or — a 
according as w is even or odd). 
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3. From the result of ex. 2, show, by applying Th. II. of § 45, that 
every equation of odd degree has at least one real root, and that if it 
has more than one it must have an odd number. 

4. If ,/(■<■) is a rational fractional function 

,, , ax’" + fix’"’’ + ...+kx+l 
/(•*■)= 


' A .r" + Bx"~^ + . . . + /r.r + L' 


prove 


(i) /(.’■) = 


"(1 +rf,) if m>n\ 


(ii) f{x) = j( 1 + if in = n ; 

(iii) /(•’■)= J +«^:i) if < «i 

where lij, dj, are numericallj’ very small when .r is numerically very 
lai’ge. 

Use Th. I. and Th. III., § 42. 

5. Show that, the angle being measured in radians, 


X /I— cos6l\ 1 {siniti\- 1 

«=oV ie ) ~-2 


Hence show that when 6 is .small, cos 0- 1 -^0'^ aj)pi'oximately. 
6. Prove 1 > cos 61 > 1 - 

sin ad a 


7. Prove 

8 . Prove 


j sill an a X tana^ a 

o=otan661“5' 


(i) L (xe~^)=0; (ii) L (.r log,r)=0. 
By § 49 (a) e*>l +x +^^^ ; 


therefore 


xc-‘’ = -< 


1 + .r+4.r^ 


that is, 


- + H-ir 


and the limit of the fraction last wi’itten is zero. 

Next put x=c~’'; then .■rlogx= — yc”*' and the limit for x=0 is 
equal to the limit for y = + oo , which is zero. 

9. Prove L .x”e“’'=0. 

X=+® 

10. Prove that if n be positive L x”log.x=0. 


For 


x" log X = - x" log (x") 
n 


and the limit is zero by ex. 8 since the limit of .r" is zero. 

11. Prove L sinxlogx=0, 

x=9 

For sin x log x= (x log x). 

12. If X is any finite quantity, prove 
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Suppose x equal to or leas than the integer /a ; then, numerically, 
x”- X X ^ 

h! fi\ /A + 1 /a+2 n /a!\/a+1/ 

But xl(fj.+ l) is a proper fraction. 

13. If a be a constant or a function of x which is finite for every 
value of X, prove 



14. If s„ is a variable that (i) always increases as n increases but 
(ii) always remains leas than some definite fixed number a, show that 
as n tends to infinity s,, tends to a definite limit that is equal to or 
less than a. 

Take the values as the abscissae of points Aj, A 2 , A 3 ... 

on the aj-axis and let A be the point whose abscissa is a ; for every 
value of n, A„ will be to the right of A„_j but to the left of A. As n 
increases the point A„ will move further and further to the right, 
but will not for any finite value of n coincide with A . There must 
therefore be some point 5 to the left of A or coinciding with A to 
which A„ may be made to approach as near as we please; if the 
abscissa of <S is s then by the definition of a limit 

L 

«=«) 


and « is less than or equal to a. (Compare § .39 (ii) and Fig. 25.) 

15. If is a variable that (i) always decreases as n increases but 
(ii) always remains greater than some definite fixed number b, show 
that as n tends to infinity tends to a definite limit that is equal to 
or greater than h. 

16. If 

show that «„ converges, as n tends to infinity, to a number that is 
greater than 2 but less than 3. 


17. If 


11 1 _ 1 


»« 22^2* 32 n ‘ 
show that converges to a number that lies between 1 and 2 . 

Let 


l"*" 1.2"^ 2.3 ■*■■■■■*■ (»-l)7i ^ 


then for every value of n (greater than 1 ) «„<s'„< 2 . 


18. Apply the theorems of exs. 14, 15 to establish the results of 
exs. (i), (ii), (iii) of § 39 when the «-gon 8 are not regular but are such 
that as n increases indefinitely the length of eaA side diminishes 
indefinitely. 



CHAPTER VI. 

DIFFERENTIATION. ALGEBRAIC FUNCTIONS. 

§61. Derivatives. Differentiation. The process of §§36, 
37 can now, by making use of the notion of the limit, be 
stated more compactly. 

The average rate at which the function 3*^ varies as x 
varies from cCj to where may be either a 

positive or a negative increment, is by definition 

and the number which is taken as measuring the rate of 
change when x = Xi is 

L ® = L (6xi + 3&j) = Gxy 

5xi=0 fixj— 0 

The reasoning does not depend on the particular value x^ 
of the argument, and we therefore state the result in the 
form, “ the function 3x^ varies with respect to x at the rate 
6x,” leaving it to be understood that when x = x^ the rate is 
6®!, when x = X 2 the rate is 6 X 2 and so on. It will save 
multiplication of symbols to use x as the symbol for the 
ar^ment in general and also as the symbol for some 
definite value of the argument, and the student will find 
that, as a rule, it causes no ambiguity to do so ; if he ever 
finds difficulty, let him choose a separate symbol as Xj for 
the definite value at which the rate is measured. 

Now take the general case. Let f(x) be a continuous 
function of x; as the argument varies from x to x+Sx, 
where Sx may be either a positive or a negative increment, 
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the function varies from f{x) to f{x-\-8x). The average rate 
of change of the function when the argument changes by Sx is 

Sx Sx ’ 

and the number which measures the rate of change is 

L®. 

= 0 OX 

We shall find that for all the elementary functions this 
limit is a definite number, except, it may be, for particular 
values of x. In general the limit will depend on x, and a 
special name is given to it, namely, “ the derivative of f(x) 
with respect to x.” 

Instead of “ derivative,” the names “ differential co- 
efficient,” “ derived function ” are also used ; in certain 
connections also the word “ gradient ” or “ slope ” is used. 
(§ 53.) The process of finding the derivative is called 
“ differentiation ” ; the name “ differential coefficient ” was 
formerly more frequently used than “ derivative.” 

Again, there are special notations for the derivative. A 
very convenient notation is obtained by accenting the 
functional letter, as f'{x); another is got by prefixing the 
letter D, with or without the suffix x, as Dxf{^) or Df{x). 
If the function be denoted by a single letter, as ?/, the nota- 
tion for the derivative of y with respect to the argument 
X is similar, as y'^, or y', Dy. As a rule the suffix is 
omitted when there is no ambiguity as to the argument. 

Finally, to denote the value of the derivative for a special 
value of X, say x^, the following notations are used ; 

/'(a’l); [Dxf{x)'\x=x,\ [/L=xr 

As a matter of fact, the derivative is really formed for 
such a definite value, but the functional character of the 
derivative is more prominent when that value is denoted by 
the same symbol x as represents the argument in general. 

To sum up tlien we have the defining c(]uations : — 


f{x) = Dxf{x)= L® 

Sjc^O OX 


Sx =0 Sx 


y'=Dxy= 


L 

Sx=0 


^y. 

Sx 
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The function thus determined is called the derivative, or 
the differential coefficient, or the derived function of f(x) 
with respect to x and it measures, or briefly it is, the rate 
at which the function varies with respect to its argument 
for the particular value x. 

Of course other letters than x, f, y, may be used ; thus 
ff(t) = D,<t>{t)= 

St=0 Cl 

and <p’(t) is the derivative of <f>(t) with respect to t. 

It will be convenient often to use sucli expressions as the 
x-derivative of f{x), or the time-rate of change of a func- 
tion, instead of the derivative with respect to x, or the rate 
of change with respect to the time. 


Ex. 1. 
for 
Now 


i)X3.r2-4.r+3) = 6x-4, 
i),(3y^-4.r+3)= 

5x=o 


- 4,r 4- 3) 
8.r 


8(3.r-’ - 4.V + 3) = S{r + htf - 4{x + 6.f ) 4- 3 - - 4.r + 3) 

= 6 v8.i + 3(5.r)^ - 4 8.v ; 

L (6.t;+.3S.r- 4) = 6,r-4. 


5*=o 


$2=0 


Ex. 2. (r constant), 

^ ^ ■ 

\v / r + Sr V 



If v = 0, the above pi'oce.ss cannot be carried out. 

§ 52. Increasing and Decreasing Functions. By definition 
of a limit and of a derivative 

where a is a variable -which is very small when Sx is very 
small and converges to 0 when Sx converges to 0. 

For an illustration of the difference between Sf{x)/Sx and f{x), see 
the results of examples 4, .5, 6, § 32. 

Hence if f'{x) is not zero the sign of /'(») + a and there- 
fore of Sf{x)lSx will be, for sufficiently small values of Sx, the 
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same as that of f{x) (compare § 45 Th. I.) ; therefore the 
sign of Sf{x) will be that of f'(x)Sx. 

Now suppose Sx a positive increment ; then S/(x) will be 
positive or negative according as / (x) is positive or 
negative. But 

hence f{x + Sx) is algebraically greater or less than f{x) 
according as f\x) is positive or negative. In other words, 
f{x) increases as x increases .so long as f'{x) is positive, but 
f{x) decreases as x increases so long as f'{x) is negative, 
increase and decrease being algebraical and not numerical 
increase or decrease. 

If we suppose 8x a negative increment then Sf{x) wiU be 
negative or positive according as f{x) is positive or negative; 
fix) will decrease as x decreases so long as f{x) is positive 
but will increase as x decreases so long as f\x) is negative. 

Hence the mere sign of f{x) tells how the function 
changes as x changes; if f{x) — ax-^h, f'(x) = a and the 
conclusions agree with the statements of § 33 for the 
uniformly varying function. 

Definition. A function which increases as its argument 
increases and decreases as its argument decreases is called 
an increasing function ; one which decreases as its argu- 
ment increases and increases as its argument decreases is 
called a decreasing function. 

Thus since D{^x^) = Qx, 3x‘^ is a decreasing function for all 
negative values of x and an increasing function for all posi- 
tive values of x The function ceases to decrease and begins 
to increase as x passes through the value 0; hence when a; = 0 
the function is a minimum (§ 17, iv), and its value is then 0. 
It will be noticed that when x = 0 the derivative is 0 ; the 
rate of change is therefore zero for the minimum value. 

The derivative of 3x^ — 4x + 3 is 6x — 4 ; hence so long as 
6x — 4 is positive, that is, so long as 6x is greater than 4, 
that is, so long as x is greater than the function is an 
increasing one; on the other hand so long as x is (al- 
gebraically) less than f it is a decreasing function. When 
a: = f the function is a minimum, the minimum value being 
•|. Here again when x = f the derivative is zero, that is the 
rate of change of the function is zero. 
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Stationary Values. The conclusions about increasing 
and decreasing cease to hold for those values of x for 
which f'(x) is zero. Since /'(*) measures the rate of change 
of the function it is usual to class those values of the 
function for which is zero as stationary values. 

Ex. Show that the function + 1 has a stationary value when 
^;=0, and that for all other finite values of x it is an increasing 
function. 

§ 63. GFeometrical Interpretation of a Derivative. A 
specially useful interpretation of a derivative is obtained 
from the graphic representation of a function. 

Let ABP (Fig. 28 a, b) be the graph of f{x). Take a 
point P on the graph ; OM=x, MP = y=f{x). 



Fig. 28 a. 


Let MN=Sx; then ()N=x-\-Sx, A^Q = y + Sy=f(x + Sx). 
From P draw Pi? parallel to the jc-axis to meet NQ (or NQ 
produced) at i? ; then, both in sign and in magnitude, 

RQ = NQ — NR = A'Q — MP = f(x + 6x) — f{x) = Sf(x), 


and 


tan RPQ = 


RQ RQ Sf(x) 
PR~MN~ Sx ' 


When Sx converges to 0 as its limit, the quotient 8f{x)jSx 
converges to fix) as its limit. But as Sx converges to 0, N 
tends towards coincidence with M and Q tends towards 
coincidence with P. Hence since tan RPQ converges to a 
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definite value, namely f\x), the angle RPQ converges to 
a definite angle and therefore the secant PQ8 tends to a 
definite limiting position PT. The line PT is, by defini- 
tion (§ 39, ex. vii.) the tangent to the curve at P. 

Hence f{x) is the trigonometrical tangent of the angle 
that the tangent to the graph at P, the point {x, f{x)), makes 
with the .-r-axis. From this property of the derivative, the 
name gradient is used (see § ’2,2). 

In Fig. 28a, the tangent PT makes with the a:-axis the 
positive angle RPT or XLP: in Fig. 28fe it makes 
the negative angle RPT or XLP'. We will usually denote 
the angle by <{>, so that tan ^ =f'(x). 



Fig. 286. 

In the diagrams Sx is positive, but it is evident that the 
same conclusions can be drawn if Sx is negative, that is if 
Q is on the opposite side of P. In particular cases it may 
happen that P can only be approached from one side. 
Thus if f(x) = ,^x^, X cannot take negative values ; in 
finding f'(0) therefore Sx must be positive. Here 


/'(0)= L 

Sx=Q ^X Sx—Q Sx 


= L ,y(&) = 0. 


and the tangent makes a zero angle with the jr-axis ; since 
/(0) = 0, the ic-axis is itself the tangent at the origin. 

Ex. Find the gradient of the graph of 3.v^-4x+3 at tlie points 
■whose abscissae are —1,0, 1 , 2. 


§ 54. Derivative as an Aid in Graphing a Function. The 

conclusions drawn in § 52 from the sign of the derivative 
are valuable as an aid to a mental representation of the 
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variation of a function ; those of § 53 are equally valuable 
in helping us to graph the function. 

The diagrams of § 53 may be considered the standard 
ones. We see that when the gradient /'(cc) is positive the 
graphic point moves upward as the point x moves to the 
right — as along BPQ Fig. 28a, along HAB Fig. 286 ; when 
the gradient is negative the graphic point moves down as 
the point x moves to the right — as along AB Fig. 28a, 
along BPQ Fig. 286. At B the gradient is 0, and the 
tangent is parallel to the a;-axis ; tlic graphic point is for 
the moment stationary. 

The student must not confuse moving upwards with 
motion away from the a?-axis ; thus near H (Fig. 286) the 
graphic point in moving up gets nearer the axis. The 
graphic point moves up or down when the point x moves 
to the right according as NQ is algebraically greater or less 
than MP ; for NQ—MP =f'(x)Sx approximately, and when 
f'(x) is positive, Sx being supposed also positive, NQ is 
algebraically greater than MP. If MP and NQ are both 
negative this implies that NQ is numerically less than MP. 

As an exercise, trace the graph of /(.l•)=a.-'*-3,v+l, already shown 
in § 23. Here it is ea.sily found tliat 

/(.r) = 3,)'‘=-3 = 3(.<-+l)(.r-l). 

So long as x i.s less than — 1, that is, so long as the point x is to the 
left of the point -1, both x+1 and ,r-l are negative, and there- 
fore f'{x) is positive. Hence, as the point x moves fiom the extreme 
left of the .r-axis to the point —1, the graphic point moves steadily 
upwards. 

So long as x is greater than —1, but les,s than 1, .r-l-l is po.sitive 
and — 1 negative, and therefore /'(x) is negative. Hence, as the 
point .V moves fiom the point —1 to the point 1, the graphic point 
moves downwaids. 

If X be greatei' than 1, f'{x) i.s positive. Hence, as the point x 
moves from the point 1 to the extreme right, the graphic point moves 
steadily up. 

The turning points of the graph are found whei'e .(■= - 1 and where 
x= + 1 ; when ,r= - 1, the function luis a maximum value 3, and when 
x= -I-], it has a mminunn value —1. 

§ 66. Derivative not definite. It may happen that the 
limit of Sf(x)l6x is not a definite finite number. There are 
two chief cases. 
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(i) f(x) may be infinite for particular values of x. Thus 
if f(x) = ^x, then 

f(0)= L L ^ =00 , 

but, for all other positive finite values of x, 




%/ ~H 8x) — X 1 

tx=Q SX ~ Sx=0s/{x + Sx) + i^X 



We see that as x approaches the origin the gradient gets 
greater and greater, and when x coincides with the origin 
the tangent to the graph is perpendicular to the a;-axis. In 
general the tangent at a point on the graph at which /'(x) is 
infinite will be perpendicular to the aj-axis. When f{x) is 
infinite for a finite value of x as in the case of \/x for a: = 0, 
it will usually be found that as x tends towards that value 
/'(») tends towards infinity; we may say, therefore, that 
the tangent which meets the graph at the infinitely distant 
point is perpendicular to the aj-axis. Such a tangent is an 
asymptote. (See the graphs of § 24.) 

(ii.) It may happen that at particular points of the graph 

there are two tangents, as 
at A, Fig. 29. Although 
the function is continuous 
when x = a, the gradient 
f'{x) is not. There is one 
gradient as we approach A 
from the left, another as we 
approach A from the right; 
as X increases through the 
value tt, f'{x) changes sud- 
denly from tan XBA to 
tan XCD. 

It will be found that 
for all the ordinary func- 
tions the derivative f(x) is, except for particular values 
of X, a continuous function and therefore these func- 
tions can be appropriately discussed by means of their 
graph. 
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§ B6. Fliudons. Newton founded his treatment of the 
calculus on the conception of the growth of mathematical 
quantities by a continuous motion ; he called the time-rate 
of change of a variable its fluxion, the variable itself being 
called the fluent. He laid little stress on notations but 
sometimes denoted the fluxion of a variable, say x, by the 
symbol x, and this notation is still often used in works on 
mechanics to denote a time-rate of change. 

We may take one illustration of a time-rate of change. 
Suppose a particle to move along the path APQ (Fig. 28) 
and at time t seconds from a cho.sen instant let it be at P, 
the point (x, y), where y — f(x) is the equation to the path. 
Let 8 be the length, in feet say, of the arc ABP measured 
from some fixed point A on the path, x, y, s are then all 
functions of t. 

Suppose that when the time increases from t to t-\- St the 
particle comes to Q (Fig. 28 a, h) and denote the increments 
MIf, RQ, arc PQ of x, y, s by Sx, Sy, Ss. By the usual 
definitions, the chord PQ. is the displacement of the particle 
in time St and the quotient of the displacement by St is the 
average velocity of the particle during the interval, the 
direction of this velocity being given by the angle RPQ. 
To get the velocity at time t, find the limit of the average 
velocity for St approaching 0. 

Now the limit of the angle RPQ is RPT, so that the 
direction of the velocity at time t will be along the 
tangent PT. 

Again, to find the magnitude of the velocity, or the 
speed, as the magnitude is now usually called, we have to 

.j. chord PQ 

We will assume as an axiom that when the chord PQ is 
very small, the arc and the chord are nearly equal ; or, in 
the more definite language of limits, we will assume 

L (‘='’^^)=1. 

chord PQ=0' ' 

Now, 

chord PQ_ chord PQ arc PQ chord P Q Ss 
St ~ arc PQ St ~ arc PQ St 
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Hence, since ^8 = 0 when St=0, we have 

chord PQ j /'chord PQ\ t^®_- 
~ &ycPQ)^ --8. 


speed : 


L 

Si = 0 




6 ( = 0 


This equation of course simply states that the speed is 
the time-rate of cliange of s, and may be considered merely 
as the symbolic statement of the definition of speed; but, 
however simple the conception of a rate is at bottom, it will 
be well for the student to recur again and again to the 
process by which the number is determined. 

Again, x is the rate of change of x, that is, x is the rate at 
which the point moves to the right, and in the same way y 
is the rate at which the point moves upward. These two 
rates are called the components of the velocity parallel to 
the coordinate axes. 

From the diagram we see that 

(&)-^ + {6yf = (chord PQf = 
and therefore 


_ /chordi^Y /&Y 

\6t) ^\Si) ~\iixcPq ) '\St)' 

Hence, taking the limit for — 0, we get 
{xfJt{yf = {Pf, 

a result that expresses the usual rule for determining the 
resultant velocity h, when the component velocities x, y are 
given. 

Ex. Suppose w = t, y = f‘. For every value of t, ; that is, the 
point P lies on the parabola whose equation is y=.T^. The component 
velocities are x=\, y = '2,t, and the magnitude of the resultant velocity 
8 is >/(.^r^-l-y^) = \/(l The direction of the velocity is given by 
tan <^=^Dxy — 2x=‘2,t. 

It will be observed that the path of the point is given by stating 
where at each instant the point is, because whenever the instant is 
named, that is, whenever the value of t is given, the coordinates .r, y 
can at once be calculated. By eliminating t between the equations 
determining x and y, we find a relation that holds between the 
coordinates of every point on* the path, that is, we find the equation of 
the path in the usual form, (See Exercises IV. 10, VI. 4, 6, 10, 11.) 

We will now show how to find the derivatives of the 
ordinary functions ; in the exercises examples will be found 
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illustrating the geometrical and the mechanical applications 
of the derivative. After the student has gained some 
facility in differentiating, other examples will he considered. 


§ 57. Derivative of a Power. By definition 


and, by §47, this limit is ; that is, 


x“ 


D{x^) = 'H.a’” “ 

Hence the derivative of a power with respect to its base 
is got by multiplying by the index and then diminishing 
the index by 1. 

It is obvious that the derivative is a continuous function 
for all finite values of x, except for a; = 0, and it is then 
discontinuous only when n — 1 is negative: that is, when 
n is less than 1 algebraically. 

Cor. If a be a constant, HA«a5'*) = 'U.ax'*‘h 


Ex. 1. 


D{a/’) = 5,r* ; D{ijar') = l){^x- 'j — 


5 il 

r' 


r “f _ 5 


Ex. 2. 


Write clown the derivatives with re.sj)eet to t of 




2 


3^/t, 


J 

Zft 


Ex. 3. Wi'ite down a function of x which has as its derivative. 

Reverse the process for obtaining a derivative, that is, increase the 
index by 1, and then divide the result by the new index. Thus, one 
function whose .r-derivative is x“ is I.r*, as may at once be tested by 
differentiation. 


Ex. 4. Write down for each of the following functions a function 
of which it is the derivative, 

5 .* , , ,. 2 ’ _^ 6 - 

§ 58. General Theorems. The following theorems are of 
constant application. We .suppose x to be the independent 
variable, so that the suffix may be omitted in indicating 
derivatives. 
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Theorem I. An additive constant disappears in 
differentiation; or, two functions which differ only by a 
constant have the same derivative. , 

For let/(a;) = ^(ic)+C', where (7 is a constant, that is, does 
not change as x changes ; f{x) and <f>{x) therefore differ only 
by the constant C, 

f(x + Sx) -f(x) _ [(jfx + ^a;) + g] - [(p(x) + g] 

6x Sx 


_ (f>(x + Sx) — ^(x) 

Sx 

Take the limit of these equal quantities for Sx converging 
to 0 alid we find 


Ex. 


Dfa? — 4)=3^'*. 


Theorem II. A constant factor remains as a constant 
factor in the derivative. 


For 


D\cf(xY [ = = c 
*• Sx Sx 


therefore D[Gf{x)] = GDf{x). 

Theorem III. The derivative of an algebraic sum of a 
finite number of functions is equal to the like algebraic 
sum of the derivatives of the functions. 

Let f{x), F{x), <p{x) be three functions of x ; then it is 
easy to see that 

S [fix) + Fix) - i>ix)] = Sfix) + SFix) - S<t>ix). 
Therefore, dividing by Sx and taking the limit, we get 
[/(®) + ~ 0 (®)] = ~ D(pix). 

The same proof holds for more than three functions ; the 
number of them, however, must be finite, for if there be an 
infinite number the theorem is not necessarily true, just as 
in the case of the corresponding theorem in limits (§ 42, 
Th. I). 

Ex, DiAx^-5x+\)=DiZa^)-£>i5x) Th. III. and I, 
=ZDia^)-bDix) Th. II. 

=6x-6. 



THEOREMS ON DIFFERENTIATION. 


113 


Theorem IV. D(uv) = vDu+uDv, where u, v are func- 
tions of X. 

When X takes the increment ^x, let u, v take the incre- 
ments (5u, Sv respectively, then 

o) = (u-i- Su)(v -i-Sv) — uv 
= vSu-i- iiS o-i-6uSv; 


S(uv) Su Sv Su „ 

= 'Wt- + 

Sx Sx Sx ox 


When Sx converges to 0 so does Sv; the limit of tlie last 
term is therefore 0, and we get 

D{wv) — vDu 4- uDv. 


If there be more than two factors, say u, v, w, we may 
extend the theorem by applying it twice ; thus, first consider 
vw as forming one factor, we get 

D(uvw) = D{u . wj) = vwDu -I- uD{viv). 

But D{viv) = wDv 4- vDw ; 

D{uviv) = mvDu+uwDv-\-uvDtv. 

If we divide both sides by uvw we get 
D{uvw) _Du Dv Dw 
xwtv ~ u V %v ' 


More generally, if there be n factors, %, Uj, ... Un, we 
have _Du-^^Du^^ _^Dwn 

U^U^...Un Uj %2 ’ ’ Wn' 

Logarithmic Differentiation. When the differentiation 
is carried out in the form last w^ritten, the process is usually 
called logarithmic differentiation. (See § 65, ex. 3.) 

The student must particularly notice that the derivative 
bf a product is not the product of the derivatives of its 
factors. 


Ex. D\ff>x -i- 2)(3^ - 7)] = (3.r - 7)ZI(5^+ 2) -I- (5x -i-2)Di3x-7) 

= {3x-7).5 + (5x-\-2).S 
= 30r-29. 

The result may be verified by first disti'ibuting the product and 
then differentiating. 

G.c. n 
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Theorem V. D 
for the values of x considered. 
For 


vDu—uDv 




provided v is not zero 



u + Su 
v+Sv 

u 

v 

vSu — uSv 
v^+vSv 

Ju\ 

Su 

Sv 


K-J 

^Sx 



6x i^+vSv 

Since the limit for 5a:=0 of the denominator is and 
is not zero, we can apply the theorem that the limit of a 
quotient is the quotient of the limits of numerator and 
denominator. Hence the theorem. 


If we divide by - we get 


V 


D\ 


(“) 


Du Dv 


u u V 
V 

2x~{sc^-\) . 2x 

(.t^+ 1)2 

_ 4x 

Theorem VI. If the derivatives of two functions are 
equal for every value of the argument, the functions can 
only differ, if at all, by a constant. 

This theorem is the converse of Theorem I. and seems 
hardly to require proof for the ordinary functions. For 
if f{x) = ffix) for every value of x, then putting y equal 
io f{x) — ^{x) we have 

D^y = DJff{x) - <p{x)] =f'{x) - ff{x) = 0. 

Hence the gradient of the graph of y is zero for every 
value of X ; the graph must therefore be either the £B-axis 
or a straight line parallel to that axis. But the equation 
of every line parallel to the cc-axis is y = const. = C?; the 
equation will represent the axis itself if 0=0. 

Therefore f{x) — <p(x) = C or f(x) = fjlx) + G. 
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Ex. If determine the general value of y. 

The derivative of — x is — 1 , as may be tested by differentia- 
tion ; therefore the derivatives of y and of \.r^ - x are the same for 
every value of x. Hence y and Jar® - x can only differ by a constant, 
that is, y = l.v^ — x+C. This value is called the general value, because 
every function which has the same derivative as y will at most differ 
from - .r by a constant, and C may be any constant. 

The particular function which has the value 2, saj', when x has the 
value 1, will require a particular value of the constant C. But alteays 
y = Ja*® — x + C ; 

therefore 2 = J-l-(-C, . C'=g; 

and = Jar® — ar-f g. 

It is to be observed that the derivatives must be equal 
for every value of the argument ; thus — 1 and a;® — 1 are 
equal when a; is 0 or 1, yet the functions ^x^—x + G and 
\x* — x + C', of which they are the derivatives, do not differ 
merely by a constant ; they are different functions. 


EXERCISES VIII. 


Differentiate with respect to x, examples 1-10 ; 


1. 7ar®-f 5.r®-b4ar — 2. 

3, a'-lX.^+2X^-3). 

1 


5. aJx+ 


Jx‘ 


7. 

x" 

9. 4x^ +2x^ ~2iX 


2. (7.r-3X8®? + 2). 
4. (3.r-7)/(5-2.r). 


8. ax'"+ rsv- 


- 1 - 

^+x *. 


10. 


.r® — 2-f ar"® 


x-2+x~^ ' 

Differentiate with respect to t, examples 11-14 : 

11. {at + b)l{ct + d). 12. aUb + ct). 

13. {afi + 2bt + c}IUlf + 2Bt + C). 14. 

15. Give a geometrical interpretation of Th. I. § .58. 

Deduce Th. V. from Th. IV. by putting “=W’, so that Du = D{vw). 


16. If at time t the adjacent sides of a rectangle ai'e u and v feet 
respectively, where m , v are both functions of t, show that at time t 
the area is growing at the rate vu+uv. 

If at time t the three edges of a rectangular parallelepiped which 
meet at one corner are u, v, w feet respectively, find the rate at which 
the volume is increasing. 

Show that these results give a geometrical interpretation of Th. IV., 

§ 68 . 
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17. Find the values of .r for which the following functions are 
(i) increasing, (ii) deci-easing, (iii) stationary. Apply the re.su Its to 
the graphing of the functions, and state the turning points. 

(a) (h) .r’ — 3,r+2; (c) ,r* — 2.r^-l. 

18. State the most general function which has as its derivative 

(i) 2.r - 1 ; (ii) 3a: — ^ ; (iii) ax^ + 5a: + c. 

19. The gradient of a curve is — .r+1, and the curve passes 

through the point (1, ^) ; find the equation of the curve. 

20. If Pv=^PqVq wheie p^, are constants, show that 

— vDrp=p. 

21. The speed of a particle at time t seconds from the beginning of 

its motion is V-gt feet per second; find how far it has moved in 

t seconds. 


§ 59. Derivative of a Function of a Function and of Inverse 
Functions. 

The derivative of .such a function as (a;^ — cr + l)^ cannot 
be found by immediate application of the rule for the deri- 
vative of a power. In a case like this we may proceed as 
follows: — Denote {x^—x + \)^ by y ; now put x^ — x + \=u. 
Then y = u^ whei’e v =x^--x + l ; that is, y is a, function 
of u where u is a function of x. In other words, y is a 
function of a function of x (§ 46). 

When X takes the increment Sx let u take the increment 
Su] when u takes the increment 8u let y take the incre- 
ment 8y. Hence when x takes the increment Sx, y takes 
the increment 8y, and when 8x converges to zero so do 8u 
and^y. Now Sy^SySu, 

Sx Su Sx ’ 


therefore 


jj§y= L L — ■ 

Jx=0^® Su=0^'^ 


that is, D^y = D„y x 

In the derivative D^y, y is supposed to be expressed as a 
function of x, while in the derivative D^y, y is supposed to 
be expressed as a function of u. That is, 

Dx(«^ — a; -f- 1 )^ = DuV.^ x Dx{x^ — £C -f 1 ) 

2£C— 1 
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where, after the differentiation is effected, u is replaced by 
its value in terms of x, namely x^—x + 1. 

The reasoning is perfectly general, so that we have the 
theorem : — If y = f{u) and u = ^{x), then y is a function of 
a function of x, and 

D^y = Duf(u)xD^<ji(x) or D^y^D^yxD^u. 

If we had y=f{u), t(, = ^(v), v = \f/-(x), we should get in 
exactly the same way 

Djcy = Duf(u) X D^^{v) x D^\}r{x) 
or D^y = Duy x Di-u x D^v. 

The same method shows how to obtain the derivative of 
an inverse function. Let y=f(x) .so that x is the inde- 
pendent variable. The inverse function is x=f~\y) and y 
is now considered to be the independent variable. 

Let Sx and Sy be two corresponding increments of x and 
y, so that 8x and Sy vanish together. Then 

8x Sy ’ 

therefore L ^ X L f- = 1 ; that is, Dxy X DyX = l. 

The result is evident geometrically. In Fig. 28 (§53) D^y 
is the tangent of the angle that PT makes with OX, DyX is 
the tangent of the angle that PT make.s with OF, and since 
these two angles are complementary the product of their 
tangents is 1. 

This theorem is of great use in finding the derivatives of 
inverse functions (§§ 64, 65); meanwhile we note that 



and the theorem remains true even if one of the derivatives 
is zero. 

The student should carefully note the following ex- 
amples : at all stages the rule for differentiating a function 
of a function has constantly to be used. 

Ex. I. DJflx+h)" = na{ax+bY~^. 

Put ax + b = u, 

then Dx{ax + b)’‘=DuXt,” x Z>,M=n.w'*** x a=na{ax+by‘~^. 
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With a little practice, the student will be able to dispense with 
the actual substitution of m. Thus he will write 

Dx{ax + 6)" = n{a.v + 6)""^ x a = na(ax + b )"-^ ; 

A(3.r-2)^=^(3ar-2)~^x3= j- 

2(3a?-2)2 

Ex. 2. = 

Ex. 3. If D:^=XxJ{x^-dP) and u=x^ — a^, find D„y. 

D^y = Dxy x D^v = D^yjO^u = xj{a^ - a?')jix ; 
therefore Duy=\'J{x^~a^)=hiJu. 

Ex. 4. If y is a function of x^ so is y^, y^, ... xy, ary ..., and 
= D^(f) X Dxy = 2yDxy, 
Dx{xy)=xDxy+yDxX—xDxy+y ; 
and generally, using y' for D^y, 

DJiy”)=ny”-Y, 

=x”^-^y”~\nxy' + my). 

Conversely, Hi/ = Hxi^y^), 2/’'~^l/' =^x{^y''^‘ 

This transformation i.s specially useful in mechanical problems. 
Thus, t being the argument, 

X.V = A(i^) ; yy = />((iy“). 

Ex. 5. If v=s, prove v=D,{^v-). 

V = Dtv = I>,v X D,s = sD,v = vD,v = [),{^ v'^), 

or, in words, the time-rate of change of v is equal to the space-rate of 
change of (see § 69). 


Ex. 6. If the coordinates of a point on a curve are given in the 
form x=f(t), y=^(<), where, for example, t may denote the time, 
find D,y. 

y is a function of t, and t may be supposed to be determined as a 
function of x by the fii'st equation. Hence 

Bxy^Dryy.Dj^. 

But I)J, — \\T)tX by the rule for inverse functions ; thei'efore 
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Ex. 7. When y is given as an implicit function of x by an equation 
of the form 

Ax'^y" ■‘c Kx Ly -V M =0), (a) 

we can find y by the method of ex. 4. For in whatever way x changes 
y must change so that the equation (a) always remains ti'ue ; therefore 
the rate at which the expression on the left side of (a) changes as 
X changes must always be zero ; that is, 

D^Ax^y^-^Bx^iJiA- ...A-Kx-\-Ly-\-lP)=^ ; 


that is, ADJ^x'^y'^') + BBy^xfify + . . . + A'+ LD^ = 0. 

Each term may now be differentiated and the equation solved for 
D:^ or y. For example, given 

+ .«y - 1 =0 ; ()3) 

then DAx‘‘ +xy+y^—\)=0 •, 

that is, 2x-\-xy' +y+2yy' =ii •, 

and therefore y'= — ^ (y) 

^ x+'i.y " 

To find the gradient of the ellipse represented by (/Q) at particular 
points, we proceed as follows : 

When x= 1 , y^ +</ =0 ; that is, y=0 or - 1 ; 

94-0 

at the point (1, 0), y=-,^-^^=_2; 

at the point (1, -1), y=— 1-~=1. 


To fipd where the tangent is parallel to the .r-axis, we have to solve 
(6) and the equation y = 0, taking caie that the values which make 
the numerator of y' vanish do not also make the denominator vanish. 
If this were to happen, then y' would for such values take the form 
0/0, and y' might or might not be zero. In the above case we have to 

1 2 

solve (/3) and '2,x+y = 0- Tlie values are x=—pz, y = — and 

^ 2 ' ^ 


x= — 


jy 




V3’ 


at these points the tangent is parallel to the a'-axis. 


In the same way we find where it is perpendicular to the a'-axis by 
solving (/S) and ,r-|-2y = 0, which makes y' infinite. The points are 


a (-1,. i)- 


EXERCISES IX. 

Difierentiate as to x, examples 1-8 ; 

1. y(l-a;). 2. xlsl{l-x). 3. v^(2,F-riX.i“2). 

4. xj^icy — aP). 6. xl^iaP-kaP). 6. y(aF + b.r+c). 

7. ^{xP+\)IJ(ar-\). 8. J{cui(P+ibxJrc)jiJ{A,'tP-{-‘iBx+C). 
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In differentiating a quotient of tlie form (.r + a)”*/(^ + 6)", it is 
often advisable to write the quotient as a product in the form 
{x-\-aY'{x+b )-”' ; when simplified, the result will appear in its lowest 
terms. Differentiate in this way : 

9. {x+Vfj{x—Vf. 10, (^+a)’"/(a;+6)’‘. 11. llx%x-iy. 

12. State in words the equation 

Dty = D^yy.DiX. 

13. If = — -iV show that ^ and v being functions of 

the time t. 

14. If 2;r^ + 3i/^ = 5, find y'. Then find the gradient at the points : 

(i) (1, 1), (ii) (-1, 1), ' (hi) (-1, -1), (iv) (1, -1). 

15. If (.r+y)^- 5,r4-.y = 1, find y. Find the gradient at the point or 
points where the line whose equation is x\y— 1 cuts the graph. 

16. If.« = at, y — ht-h'f-, find the components parallel to the axes of 
the velocity of the point (.r, y\ and find the direction in which the 
point is moving at time t. (Compare Ex. VI. 4.) 

17. Find Dxy iu the following cases ; 

(i) (.r-<i)“ + (y-?))-=c^. (ii) //- = d.v + j5.r^ 

(iii) xy=c^. (iv) x'^y" 

18. If D^y =x‘^^{aifi +b) and + find J)^y. 

19. If Z)*y = (.r + aX'i^ + 2a.r+6)" and !/=,r^ + 2a.r+(>, find Buy. 

20. If Dxy=f{ax + b) and M = ar + 6, find 7>„y. 

§ 60. Differentials. In Fig. 28 a, h, § 53, tlie value of f{x) 
or D^y is tan RPT, and 

J PR- MN 

Now, suppose that as x increases from OM to ON the 
ordinate y or f{x) increases uniformly at the rate f'{x) 
or tan RPT ; then the point P will move, not along the 
arc PQ but along the tangent PT, and the increment that y 
on this supposition will take will be, not RQ but RT. 

This hypothetical increment of y is called the differential 
of the function y or f{x) and is denoted by dy or df{x). 
The actual increment of y, denoted by Sy or if{x), is not 
RT but RQ. Writing as usual Sx for the increment MN 
of X we have 

dy = RT =f{x)Sx ; Sy = RQ = (J\x) + a)to, 
where a is used in the same meaning as in § 52. 
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If f{x) is the function x, then f\x) — 1 , and we have 
df{x) = dx = \. 6x, 

BO that for the independent variable Sx and dx may be con- 
sidered to be the same thing We may therefore write 
dy = RT = f{a )dx , Sy = RQ = (/'(x) -|- a)dx. 

The first of these equations gives a new notation for the 
flerivative, namely 


This notation, which is perhaps the most common, has the 
advantage that its form recalls the process by which the 
derivative is obtained. Again, we have another advantage. 
For Sy — dy = (f'(x) + a)dx—f'{x)dx = adx, 

and (see § 52) when dx or MN is very small a is also very 
small, and therefore Sy is very approximately equal to dy. 

The notation of chtteientials is due to Leibniz , the above mode of 
defining a diffei'ential is usually attributed to Cauehy, but the 
differential is equivalent to Newton’s “moment,” which is explained 
in exactly the same way by Benjamin Robins (see his Mathematical 
Tracts, London, 1761) A leading of Robins’ Traits would well lepay 
the student who is foitunate enough to get hold of a copy ; the book 
IS now somewhat lare 



dy^ dfjx) 
dx dx 


The notation of differentials is practically a necessity 
in the integral calculus, and the student should accustom 
himself to it. In practical work dx and therefore dy are 
usually supposed to be very small quantities ; but it is only 
their ratio that is of importance. 

The symbol ^ is often written as ^2/5 ^rit when used 


in this way the symbol ^ is to be taken as a whole and as 

meaning exactly the same thing as 

Since du = dx, dv = DxV dx, etc., when the independent 

variable is x, we have 

d{u + v — w)=du+dv — dt(}, 
d{wv) — vdu -H udv, 

and so on. We maj*, in fact, replace D in the theorems 
of § 58 by d. 
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Again, since ^ means we have 


d{u-\-v — w) d,, . du , dv dw 

d(uv)_ dti I ^ dv 
dx ~ ^dx ^dx 

dy dy du ...Qv 

du dx’ ^ 


and so on. 

Ex. 1. d(2x'^~x-‘rl) = DJ^Zjj^ — x+\).dx={(W—\)dx. 

Ex. 2. d . J{x^-a'‘)=\{x‘ — a‘‘'y^ . lx dx = 

Ex. 3. ,r(i.e=d(^.r^) ; (r*-l)<ir=c?(J.r''-.r). 

Ex. 4. State in the form of diflFerentials Ex. IX. 1-6. 


§ 61. Geometrical Applications, Let OM be the abscissa 
and MP the ordinate of the point P on the curve whose 
equation is 3 / = f{x ) ; and let the tangent at P meet the 
axes at L, K (Fig. 30). 

The line CPQ drawn through P perpendicular to the 

tangent is called the 
normal to the curve 
at P. 

When the tangent 
and the normal are 
spoken of as finite 
segments the portions 
LP, QP, intercepted 
between P and the 
ic-axis, are the seg- 
ments referred to. 

In the same way 
the projections of 
these segments on the 
a:-axis, namely LM and MG, are called the subtangent and 
the subnormal respectively. 
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These segments can be expressed in terms of the values 
of X, y, y' at P. 

Subtangent = ~ ^ ’ 

Subnormal = MG = y tan <f> = yy' 

ys/C^+y'^). 


Tangent = LP = y cosec ^ = - 


y 


Normal = OP= 1 / sec ^ = yj{l + y'^) ; 

Oi = OM - Xil/= X - ; 

y y 

OK = — OL tan 0 = — , -^y' = y — xy', 

y 


These expressions are true for all positions of P, provided the signs 
of the segments be attended to. Thus, if LM is expressed by a nega- 
tive nuinber, L will be to the right of M, since, in the above diagram 
which is taken as the standard, LM is positive when L is to the left 
of M. There is no need to commit these formulae to memory ; the 
values can at once be obtained in any given case by drawing a 
diagram. 


We may also find tlie equations of the tangent and 
normal. For this purpose let the values of x, y, y' at P be 
denoted by Xj, y^ in order to distinguish them from the 
coordinates (x, y) of a point on the tangent LP or the 
normal GP. 

The equation of the tangent is 

2/-2/i = (*--^'i) or y -y^ = yi{x-x^). 


since it is a straight line passing through {x-^, y^ and making 
an angle 0 with the x-axis. 

The acute angle that the normal makes with the x-axis 


is 0 — ^ and tan 
tion of the normal is 


— —cot 0= — 1 / 2 // ; hence the equa- 


1 
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Ex. 1. Find the aubtangenb and the subnoi'mal in the ellipse 
given by 


If we suppose y to be positive, then 

, h , h 


a J{a? ~ a^) ’ 

siibtangent=— ,= ^ ; 

y -i- 

subnoi nial — yii' — r- 

././ 

When .1 is posUtve, both these nunibcis aie neg,iti\e ; L theiefoie lies 
to the light of M and G to the left of M ■, when x is negative^ the 
positions aie reversed 

OL=.c- subtangent = - ; 


OL . 0J/=“ . v=a^ 

r 


a well-known piopeitv of the ellip.sc. 0 is of course the centie of the 
ellipse, denoted iii ^ 26 by C. 


Ex, 2 
to LP. 

Here 


If the equation of the curve is r,?/ = t', find the ratio of KP 

KP _0M _dy' _ 

LP LM y X ’ r 


The ratio is giioii both in sign and in magnitude ; hence P lies between 
K and L, and KL is bisected at P The cui ve is a hyjieibola (§ 27, 
II ., ex ), and this is a well-known piopeity. 


§ 62. Derivative of the Arc. Let s be tlie length of the 
arc AP measured from a fixed point A on the curve 
(Fig. 30) ; to find A/S 

Proceeding exactly as in § 56 wo get the equation 

+ (A) 

where 8$ and 8y are the increments of the arc s and of the 
ordinate y due to the increment & of a; , 8s = arc PQ. 

The average rate of change of s with respect to x, namely 
8sl8x, is determined by the equation 

1 4- (§]t\ — / chord PQ V/ Ss\^ 

\Sx/ \ arc PQ ) \8x) ' 



DERIVATIVE OF ARC. VELOCITIES. 


125 


Since the limit for = 0 of the first factor on the right 
is 1 we get 

or = 

In exactly the same way we obtain 

DyS = J{\+{Dyxy}. 

Again, 


cos 0 L = 

PQ = 0^'^ 


= L 

PQ=O^OS 


arc PQ \ 
Ss chord Pq) 


r, dx 

---DsX = -r 
ds 


• I _ T — j 

am aiSfdTQ 


ai-c PC \^f, dy 

ds 


Using the notation of differentials we take PR = dx\ 
then RT=dy and PT=ds. The equation in difi'erentials is 

{Psf = {dxf+{dyf (A') 

and division by {dx)‘^ or (dy)- at once gives the derivative 
of s with respect to x or y. 

If t be the independent variable and dt its differential, 
then, since x, y, s are all functions of t, we shall have 

dx = xdt, d.y — ydt, ds — sdt, 

and the substitution of these values in (A') gives, as in § 56, 
x^ + y^ = s^. 

We also have 


dx dx ds . 


dy __ dy 
dt ds 


ds . . 


EXERCISES X. 

1. Show that in the parabola* i/’ — Aa.r tlie subnormal is constant. 

2. If the subnormal i.s constant (2«) show that the curve i.s a 
parabola ij" — 4tax-\-C. 

3. Find the equation of the tangent and of the normal at the point 
(xj, ?/j) of the parabola y‘^ = Aax. 

Show that the subtangent is bisected at the vertex. 

* It is customary to abbreviate the phrase “ the curve of which the 
equation is y=f(x)” to “the curve y=/{x)’’ 
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4. If the tangent at P in the ellipse (Fig. 20, § 26) meet the major 
axis at T and the minor axis at t, prove that 

CM. GT=- CA\ Cm . Ct=Cn\ 
where m is the projection of P on P’S. 

5. Show that the ecjuation of the tangent at (^j, ,yj) to the 

hyperbola = l is 

Xyxja^ — l/iylbP = 1 . 

With the same notation as in ex. 4 show that 

CM .CT=CA\ Cm. Ct=- CB\ 

and explain the meaning of the minus sign. 

6. The equation of the normal to the ellipse at (.Cj, yj) is 

(.V - - yi)h~ly-i. 

7. If the normal at P to the ellipse (Fig. 20) meets the major axis 
at Q show that GG — e^CM in magnitude and in sign. 

Prove also that 

SG=e{A C+eGM)=cSP ; G8'=eS'P ; 

SG :GS' = SP-.S'P. 

The last equation shows (Euc. vi. 3) that the normal at P bisects 
the interior angle and that the tangent at P bisects the exterior angle 
between the focal distances of P. 

8. State and prove for the hyperbola the re.sults corresponding to 
those of ex. 7 for the ellipse. 

9. If SZ, S'Z are the perpendiculars from the foci S, 8' on the 
tangent at P to a central conic (Figs. 20, 21) show that 

8Z. 8'Z' = GBr-. 


1 ££i_i 


TT 


For the ellip.se SZ . 8'Z'=~ 

since is on the ellipse. A little reduction shows that 

(See Exercises VI. 18.) 

10. If P is the point (a cos 9, h sin 6) show that the equations of the 
tangent and normal at P are (see Exercises V. 5) 

-cos^+fBin0=l ; = 

a 0 coBff sin o' 
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11 . If r ia the point (a^^, £«<) on the parabola y^=Aax show that 
the equations of tlie tangent and normal at P ai-e (we Exercises V. 6) 

!)=^~ + at\ — te+2a< + fl<'’. 

12. From the result of ex. .3 or otherwise show that if the tangent 
at P to the parabola ( Fig. 1 9) meets the axis at T 

Tii=ASA-AM=l^P. 

If NP is produced to Q .show that TP bi.sects the angle SPN and 
PO bisects the angle SP(^. Also that, if SN cuts the tangent 
at the vertex at Z, SZ is' perpendieulai- to and bisects TP and 
SZ'^=AS.SP. 


13. In the notation of 61 'show that for the eni've.s 

KP:LP=^-m : n. 

Sketch the curve (i) if m = l, « = 5; (ii) if ??i = ]0, w = 9. 
These aie Adiabatic Ciirrcs. 


14. Show that for the parabola y‘-—Aa.c 

16. In the «emi-ndncal parabola ai/^=.P .show that 




d/6'= 


2a 


J/6''=|^ 7,1/1 

8a 


Show also that 

and verify that if the arc s i.s measured from the origin 



16. Show that the tangents at the points where the sti'aight lifie 
ax + hp=0 meets the ellipse 

ax^ + 2/txi/ + = 1 

are parallel to the .r-axis, and that the tangents at the points where 
the straight line hx+bi/=0 meets the clli 2 )se are 2 >'‘'rallel to the 
y-axis. 

17. Show that the tangents at the poinhs where the parabola 
ay=x‘‘ meets the folium of Descai-tes, whose equation is (compare 
Exercises VI., 13) 

.r^+y*=3aay, 

are parallel to the A’-axis, and that the tangents at the points where 
the parabola y^—ax meets the folium are parallel to the y-axis. 
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The origin (0, 0) is one of the points, and the coordinate axes are 
tangents, though this is one of tne exceptional cases referred to in 
§ 59, ex. 7. The othei' points are (a J/2, a ^/4), {a ^4, a 5/2). 

18. Show that for the ellipse 1 

ds l(a^ — eV\ 

r 

and that for the hyperbola — i/^lb^=l 

ds _ 1 / cV — 

dj‘ V \ — y 

19. Show that for the curve y=cx™' 


20. Show that for the curve = 


* 

(/.<• 



the arc being measured front the point (o, a). 
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Z)jt[sin^a.r + h)]—Du x sin {ax + h) 

= 2uy.acos{ax+b) 

=2tf sin {ax-\-h) cos {ax + 6). 

With a little practice, and the application of common sense, even 
this substitution will not be necessary. 

Note. — I f the angle is measured in degrees, then i)j,sin x 
is not cos® but because x degrees make ttx/ISO 

radians, and 


8in(.* deg.) = sin(^^ rad.^ ; 
A 8in(a: deg. ) = D* 


^ 


180 


180 


EXERCISES XI. 

Differentiate with respect to .r, ex. 1-9 : 

2r 

1. sin3.r + co8 3x. 2. sin-^(j;+f>). 

4. X sin X 4- cos x. 5. sin a’ — x cos x. 

7 . ^A7+isin2.r. 8. |sin.t'+.|Vsin3A’. 


3. sin ma; cos nar. 


6. |a;-Jsin2a;. 

9. -fcosA'+.j^cosSA. 

Write down for each of the functions 10-15 a function of which it 
i.s the A;-derivative. 

10 . cos 3 x- sin 3 a. 11 . cos{aA-t-6). 12 . 860^(03; - 1 - 6 ). 

13. COS^ X. 14. sin^A. 15. sin 4 a COS 2 a. 

Differentiate with respect to r, ex. 16-22. 


16. cos“ {ax + b). 
19. sin^ a/cos® a. 

22 . 

l-ftanA* 

23. Show that 

and that 


17. tan*(^A-l-l). 
1 


20 . 


18. Vsin2.T-. 
1 — cos A 


1 -f cos x 


21 . 


1 -I- cos A 


/);t[tan|A]=Y 


Dx\xt&a 4 a ] = Y 


■fcos A 
A -P sin A 
-P cos a' 
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24. Show that steadily decreases as x increases from 0 to 

g ; graph the function from a:=0 to x—-k (see also ex. 34). 

A 

To prove the theorem, show that the derivative of sin xjx is negative, 
and therefore sin^/.r a decreasing function. Since 8ina;/.r=2/7r when 
x=7rl2 and sin.r<.r we get the inequalities 

2 

—X < sm X < X, 

IT 

which hold for the range 0 to ■Trj% 

25. A point moves on a straight line and at time t its distance s 
from a fixed point on the line is given by the equation s=a(ios{nt — e). 
Find for what values of t its velocity is gieatest and state where the 
point then is. For what values of t is its velocity zero and where is 
the point at these instants ? 

26. The coordinates a-, y of a point at time t are given by the 
equations a: = a coat, y = 6sint. Show that as t varies from 0 to 27r 
(or from tj to + the point describes an ellipse, and find the 
components of the velocity and the direction of motion at time t. 


27. The coordinates of a point are given by 

x = a{$-smd)., y—a{\— cos d), 

where 0^6^ 27r. Show that the tangent to the locus of the point 

TV 0 

makes with the a'-axis the angle ^ - and that if the arc « is measured 

4U A 

from the origin, « = 4a^l -cos|^. The locus of the point is called a 
cycloid (§ 146 ). 

28. Find the subtangent and the subnormal of the curve of sines 
whose equation is y = a sin {xjh). 

29. If Dxy = y/{d^ — x'^) and x=asin 0, show that D^y=a? cos?Q. 

In the notation of differentials, we may write 

dy=i^{cd‘ — x'^')dx', dx=aoosOdd', dy = a^cos'^ddd. 

30. If dy—isJ{x'^ + a'^)dT and ;r=atan 9, show that 

dv=a^se(^9 dd. 
dx 

31. If dy= 5-, and x=asin 9, show that dv — d9. 

32. If ar=a(l+sin 9), show that dy = d9. 


33. If fix) = 1 — — cos X, show that when x is positive f{x) is 

negative. Hence show that for positive values of x 
1 — ^A’^<cosa;< 1. 

f{x) is a decreasing function. Since f{x) = () when x—0, it must 
therefore be negative for every positive value of x. 
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34. Show that when x is positive 

X — < sin ./■ < X. 

Take <f>(x) = x — ^x^ — Binx; then (by ex. 33) ‘f>'(x) is negative, since 
^'{x):^f{x). 

35. Prove in the same way that when x is positive 

1 - < eo.s .r <" 1 — ’ 

1 , . I 1 . 

X — — ,.r < sin > < X — -,x^ + ^ ,x\ 

3! .1! 5! 

These inequalities may be carried out to any number of terms. 

36. How should the inequalities of exaj)iple,s 3.3, 34, 35 be stated for 
negative values of ,r ? 

37. Show that if x is positive and less than Tr/2 

x<l tan a; + 1 sin .r. 


§ 64. Inverse Trigonometric Functions. The direct trigo- 
nometric functions are single- valued but the angle has to 
be restricted to a certain range in order that the inverse 
functions may be single-valued (.see § 28). The range is 
from — 7r/2 to 7 r /2 for the functions inverse to the sine, the 
cosecant, the tangent, and the cotangent, but from 0 to x 
for those inverse to the cosine and the secant. 

In finding the derivatives the theorem expressed in the 
equation Dxy = l/DyX is used (§ 59). 


(i) D.8in-ix= + ^^j -^ ^ . 

Let y = sin ” ; then x = sin y and 

D,jX = cos 4/ = 4- .^( 1 - ijp), 

becau.se cosy is po.sitive, y lying between — x/2 and x/2. 
Hence i). dn - ■* = D.y 

(U) = 

Let y = cos " '^x ; then x = cos y, and 

Dj/c = - sin y = - [ -f „y(l - u-^)], 
because sin y is positive, y lying between 0 and x. 


Hence 
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This result may also be obtained from the equation 


cos * — sm ~ 


IT 


In the same way the following results are established ; 


(hi) Da: tan - = 


1 

1 +a;^ 


(v) Da cosec ^ 


(iv) DxCot~^x = 
; (vi) DaSec“^a; = 


l+x^’ 

1 

Of the above results (i), (iii) are the most important. 
The root is a positive number, so that, for example, 
means + x when x is positive, but — x when x is negative. 
The results (v), (vi) hold so long as x is positive ; when x is 
negative the sign of each must be changed. 

It is worth noting that the derivatives of the inverse 
trigonometric functions are not transcendental but are 
algebraic functions. 

The derivatives (i), (ii), (v), (vi) become discontinuous for 
a:= ±1; (iii), (iv) are continuous for every finite value of x. 

In the case of the inverse functions also the student 
should accustom himself to the form in which the argument 
is not X but a linear function of x, specially xja or xj ^Jk. 
Thus, if a:/a = u 


D, 


D„sin'% X D. 




* ““ ■ '(5) — • ' — ■v;/ ~ VO “ vco*-®*) ’ 

ftton - ■(5) . iJ.tan - ■» X = j- ^ ^ ^ 


Da;Sin-i 


(JL 

\Jk. 


)'J(k-xr 


Da; tan 


_ j 25 sjk 

^k~k+x^' 


EZEECISES XII. 

Differentiate with respect to x, ex. 1-6 : 

6. a; sin-* a!. 6. a^tan'^a;. 


1. sin“^3a:. 

4. sin”^(l-a:). 
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Write down for each of the functions 7-9 a function of which it is 
the a;-derivative : 

7 _ 1 O 1 Q 

x/(3-.r>‘)‘ • 3-l-V • x/{4-(^-l)n' 

10. Prove that 

I \x>J («'■* - a^) -I- 1 sin ^ I = v' - x^). 

11. Show that* 

cos ' ( 

\a-\-hcosx) a-\-hco».v 

If a® is leas than the derivative is iniaginajy ; explain this. 

12. Show that • 

_ f Osin.* b lb+<icosx'\'\ _{a- -h^)cosx 

^la-fftcosa; J{a- -b'^)*'"^ xa + bcoax) ^ {a + bcosxy^' 

13. Show that 

/ljta)i“'(N'^] — /•“‘tan a-)= -'^^7.-- . 

' ' 1 -/•‘'sin'*,/' 

14. Show that 

i)^sin - ' ( 

\a -I- 6 sin x) u + b sin x‘ 

15. If .r = »'cos6/, I/ — min 6, and .r, //, r, d are all functions of t, 
prove 

(i) x=rcos 9-rmi 6 9. (ii) y — r sin 9+r cos 9 A 

(iii) xy -yx=r- 9. 

§ 66. Exponential and Logarithmic Functions. The funda- 
mental limit is now that discussed in Si 48, namely, 



and that stated in the corollary to § 49, which may be put 
in the form 

— 1 

L = 

Sx^O ox 

*The value of the derivative given in ex. 11 is only true if a is 
positive and x lies in the first or second positiv’e quadrant. If a is 
negative, or if x lies in the first or second negative quadrant, the sign 
of the result must be changed. A similar remark applies to ex. 12. 
In ex. 14 the result holds if a is positive and if x lies in the first 
positive or in the first negative quadrant. 



136 AN ELEMENTARY TREATISE ON THE CALCULUS, 


I. D*e*=:e*. 

For 


pr+hx ga 


L „ 

{i = 0 ox 


,Sx J 


= €» L — ^ 

«j: = 0 O'''’ 


( . 


Cor. = log a . a*. 

For if k = \og a, a® = e*-'‘, so that putting kx = 'ii 
= i5„e“ X Dx(kx) = e* X /.■ = log a x a^. 


n. D,iogx=-. 

3C 


For Dx\ogx= L log(f+ ^ L j log(l+— Y 

^ {;i=.o o.r 6,=.oSx xJ 

So(j 1 

Put — - , so that if x=l=0, as Sx converges to 0, m con- 


X m 
verges to qo . Now 


S ‘"K (> + f ) = ” >“e (' + ,1) = ^“« [(' + -)“] ; 

.hJi ,.h [(' + » J] 


= - log L f 1 + — 


)m' 

. 


= -logc- 


Since the base of the logarithms is supposed to be e the 
result is established. 


Cor. 


'D*logio* = -logioe' 


Assuming the derivative of logx the derivative of ^ may 
be obtained by the rule for the derivative of inverse func- 
tions ; and conversely that of log x may be obtained from 
that of 6®. Thus, 

Let y — then x = log y, and D^x = 1/2/, 


Again, 


= DxV = ^ = y = ^- 

DJog(ax+b) = ^~ 
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For, put ax + b = u and we get 
Dx log (ax + b) = Dy, log u x DJ^ax + 6) = ^ x a = -^-5 . 

Vj QjJC 0 

Since logo; is a real number only when x is positive, 
log (—x) will be real only if x is negative. The tc-derivative 
of log( — £c) is however 1/a;, as may be seen by putting 
a = — 1, 6 = 0 Hence the function whose .a:-derivative is Ijx 
is log X or log ( — x), according as x is positive or negative. 

It will be noticed that the derivative of logo: is an algebraic 
function, discontinuous for a; = 0 like the function itself. 


Ex 1. log (a + 

'Letu=x+J(v^ + i), then 

and Z)*!4 = l+Ka^ + 1) - + 

and the result follows at once 
The student should note that 

= ;-den\dtive of log(r + N''c* + ^), 

’T^) 

but ;7(i^= ’ (;^) 

The.se results are fiequently ie(i\nied 111 the liitegial Calculus. 


Ex 2. Find the derivfitive of e'“sni (In +c) and of e'^cos(?>r + c) 

These functions aie of vcij fieqiient occuiience in certain branches 
of physics. 

Dx { e"’' sin {In + c)}= oc"’' sin (bx + c) + he"’^ cos r + c) 

=-e‘“{a8in(6a;+c) + 6co8(6j +r)} 

This result can be put into a form that is very convenient. What- 
ever be the values of a and b, it is always possible to hnd It and $, so 
that /I cos 8=a, R sin 0=b ; 

for these equations give 

R = -I- 6"'*), tan 0=-- 
a 

Replacing a and b\>y R cos 0 and R sin 6, we get 

Z)j;{e“*8in(6j7-|-c)| =.Re'“{co8 0sin(fii-t-c)-fsin 6cos(bx+c)} 

= R<f^ sin (6a- +C+ 6). 

In the same way we find 

{ e"* cos (6 r -b c) } = ffc"-' cos {bx + c + 0), 
where R and 6 have the same meaning as before. 



138 AN ELEMENTARY TREATISE ON THE CALCULUS. 


Some care is necessary however in making the transformation, 
because d is not uniquely determined by its tangent ; the quadrant in 
which $ lies is determined by the si^ns of a and h. Thus, R being 
taken positive, if a and h are both positive, tan 6 is positive and 0 is in 
the first quadrant ; but if a and h are both negative, tan 6 is also 
positive, but 0 is now in the third quadrant. Similar observations hold 
when a and h have opposite signs. 

In practice it is usually simplest to choose R positive when a is 
positive, but ne^jative when a is negative ; then to choose 0 as a 
positive or negative acute angle. When numbers are given it is best 
to work the example without reference to the general formula. Thus, 

Lla:{e''^cos(4.y+ 1)} = — e~-''*{3cos(4x+ l) + 4 sin (4.r4-l)}. 

Choose jfficos0=3, /isin0 = 4, and therefore 7f=5, tan0=^. Now 
^ = tan 53° 8' and 53° 8' = ’9274 radian, so that 

(4a; + 1)} = — 5c“^{cos ^cos (4.i + l) + 8in 0sin (4 j;+ 1)} 
= - 5e'-^ cos (4 j:'+ 1-6) 

= — be cos (4.r + '0726). 

Ex. 3. Find the .r-derivati ve of J {.v — l)(a; — 2)/V (v - 3)(,r - 4). 

In this and in similar cases where the function is a product, it is 
often simplest first to take the logarithm of the function and then 
differentiate. Denote the function by y ; then 


log y = 4 log (r - 1 ) + 1 log (j - 2) - A log (x - 3) - 1 log (x - 4). 

Now Zl, log y = log y X /)„?/ ; 

1,1 1 1 I 1 1 1 1 1 

~^xy — A- — tFA — ^ — A — A”“ , 

y ^ — 1 -X — 2 — .3 ''x - 4 

2x*-10.r+ll 
rr-l)(x-2Xx--3)(x-4)’ 
n 2x"— 10.2 + 11 

• • Rxy — r T 3 

(.r - l)2(x - 2)2(x - 3)^(x - 4)3 

In the same way, if the function be uvwjUVW, where u... W are 
all functions of x, we should get, denoting the function by y and 
taking logarithms (see § 58 Th. IV.), 

Z)y_^ Dv iJw DU J)V DW 
y M r w U V W 

Ex. 4. If u, V are both functions of x, we may find the derivative 
of u’ as follows : Put y=u'’ and take logarithms ; then 

logy =r log M, 



For example, Daf = x*(log x + 1 ). 
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EZEBCISES Zm. 

Differentiate with respect to examples 1-13 : 
1. xlogx. 2. af'logx. 3. log sin X 


4. log cos a:. 


5. log tan 6. log ( 1+“":^). 7. log ( 

° ^ ®\1— sin.r/ “\H-cos:r/ 


8. log 




’ a — Jx 

11 . 


9. log {v/(.r-l-ti)-l-v^(;r-ce)}. 10. xe^. 


12. e~*(sin X -f cos .r). 


13. 


1 -|-.r 


Wiite down for each of the functions 14-18 a function of which it 
is the a;-derivative ; 


14. 

16. 


1 


3a.- -I- 4 
1 


17. 


2(t\a.' — a .r-f-ff 


)]■ 


1 


18. (f’‘. 


4ar‘-i-9' *'■ ^/(A■^-^-l)‘ 

19. If y -i.rV(.r*-(-Ir) + piog{.r-|-N/r2-|-/}, 

show that D,y--J{x^+k). 

Compare Exercises XII. 10. 

20. If y = J{x- +k)-Jk logj j , 

show that D^y — J{x‘^+k)lx. 

21. If 


— lo ^ + o cos X + J{1)^ — g^) sill X 
^ ^ a+b cos X ’ 


show that 


‘ a 4- 6 COS X 

Compare Exercises XIL 11. 

X 

22. In the exponential curve, the equation being y = cea, find the 
subtangent and the subnormal. 

X ^ 

23. The curve whose equation is y= Ja(e» is called a 
“ catenary ” ; find the subtangent, the subnormal, and the normal. 
Show that the perpendicular drawn from the foot of the ordinate at 
any point to the tangent at that point is of constant length. Graph 
the curve. 

24. In the catenary, show that, the arc s I)eing measured from .r=0, 

and s=|(e'‘-e“»). 


§ 66. Hyperbolic Functions. In recent years certain func- 
tions called Hyperbolic Functions have been introduced; 
these have many analogies with the trigonometric or 
circular functions, and in some respects have the same 
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relation to the rectangular hyperbola as the trigonometric 
functions to the circle. We shall not make much use of 
them, but it seems proper to define them, so that the 
student may not be altogether at a loss should he fall in 
with them in his reading. They are called the hyperbolic 
sine, cosine, etc., and are defined as follows, the symbol 
sink meaning hyperbolic sine of; cosh, hyperbolic cosine of, 
and so on. 

sinh x = l{e^—er^); cosh x = l{e^ + e~^); 


, , sinh X <i 

tanh x = — i 


cosh a; 


coth X = 


cosh X 
sinh X ’ 


cosech X = 


sinh X 


sech X ■■ 


cosh X 


Identities. The following identities, sijuilar to those for 
the trigonometric functions, are readily established by sub- 
stituting the values of the functions in terms of x. 

(i) cosh^ a; — sinh^ a; = 1 ; (ii) 1 — tanh^ » = sech^ a: ; 

(iii) coth^ a; — 1 = cosech^ x, 
where cosh^ x means (cosh a;)“, etc. 

Addition Theorevi. Again, corresponding to the addition 
theorem in trigonometry, we have 

(iv) sinh {x±y) — sinh x cosh y ± cosh x sinh y ; 

(v) cosh {x±y) = cosh x cosh y ± sinh x sinh y ; 

By putting y = a; we get 

(vi) sinh 2x = 2 sinh x cosh x ; 

(vii) cosh 2x = cosh^ x -h sinh- x ; 

= 2 cosh^ a: — 1 = 1 -h 2 sinh‘^ x. 

In drawing the graphs of these functions it should be 
noted that the sine, the tangent, and their reciprocals are 
odd functions, but that the cosine and its reciprocal are even 
functions. The sine may take any value from — oo to -h oo ; 
the cosine is never less than 1 and is always positive; 
the tangent may take any value between — 1 and 1, and the 
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lines whose equations are y=±\ are asymptotes to the 
graph of tanh x. 

Derivatives. The derivatives are readily found : 

Dx sinh * = cosh x ; D* cosh x — sinh x ; 

D^ tanh x = sech^ x ; D^ coth x = — cosech^ x ; 

Dx cosech x= — cosech x coth x ; 

Dx seeh x = — sech x tanh x. 

Inverse Functions. The inverse functions can be ex- 
pressed by means of the logarithm. 

If 2 / = sinh‘^rr, then a: = sinh^, just as when 2 / = 8in"^a;, 
a: = sin 2/. To find the logarithmic form of y we have to 
solve the equation 

x — \ — e~y) or e^^ — 2x6^ —1 = 0, 
which gives ey = x± ij{x^ -f 1). 

Since e" is always positive the -f sign can alone be taken; 
therefore 

ey = x-^ and .sinh ' ^ £c = = log (a; -b -f- 1 )• 

In the same way vve find 

cosh ■ ^ a; = log (» ± s/x? — 1 ). 

Since (x — = — we have 

log(a; — 1)= — log(a;-bx/a^^— 1)- 

In inis case the inverse function is not single-valued ; to 
each value of x greater than 1 there are two values of 
cosh a:, equal numerically but of opposite sign. The 
graph of cosh x is in general appearance like that of 1 -f ; 
by rotating the graph of l-|-a;‘‘^ about the bisector of the 
angle XOY we should get a curve resembling that of 
cosh a;, and the curve would be symmetrical about the, 
a:-axis as the graph of cosh a: is symmetrical about the 
y-axis. 

If a;2<l, tanh" ^£c = i log 

if £B*>1, coth "^3!=^ log 


I 
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Derivatives of Inverse Functions. The derivatives of 
the inverse functions, taking for greater convenience xja 
instead of are 


X 


D,sinh-i-= 


D*cosh-i-=± 


X 


a — a^) ’ 


D^tanh"^ 


X 


a 


a a^ — x^ 


(x^<a ^) ; 


Dx coth ~ 1 ^ = - - - — ^ (x^>a^). 
a x^ — a^ 

For the positive ordinate of cosh"^- the + sign must be 
taken. 

It should be noticed that 

sinh - 1 * = log = log (x + )Jx^+d^) — log a, 

(X 0/ 

oc 

so that the derivative of sinh'^- is the same as that of 

a 

\og(x + is^x^ + d'‘), the constant logu disappearing in the 
differentiation. The occurrence of the divisor a in the 

logarithmic form of sinh*^- has to be borne in mind when 

comparing the same result expressed in logarithms and in 
inverse hyperbolic sines (or cosines). 

§ 67. Higher Derivatives. The derivative of f{x) is 
usually itself a function of x and may therefore be differ- 
entiated with respect to x. Thus the derivative of x^ is 
See® and the derivative of 3x^ is dx. 6x is therefore called 
the second derivative of a^, while Sx^, which has hitherto 
been called simply the derivative of x^, may be called for 
distinction the first derivative of a^. 

The notation for derivatives higher than the first is 
modelled on the analogy of indices. Thus 
the first aj-derivative of y is D^y, 
the second „ „ DJiD^y) written DJ^, 

the third „ „ DJiD^^y) „ D/y, 

the n^ „ „ „ D^^y. 



LEIBNIZ’S THEOREM. 


146 


The theorem will be found very useful at a later stage 
when the expansion of functions in series is taken up 
(Chapter XVIII.); meantime the student will find among 
the exercises a number of examples to which the theorem 
may be applied. 

Geometrical and physical interpretations of the higher 
derivatives will be given in the next and following chapters. 
The student may however try to interpret the geometrical 
signification of the second derivative f"(x) as measuring the 
rate of change of the gradient f'(x ) ; for example, if f"(x) 
is positive how will the tangent at the point P(x,f{x)) turn 
about its point of contact as .r moves to the right ? 

We will conclude the chapter with one or two examples. 


Ex. 1. Find the derivative of (Dj/)-, the argument being x. 

(Dy)’* means the square of the derivative of y ; /)(?/ means the second 
derivative of y. The derivative of y ’ should be written /^(y®) or D . y*. 
These three forms {Dy^^, U^y, D{y-) moan <juite difterent things, and 

must be carefully di.stinguished ; mean 

\ 0t«2^ / CLtV CtX 

respectively {Dy'f, D^y, D{y-) or . y*. ^ 

Now put u for Dy ; then 

D . ( Dy)- = DJyfi) — D„{u-) x = 2uD,u. 

But D^u = D . Dy — D'^y, and therefore 
X».(/>y)2 = 2%i)2y. 

This equation may also be written in .such forms as 


-Ox - (.»/)“'*= 2.1/.'/' ■' 


dxKdx) d.v dx^ 


In the same way it may be shown that 


i>x.(yT=3(y')y': 


d(<^y\"_ (dy\'~^(Py 

d.v\d.r) \dx) d.r^ 


Ex. 2. If X and y are functions of t, find D/y in ternis of deriva- 
tives with respect to t. 

Here Dxy = D,ylDtX=ylx • 

therefore Zf^'^y = DJJjjx) = Dt{yjx)ID^r. 

But Ti (i\ xDty-yDd _ xy-yx . 

therefore D^={xy ~yx)lJ^, 

where means (i)*. 
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Ex. 3. li y — Aa^+BIx^Tprove =Zy. 

We have 

y=Ax^-\-Blx\ y' =‘'iAx — Bja^ •, y" = 2A+^BIafi. 

Eliminate A and B between the three equations ; in this case the 
second eq^uation is not really needed because if we multiply the third 
equation by we get 

a^y" =2A.r^+2Bl.v= 2y. 

In general, however, all three equations would be required for the 
elimination of the two constants A, B. The equation obtained is 
called a differential equation. 

Ex. 4. If ^ = a^u where m is a function of find D^y. 

By Leibniz’s theorem 

ly'y = .T^jy^u + n( 2 a;) ^^ 2 ) Z)" 

since every derivative of a!^ above the second is zero Thus 
Z)“y =.r^i)"?<+2M:r/)”~'i< + w(7t - 


EXERCIBES XIV. 


1. If y = 7.r^ - 2a;^ + 4, find /, y", y"', y"'. 

2. If y= V(.r* + 1), find y". 

3. If y=.r^(a-.r)2, findy"andy". 




1 

r+ I 


1 

:r + 2’ 


and then find y', y", y*"’. 

6. If y = sin^ x, find y", and sin^.r = i i cos ’^x 1- 

L. 2i u — J 

6. If y =.r* cosa?, find y" and y*’. 

7. If y = sin X cos’ x, find y" and 

8. If y=x\ogx, find y" and y"*. 

9. If y=.re*, find y"‘\ 10. If y=a.’V, find y””. 


11. If y is a rational integral function of x of degree n, say 
y = ax” + hx”-^ + ... + Jl;.v + l, 
prove y'"’=n! a, y’'+’’=0, y”+®=o.... 


12. Find the turning values of the functions in examples 1 and 2, 
and graph the functions. 

13. If y=^-^^ find the turning points of the graph. Find also 

where y" is zero, and show that at these points the tangent changes 
its direction of rotation. 
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14. If y=a»"+' + 6a:“", prove that =n{n-^l)y. 

16. If y = ae”* + 6e“% prove that y' — w^^ = 0. 

16. If y=acoBna;+hBmiuc, prove that y" + n^y=0. 

17. It y=e~^’^(acoa7ix+hB\nnx\ prove that 

y' + ^ + (m** + \k^)y = 0. 

18. If /(J7) = (.r-«)2<^(.r), where <^(x) ia a rational integral function 
that does not vanish when x=a, show that 

/(a)=0, /'(«) = 0, f"(a)==2(f>(a). 

19. If f(x) = (x — ay<fi(x) where r is a positive integer and <f>(x) as 
in Ex. 18, show that 

/(a)=0, /'(«)=0, ... /'’-n(a)=0, /'’'>(«) = r ! (^ (a). 

20. If X is positive, show that 

X - hr^< log (1 +.r)<T. 

Take f{x)=x-^3r-\og{\+.r), </)(,r) = a' - log(l +a’) ; then see 

Exercises XI. 33. 

21. If a; is positive and less than 1, show that 

-log(l -r) >x. 

22. Show that the limit for « = oo of s„ - log n, where 

5„ = 1+K.*+-+^ 

is a finite quantity (called Eulei'’s Constant) lying between 0 and 1. 
From the inequalities of examples 20, 21, 

or log)?i/(»i- l)}>^^>log}(» + l)/w). 

Hence log { (w - 1 )/(m - 2) ^ > log {«/(«- 1) }, 

log {2/1 }>^>log{3/2}, 
l = l>log{2/l}. 

By addition, 1 +log«>.?„>log(«+ 1), 

therefore 1 > s» - log n > log 1 1 + “ !■> 

from which the result follows at once. The value of the constant is 
•677 215 664 90 

23 . If x=at^, y—2at, find in terms of t. 
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24. If .V— a coat, _y=6siiif, find in terms of t. 

25. If v'^=x^+y\ show that in the notation of § 62 

‘ 6 = 0 ! cos sin (f>. 

26. If + show that 

U‘'y={W‘ — ab)/(h.v+ hyf. 

27. If ax^ + 'i.hxy + + ^gx + ify + <■ = 0, show that 

Dh) = A l{hx + by + fY 

where A = a6c + 'ifgh - ap — hg'^ - cli^. 

28. If 3a.ry=0, show that 

Tfiy — '2,i^.r'yj{ax — y^Y- 

29. If u is a function of x, show that 

30. If ,y = tan”*, r, show that 

(i) Dy = coa-y-, (ii) Dhi = coa(2y-\-^coa^y, 

(iii) n^y = 2 cos ^ 3y + 2^ ^ coa^y ; 
f (iv) D'^y = (« - 1) ! cos ^ ny coa”y. 
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PHYSICAL APPLICATIONS. 


§ 69. Applications of Derivatives in Dynamics. We give 
in this chapter a few simple examples of the use of 
derivatives in physical problems. 

Take first the case of the rectilinear motion of a particle 
and let the units of time, length, and mass be the second, 
the foot, and the pound respectively, and the units of force 
and work the poundal and the foot-poundal. 

At time t, that is, t .seconds from some chosen instant, let 
the particle be at P, distant x feet from a fixed point 0 on 
the line of motion and let the mass of the particle be 
m pounds. Denote the velocity at time t by v, the accelera- 
tion by a, the momentum by M, the force by F, the kinetic 
energy by E ; these quantities may be expressed in terms 
of t, X, m. 

■jC O P Q X 

Fig. 31 . 


When t increases by M let x increase by & = PQ; then 
the average velocity during the interval Sf in the direction 
in which x increases, namely, in the direction OX, is Sx/St, 
and the velocity at time t is the limit of this quotient for 
St = 0. Therefore 


v = 


L 

«(=0 


Sx _dx_ . 
~St^di~^' 


V is in general a function of t. The average acceleration 
during an interval St in the direction in which x increases 
is SvjSt, where Sv is the increment of v in time St', the 
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8t=0 06 


acceleration at time t is the limit of this quotient for St=0. 
Sv_dv__d dxc_d^x_.. 
dt~dt dt~ dP 
The momentum in the direction in which x increases is 

M=mv = mx. 

By the second law of motion the force F in the direction 
in which x increases is the time-rate of change of the 
momentum in that direction. Hence 
p dM 

j? = -^7 = mv = mx. 
dt 

We may express F in another form, by considering v as 
a function of x, and a; as a function of t, so that (see § 59, 

dv _dv dx _dv _ d ^ 2 \ 

Now and therefore 


I, dv d,, dE 


' dt dx^ 


Hence the force may be defined either as the time-rate of 
change of momentum dMjdt or as the space-rate of change 
of kinetic energy dE/dx. 

Let W denote the work done on the particle by the force 
F in moving it from some standard position, say from the 
position at which £c = a, to the position P; SW the work 
done in moving it from P to Q. At Q the force is P-|- 6F ; 
hence when ^ is small the work done will lie between 
F6x and (F-l-<SF)^x. For F6x is the work done on the 
supposition that the force is constant over PQ and equal to 
its value at P, while (F+SF)Sx is the work done on the 
supposition that the force is constant over PQ and equal to 
its value at Q; evidently the work will lie between these 
two values. Hence SWjSx lies between P and F+SF and 
therefore 

Since dEldx is also equal to F, E and W differ only by a 
constant. 
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Again, the time-rate at which the force works is dWjdt, 
and VT may be considered as a function of x and x, a func- 
tion of t. 


Therefore 


dW^dWdx 
dt ~ dx dt 


= Fv. 


The student should note the dimensional formula for 
these magnitudes (§ 34). If x is the measure of a length 
so is dx, and the dimensional formula for v or dxjdt is LT~^] 
similar observations hold for the other quantities. 


Ex. 1. Suppose /’constant; then the acceleration will be constant, 
equal to f say. Hence «=/, and therefore 

r=/it-f const. 

Let the motion be such that when <=0, v= V and x = a; these are 
called the initial conditions. The constant in the value of v is 
therefore V. We can now find x; for 

j!=v=/t+ V ; = Fi + const. 

as may be tested by differentiation. The constant is a, since when 
t=0, X — a, so that finally 

f^-\- Vi + a. 

To get B in terms of i we have E—^v‘^=\m{ft-‘r Vy. Using the 
value found for x and putting /■„ for wo get 

£- E^—mj^x — a)= F{x - a). 

This form may be obtained at once from the energy equation 
dEldx=F. 

Finally since dWldx = F we have W=F{x — a), W being zero when 
x—a. Hence E— Eq= W ; that is, the gain in kinetic energy is equal 
to the work done by the force. 

Ex. 2. Suppose F to be an attraction jnoportional to the distance 
of the particle from 0. 

Let the intensity of the attraction, that is, the force on unit mass 
at unit distance from 0, be fi. If x be positive, that is, if the particle 
be to the right of 0, the force towards 0 is fimx ; if jr be negative, that 
is, if the particle be to the left of 0, the force towards 0 is mfi(-x). 
In both cases therefore the force in the direction in which x increases 
is —fimx. But the force in the direction in which x increases is 
always m'x. Hence 

mx=—fxmx, or x+jix=Q. 

This equation is called the dij^erential eqvMtion of the motion of the 
particle, the word “differential" being used because* the equation 
contains the differential coefficient x. 
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The student will easily verify that the equation will be satisfied (see 
Exercises XIV., 16) by 

cos sin /it, 

where A, B are any constants whatever. The motion becomes definite 
when in addition to the law of force we are told the position and the 
velocity of the particle at any one instant. Suppose for example that 
when t=0, x — a, v=0. Putting t=0 and x=a in the equation for x 
we find A =a. 

Again v is found by differentiating x with respect to t ; therefore 

v=x= — sl/iA sin ^Jfit + J/iB cos J/xt. 

But when t = 0, d= 0 ; therefore we get 0—J/iB, that is, B=0, and we 
find that x = acos ^/it. 


Simple Harmonic Motion. Wlien the law of force is that stated in 
the example the motion is called simple harmonic motion, and the 
form x—acosjpt is the simple.st way of stating the relation between 
X and t. Obviously the motion is periodic, the period being 
because while t increases from a value to the value «, + 27r/\/ju. both 
X and X go through their complete range of values, a is called the 
amplitude of the motion. 

The student may show that if .r=c, (>= Twhen f = 0, then 


where 


.r = c cos + “ 7 ~ sin = « cos {s] pt - d), 

vM 

I / P 

a= + j, acos6=c, asin^= 


a is again the amplitude and Hirjslp the period. 


Ex. 3. A I'od is stretched from its natural length a to the length 
a+x : assuming Hooke’s Law to hold, find the woi'k done. 

The ratio xja is called the exteiaion, and by Hooke’s Law the force 
required to produce that extension is proportional to it. Denoting 
this force by F, we have F’=Exja, where is a constant. When the 
extension is {.v + 8.v)la, the force will be F+ 8F— E{x + 8x)la. If the 
work done in producing the extension xja is W, and if 8 IP is the work 
done in producing the further extension, then SIP will lie between 
FSx and (i^+Si^)S.r, so that 8IP/5.r will lie between F and F+SF. 
Taking the limit for Sx converging to z,ero, we get 

dx a 


Hence 



+ const. 


Since W=0 when x=0, the constant is zero, so that 

W=^E^=iEl.x==lFx. 
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Ex. 4. A fluid is in communication with a cylindei' in which 
a piston is free to slide, the cross section of the cylinder being S, 
a constant. Let W be the work done by the fluid in pushing out the 
piston a distance x, and let the intensity of pressure on the piston 
t)e p. Show that d Wjdx=pS. 

The force on the piston due to pressure is pS ; when the piston is 
pushed out the further distance Sx, let the intensity of pressure be 
p + Sp so that the force on the piston is (/> + Sp)S. The work 8 W done 
in pushing out the piston through the distance Sx will lie between 
pSSx and (p + 8p)S6x, and therefore SWjSx will lie between pS 
and + SpS. Hence d Wjdx =pS. 

The result may be put in another form. If v be the volume of the 
fluid, then SSx is the increment of volume which may be called 8v. 
Hence 8 WfSv lies between p and /i + Sp, and we get 

dW 

^=P- 

Ex. 5. A body is rotating about an axis ; a line fixed in the 
body and perpendicular to the axis makes at time t an angle B with 
another line fixed in space and perpendicular to the axis. What do 
d and 6 measure ? 

6 is the time-rate of increase of 0, that is, 0 is the angular velocity 
of the ijody about the axis. In the same way we see that 0 is the 
angular acceleration. 

If a point r is moving in a plane, and if 0 is the angle which the 
line joining the point P to a fixed point 0 in the plane makes with a 
fixed line through 0, 0 and 0 ai-e sometimes called t/ie angular velocity 
and the atigular acceleration of the point F about 0. 

Ex. 6. A positive charge m of electricity is concentiated at a 
point 0 ; the repulsion on unit charge at P (Fig. 31) is where 
x = OP. Find the work done as unit charge moves from A to B 
where OA=a, OB = h. 

Let W be the work done from A to P ; then 

dW m j m , . 

dx X 

When x — a, Tr=0, and the con.stant is therefore mja. Hence at P 

the work is _ 

m m 

W — . 

a X 

The work in moving from A to P is therefore 

mm 
^ a 0 

Potential. When B is so far off that m/b is negligible in 
comparison with m/a then W^ = mja. Hence in this case 
the work done as unit charge moves from A out of the 



154 AN ELEMENTARY TREATISE ON THE CALCULUS. 


field is mjOA. This function nijOA is called the potential 
of the charge m, &t A. 

At P the potential is mjOP. Denoting it by V we have 

dV 


F=- 

X 


dx 


m 

x^' 


so that the force at P is the space-rate of diminution of 
the potential V at P, and the direction of the force is from 
that of higher to that of lower potential. 

For gravitational forces the attraction between two 
particles, m, m' (grammes) at a distance from each other 
of X cm. is hmm'lx'^ dynes where k is the constant of 

f ravitation (equal to 6 6 x 10 ~®). See Gray’s Treatise on 
^hyaics, § 195. [London: J. & A. Churchill.] The potential 
V of m at the point x is /cm/» and the attraction towards 
m is —D^V; the force outwards from m is +DxV. 

It is proved in works on Dynamics {e.g. Gray, § 484 ; see 
also Exercises XXX , 24) that the potential at the point x 
of a sphere of radius a and uniform density p is 

V=2Tkp(a^ - Ix^) for an internal point (x<a) (i) 

y . _ iTrkp ^ external point (x>a) 

o X 


(ii) 


Since the field is symmetrical the force is radial at every 
point and the attraction at the point x is therefore 

(x<a}; \(x>a). 

•J X 


■DxV-- 


The functions V and D^V have each different analytical 
expressions according as x is less or greater than a, but 
they are each continuous functions near x = a’, for we see 
from (i) and (ii) that whether x tends to a through values 
less or through values greater than a, V tends to 4Trkpa^f3 
and DxV to -4x/i:pa/3, and these are the values of V and 
DxV when x — a. 

On the other hand the function Dx^V is discontinuous 
at a; for when x tends to a through values less than a 
we find from (i) that tends to —‘iirkp/S and when 

X tends to a through values greater than a we find from 
(ii) that Di^V tends to +^TrkpjS. The function D^V has 
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DIFFERENTIATION {continued). TRANSCENDENTAL 
FUNCTIONS. HIGHER DERIVATIVES. 

§ 63. Derivatives of the Trigonometric Functions. T 

fundamental limit ia that proved in § 39 (iv.), the angJfe 
being measured ii\ radians, namely 

T .sin B 1 

1j 1, 

<i) DxSinxsoosx. 

„ • T sin(.r + &) — sina! 

For D^8m.e= L — ^ . 


Sj=0 


8x 


Now, 


sin(r + S.r) — sin .r 


Sx 


„ . Sx 


2 sin cos 


Sx 


/ . Sx\ 


hA ( 

*+^'1 

~ r '' 

f + 2 / 


The limit for & = () of the first factor is 1, and of the 
second factor is cos x Hence 

.sin X = cos x. 

(ii) Dxoosxs — sinx. 

T., ^ co.s(a;+5j;) — cosa: 

For DxCobx= L — ^ , 

6a:=0 SX 

and cos(a; + da:) — cos a; = — 2 sin ~ sin 

The rest of the work is the same as in (i). 
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(iii) Dxtanx = y— =sec*x. 

' OOSi^X 

„ r. ^ T tan(j; + Jx) — tan 3; 

for x)2:tan,T= L 

6j-=o 

_ j 1 sin Sx 

ij-=ocos(a: -f- o./'lcos x Sx 


The result may, of course, be obtained by writing tan® 
^i/he form sin .r/cos x, and applying the rule for differen- 
tiating a quotient. 

'■^.Directly from the definition or by applying the rule for 
d' ‘'fierentiating a quotient we obtain 

( i \’ ) l)x cosec X — — cosec a; cot x ; 

(v) D* sec ® = sec ® tan ® ; 

( VI ) Di cot x= — = — covSec^® . 

^ ' .sin^® 


The knowledge of the derivatives makes it easier to 
graph the functions, and the student should test such 
graphs as he has already drawn by examining the gradient 
in the light of the derivative. 

The derivatives of the sine and cosine are continuous for 
all values of the argument. The derivatives of the other 
functions become discontinuous for the values for which 
the functions become discontinuous. 


The rule for ditfereutiating a function of a function has often to be 
applied, for it is very seldom that tlic ai-gument is .r simply. The 
most important case is th.it in which the argument is a linear function 
ax + b. 

Put ax+b = u, and we have 

Dx sin {ax 4- f>)= A, .sin u x T>J{<(X f h) 

= cos ti'Ka=a cos {ax + b). 

In the same way we find 

A cos {ax + h)= - (7 sin (a® + ?>) ; tan {ax + b) = a sec^ {ax + b\ 

id so on. In fact the student .should from the first accustom himself 
' these forms. 

Again, to find the derivative of sin2((M7-|-6), let sin (a® -f- ft) be 
' ’ iw M ; then 
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therefore no value when x = a, but has one definite limit 
for X approaching a from one side, and another definite 
limit for x approaching a from the other side (see ^ 44). 

To graph the functions V, D^V, suppose for 

simplicity a=\, 4nrhpjZ — \ the graphs for other values 
can be derived in the usual way (Fig. 32). 



ABC'D is the graph of V ; the part J .B is a parabola, the 
part BCD a rectangular hyperbola. 

The dotted curve OEF is the graph of D^V] the part 
OB is straight. 

The graph of D/V is the straight line OE parallel to 
OX and the curve HGK. 

The parts to the left of the vertical dotted line represent 
the functions for x<a, the parts to the right for x>a. 
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§ 70. Coefficients of Elasticity and Expansion. Let p be 

the intensity of pressure and v the volume of unit mass of 
fluid, being a definite function of v. When p increases 
by 8p let V increase by 8v ; if we suppose &p positive then 
Sv will be negative. The quotient — Sv/v, that is, the ratio 
of the diminution of the volume to the volume at pressure p, 
is called the compression or the mean compression, and the 
limit of the increment of pres.sure, Sp, to the compression 
produced, —Svjv, is called the coeffi^cient of the elasticity of 
volume, or simply the elasticity of volume, or sometimes the 
coefficient of the resilience of volume. Hence the elasticity 
of volume is 


L - 

6 i )=0 


<5u 


= —u 


dp 

dv 


V 


For a gas expanding at constant temperature pv~k, a 
constant, so that the elasticity of volume is 


‘ dr ~ 



r- 


For a gas expamling adiabatically pv'^-=c, a constant, and 
in this case the elasticity is yp. 

A rod whose length at a standard tcmpc'rature, say at 
0°C., is the unit of length expands when heated to a 
temperature Q so that its length becomes l+/(fi); denote 
l+/(0) by X, and when the temperature becomes 0 + S6 let 
the length become x-\-5x. The quotient fe/ofi is called the 
mean coefficient of linear expansion as the temperature 
increases from 6 to 6 + SO, and d,rjd0 is called the coefficient 
of linear expansion at the temperature O- 

Usually f{0) is of the form aO or aO + 1>0^' where a, h are 
very small constants. When a; = l + a0, the coefficient 
dxjdO is a and is independent of 0; if f{0) = a6 + h9^ 
and £c = l+afi + fc0-, the coefficient is ci+Sifi and depends 
on 0. 

If a solid expand equally in all directions, the area 
and the volume which are unity at 0°C. would become 
2/ = (l+/(0))“ and 0 = ( 1 4-/(0))^ at temperature 0. The 
nmnbers dyjdO, dzjdO are called the coefficients of super- 
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ficial and of cubical expan.sion respectively at temperatuie 
6. Tf /'(0) = rt0, then 

2y = (]+a0)2; ^=.2a+2a20; 

0 = ( 1 + aOf ; = 3a + (io 20 + 

Since a is very small a- and a* will be much smaller and 
the coefficients will be very approximately 2r( and 

Ex. The voluuip at toiii]ier:itme B of tlie wiitei- which occupies 
unit volume at 4" i.s a]i])roxiiiiat(;ly 1 4-o(d — 4)- where r/ — 8’38 x 10 ; 

find the coefficienfs of cul»i<-a! expansion at tcin])ei atures 0° and lu". 

§ 71 Conduction of Heat. A slab of thickness d whose 
opposite faces are pai-allel pianos has one face maintained 
at constant temperature v and the opposite face at constant 
temperature 'i\ (v>r\): the (inantity Q of heat which in 
time t crosses an anni A forming a part of a section parallel 
to the faces and lying between them is 

Q = kA(v—7\)tld, 

where k is a constant, called the conductivity, depending on 
the material of the slab. This e(juation expresses the law 
of steady flow of heat in a conducting solid and is a result 
of experiment. 

If the temperature v of a solid vary from point to jioint 
of the body at the same instant, and from one instant to 
another at the same point in the body, v will be a func- 
tion of more than one variable, namely of t and of the 
coordinates of the point. 

A t a given point in the solid the time-rate of change of v is 


In forming this derivatix'e the coordinates of the point do 
not change ; v changes through lapse of time at a given 
point. 

On the other hand, let P be a point in the body whose 
distance from a fixed plane is MP = s, and R a point in MP 
produced such that PR — Ss; then at the same instant the 
temperature r at P will be different from that at R, which 
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may be denoted by w + Sv. At the time t the space- rate of 
variation of v at the point P in the direction PR will be 

T ri 

L ^ = D^v. 

i*=0O'‘' 

Let ns assume that at any gpven time t the temperature 
is the same at every point in any plane perpendicular to 
MP though different for different planes. We may assume 
therefore that the heat flows in straight lines parallel to 
MP ; let V be the temperature at P, v+Sv the temperature 
at R where PR = Sfi, and let SQ be the amovint of heat 
which in time St crosses unit area of a plane perpendicular 
to PR and lying between P and R. The formula given 
above for Q is assumed to give the averaffe value of the 
amount of heat crossing a section when the flow is not 
steady, St and Ss being small. In that formula, therefore, put 
SQ for Q, 1 for A, v + Sv for Wj, St for t, (5s for d, and we get 
SQ=-k{r~{v+Sv)}St/S^, 


and 


SQ^_jSv 

St Ss 


Take the liinit for of and Ss converging to zero, and we get 

]),Q=~kD,o; 

in words, the time-rate at which heat crosses the section of 
unit area at P is k times the .space-rate of diminution of 
temperature in the dii-ection perpendicular to the area. 

DiQ or its equal —kDw is called the fiux in the direction 
in which .s increases ; obviously the flux is from places of 
higher to places of lower temperature, and this is shown by 
the form —kDgV since if v decreases as .5 increases DgV is 
negative and —DgV is positive. 

la 

Ex. ■!?= c sin where F, c are constants. 

Ja 

D,Q = — kDgV = —kVe c cos .r. 

When x=7rj2, T),Q = 0 whatever t may be; that is, there is no flow 
of heat across this plane ; when .r<irj2, the flow is towards the left, 
when a;>ir/2 it is towards the right, the positive direction of x being 
towards the right. 


This problem gives an example of a function of more 
than one variable ; such functions wdll be taken up later. 
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EXERCISES XV. 

1, A point P moves with unifonn v^elocity along a straight line 
AB-, OA is perpendicular A B and equal to a. Find the angular 
velocity of P about 0. 

2i A point P moves with uniform velocity u along a .straight line 
AB, and another point Q with niiiforni velocity v along an intersecting 
straight line A C. Find the I'ate at which the distance between P and Q 
increases. 

3. If p i.s the den.sity and p the inten.sit 3 ' of pressure of the atmo- 
sphere at a height of .r feet above .sea-level, express in symbols the 
statement that the rate of increase of pressure per unit of length 
downwards is equal to the densitv multijrlied by the acceleration due 
to gravity. Assuming that p — kp whei'e X* is a constant, and that at 
sea-level p=Pui show that 

4. If N be the number of lines of force passing through a circuit, 
state in words the meaning of -dN'dt. 

5. Express in symbols the .statement that the electromotive force E 
is the sum of two terms of which the first is the product of the resist- 
ance 11 and the cunent and the second is the ju'oduct of the self- 
inductance L and the time-rate of inci’casc of C. 

6. Express in symbols the statement that the force A’ acting on a 
magnetic shell in the direction .( is espial to the sjrue-iate of diminu- 
tion in that direction of the energy E. 

7. If in ex. 4, ^ 69, IF, is the work doin' as the fluid expands from 
volume I’l to volume find 11’, (i) if pv — k, (ii) if pi>y = k, X- being 
constant. 

8. The potential of a long uniform rod of linear density o- at a point 
P whose distance PC from the l od is .r is 

F-- 'Ahr log (c'.r). 

Show that the attraction of the rod on a unit particle at P is towards 
G and equal to Akcrl.r. 

9. The potential of a thin circular disc, of suiface density a, at a 
point P on the normal to the disi- through its centi e 0 is 

V= AirkiT { + r-) — X } 

where a is the radius of the disc and OP=x. Show that the attraction 
on unit mass at P is 

27rX;o-[l-^^,- 

Show that if x is small compared with a, the attraction is 2;rX;<r 
approximately. 
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10. The coordinates of a point at time t are given by 

x = acos{int — a\ y — h cos nt. 

Show that the equation of the path of the point is 

^ ) cos .sin a}. 

The .r-coordinate i.s a .simple harmonic function of amplitude a and 
period ■Tr/n, while the ?/-cooi'dinate is a simple harmonic function of 
ampliUidc h and period 27r/a, double that of the .r-coordinate. The 
motion is therefore said to be compounded of two .simple harmonic 
motions in rectangular' dii ection.s and of periods in the ratio 1 ; 2. 

When a = 0, the path i.s a pai’abola. Figures of the curve.? for 
different values of a will be found in Ciay’.s Physics, Vol. I., p. 70, 
and in various (rther books. 

11. Show that two .simple li.ii-monic motions of the same period and 
in the same straight lino compound into a sim])le harnronic motion of 
the same period and in the same straight line. 

12. If in ex. 11 the motions arc in reclangular directions, show that 
the curve compounded of the motions will be an ellipse. 
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MEAN VALUE THEOREMS. MAXIMA AND MINIMA. 
POINTS OF INFLEXION. 

§ 72. Eolle’s Theorem and the Theorems of Mean Value. 

The followiiio' theorems are of constant application. 

Tiieobem 1. If Ffr) and F'(. >') are contimums as x 
varies fram a to h, and if F(x) is zero when x — a and 
when x = h, then F'(.e) tvill he zero for at least one value of 
X between a and h. (Rolle’.s Tlieoroin ) 

In goonietrical lanj^nage, tlie theoi’em simply state.s that 
at one point at least on the graph of F{.r) the tangent is 
pjarallel to the .r-a.xis. There may be moi'e points than 
one ; if there are more than one there must be an odd 



number of such points, as C, D, E (Fig. 33). The student 
should show by a graph that the theorem is not necessarily 
true if either F(x) or F'{x) becomes discontinuous at a 
point in the range from a to b. 
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The thooreni is otherwise obvious, because F(.r) cannot 
either always increase or alway.s decrease as x increases 
from a to h, since F{a) = () and F(h) = 0. Hence for at least 
one value of x between a and b, F{x) must cease increasing 
and begin to decrea.se, or else* cease decreasing and begin to 
increase ; foi- that value of x, F\x) will be zero. Obviously 
a may be eitliei- less or greater than h. 

Theorem II. If f{x) and f'(x) are continuous as x 
varies from, a to h, then there is at least one value of x, 
ajj say, between a a'nd h such that 

■/(^,)’'-^(“) = r(A) or f 0>)=^f{a)-\-{h-a)f'ixf) (1) 

b — a' 

(Theorem of Mean Value). 

In Fig. 34 let A be the point {a, f{a)), B the point 

Q>, f0 ,>)) ; the gradient of 
the chord AB is 
t(b)-f(a) 
b-a ' 

and the theorem simply 
asserts that there is at 
least one point, as P, on 
the gra]')h between A 
and B such that the 
tangent at P is parallel 
to the chord AB. If the 
abscis,sa of P is a'j the 
gradient at P is / X-' ,) and the equation is e.stablished. The 
student should draw graphs to show that there may be 
more than one point such as P, and that on the other hand 
the theorem may not be true if either f{x) or f'{x) becomes 
discontinuous for a value of x between a and b. 

The theorem may however be deduced from Th. I., and 
the method of deduction is important as it leads to the 
theorem known as Taylor’s Theorem, one of the most 
far reaching in the Calculus', indeed the present theorem 
is only a special case of Taylor’s. 

Consider the quantity Q defined by the equation 

or f{h)-f{a)-(h-a)Q^0 



( 2 ) 
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Let F(x) denote the function 

formed by replacing 6 by j; in the expression 

By (2) F{b) is zero; also F{a) is zero. Hence the con- 
ditions of Th. I. hold for F{x) since F{.r), F'(.t) are 
continuous. Therefore F'(x) will be zero for at least one 
value of X, x-^ say, between a and h. But 

and therefore f(x^) — Q = 0 or 
so that the theorem is establi.slied. 

Theorem III. If f{x), f\x), f'{x) are continuous aa x 
varies from a to b, then there is at least one value of x, 
x^ say, between a avd b such that 

f{b) = f(a) + (h-a)f'{a)+ l{b~iityf' '(x.f. 

This theorem is an extension of T|i. T 
consider the quantity R defined by tlie "u,-' 

f(b)- f(a)- (b - a) f'(a)- l{b -f"(tt,.v) 

As before, take tlie function F(.v), si,, _ 


F{x)==f{x)-f{a)-(x-a)fXa , 

Here, F{a) = 0, F(b) = 0 (by (3)), and ■ 

ditions of Th. I. Now, . ' J 

F'C'‘) = ffc) - /'( a ) - > I _ 


and therefore for at least one vali.y. It i.s easy to deiluce that 
a and b jr'(^,Tcf)= f(.r^)— /'('O — 


Hence F'{x) vanishes when a: = .rj ; ® 
when x — a] the conditions of s*):/ 

F'(x) so that its derivative '^*7 ^ontimmus, ,S’ will be 

] P 1 j ^11 and h. By puttincc 0 for a 

value or .r, say, between a au' ' ^ ^ 

a and h. But the derivative ^ , ,.^'"'(61. >•) 

F"{x)=f,;, 

and therefore |- ^ show that if .<■ lies between 

F'{x,) = f{x,)-R,. tau.i>.v + V-'’- 

and we get i.^tween - tt 2 and 0 i 

f(b)—f{a) — {b — a) f' . , a i i 

1 ’Wn«n a' = 0 and when .r = 2. 


which establishes the theortof .r between 0 and 2 ? 
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The theorem has the following geometrical interpretation. 
If the tangent at A (Fig. 34) meet DB at R, then 

DR = /(a) + (h - a) f'(a ) ; DB = f(b), 
and therefore, both in sign and in magnitude, 

RB = DB- DR =h(h- af /"(.7'.,). 

Hence the deviation of the curve at B from the tangent at 
A\ that deviation being measured along the ordinate at B, 
is equal to l{h~ay^ /"(^i)- 


§ 73. Other Forms of the Theorems of Mean Value. The 

following forms may be given to Theorems II., III. 

If X be any nujnber lying between a and h, then ir — a and 
h — a are of the same .sign whether a is less or gi-eater than 
6; therefore (x — a)l{h~a) is a positive proper fraction, 
0 say, and we can write x = a-\~B{b — <i), so that any number 
between a and h is of the form a + 0(h — a) where d is a 
fraction. 

5 — « = // ; Til. II. will become 
h)=f{a)+h f'{a + Bh) (Il.a) 

jine 

■ a) + h f\a ) + fin + 0,(0 (Ill.a) 

jot necessarily the same as the 0 of 
>r di.stinction. All that is known of 
ve proper fraction ; it depends in 

gradient at R is / (.r, ) ai. i J 

student should draw gr 

more than one point such(t + 0//,) = 2(n + 0(0- 

the theorem may not be it. +ft:2 = a- + h.2{a+hh), 

discontinuous for a value c ‘ 

The theorem may howe’(<*+w' 2 (a + 0/0, 
the method of deduction iln Fig. 34 if APB is an arc of 
theorem known as Tayloiint of CD, and MP bisects the 
far reaching in the Cidculv^ 
is only a special case of Taykove forms become 
Consider the quantity Q 

— O'* /W-O+UyV + d/O (III.6) 
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If we make a zero and then put x for h we get 

/(•v)=f(0)+xf{ex) (II.c) 

f{x) = f{())+x f'(i))+ (lll.c) 

Theorem II. affords anotlier proof, thou^ >. a ■'it' bottom 
it is not different, of Tlieorem VI. § 58. 1 ^ ze x) is zero 

for every value of ^r, then /'{x^) is zer we get 

f(h) — f(a), that is, any two values /(a), /(5) of /(il^Kire equal : 
in other words f(x) is a constant. Hence if <p'(x) — F\x) is 
zei'o, the function ^{x) — F(x) is a constant. 

Ex. 1. If .r is positive, sliow that l<)g{l +.(') is less than .i but 
greater than x — l.r-. 

/(,r) = log (1 +.r) ; /(.. )= j | - , /Xr)=- - ; 

/(O) = logl=(): /(O)-], q 

By Th. I l.r, log(l +x)=f{0)-^jf{dx)^-j-^^^<x. 

By Th. lll.c, logd +.'')=/(0) + ,cf(0) + i--'y''{6'|.r) 

Ex. 2. Show that cos. r i.s gi (Viter than I - l.c'-. 

/(.r ) --- COS .r ; /'{.>■)= - sin .r ; f'(x) ('os .c ; 

/(O) = 1 ; /'(()) = 0 ; fX0,v) •= - co,s ( 

By Th. lll.c, cos.' =i — I./- cos(d,.') > 1 — i,/-, 

since cos(^,.r) is nuiiiei ieallv less than unity. It is easy to derluce that 
cos.r=l - Rc' where 0 is a ])ositivc ia' 0 ])cr fraction les.s than 1. 

E.x. 3. The student may ti\ to |)idvc bv assiiining 

fib) -/(«) - {h - ,/) fi") - A(6 - ama) - lib - ,) 

that if fix) and its first three derivatives are continuous, ,S' will be 
equal to f'ix^, where .r. lii's between n and b. By putting 0 for n 
and X for b we should get 

fix) =/(;o)+ .>;/’'(0) + b.xY'iO) + l.rf'X 0,x\ 

where dy is a positive proper fraction. 

Ex. 4. By using the tlieorem of ex. 3, show that if x lies between 
0 and 7r/2 .r >sin .r>.'r — I.'-’ ; tan.r>.r'4- l.r'f 

How would the ineciualitics be stated if .v lay between - tt 2 and t> ? 

Ex, ri. if /(.() = (.(,- 1)* - 1, fix) is zero when x — 0 and when x='2. 
Does fix) vanish foi' any value of between 0 and 2 ? 
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§ 74. Maxima and Minima. In §§ 17, 52 attention has 
been called to the turning values of a function ; a turning 
value may be ^ .ler a maximum or a minimum value of 
the function , x formal definition of such values may be 
given. 

Defini" -N. /(a) is defined to be a maximum value of 
f{x) if /( ' ) is (algebraically) greater both than f{a — h) and 
than fla + h) for every positive value of h less than a small 
but fipiie positive quantity ij. f{a) is defined to be a 
minimum value of f{x) if /(a) is (algebraically) less both 
than f(a — h) and than f(a+h) for every positive value of 
h less than tj. 

It is to be noticed that a maximum value is not 
necessarily the greatest value the function can have nor 
a minimum the least ; f{a) is a maximum if it be greater 
than any other value of /(.r) near /(«) and on either side 
of it. 

The condition for a maximum oi* a minimum value is 
easily obtained. If /(a) is a maximum value of /(x), then 
as ,r increases from a — h to a, /(.») is increasing, and 
therefore fix) is positive (,^52); on the other hand as x 
increases from a to a-)-h, f{x) is decreasing, and therefore 
f'{x) is negative. Hence as x increases through a, f{x) 
must change from a positive to a negative value. Con- 
versely, if as X increases through «, f {x) changes from a 
positive to a negative value, /(a) will be a maximum value 
oif{x). 

Hence /(a) will bo a maximum value of fix) if and only 
if fix) changes fnjiu a positive to a negative value as x 
increases through a. 

In the same Avay it will be seen that /(«) will be a 
minimum value of fix) if and only if f{x) changes from 
a negative to a positi^'e A'alue as x increases througli a. 

This condition may be called the fundamental condition 
or test. 

For ordinary cases a sinipler form may be given to the 
condition. Usually f'{x) will be continuous ; now a con- 
tinuous functioir'can only change sign by passing through 
the value zero 45, Th. II.). Therefore, if /(a) is a turning 
value of f(x), /(af will be zero. 
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Again, if f{a) is a maximum vahie of f(x),f\x) changes 
from a positive to a negative value as x increases through 
a: therefore near a, f'{x) is a decreasing function, and 
therefore its derivative, namely f'(x), must be negative 
near a. But if is not zero, tlien near a the sign of 

f"{x) is that of f Hence /"(u), if it is not zero, will be 

negative when /(«) is a maximum value of fix). In the 
same way wc see that /"{«), if it is not zero, will be 
positive when /(rt) is a minimum value of /(,'■). Con\ersclj^ 
/(a) will be a maximum or a mininiuin value of fix) 
according as/"(o) is negati\'e or positive. 

Hence the rule for determining tlu' maxima and minima 
values o^ Ji.r) when/(,r), /'(.r) are continuous: 

The 7'oots of the e<]iuitio7i _/'(x) = () are, in general, the 
values of x 7vldch nuxl.r /'(x) a ^naxdmmi or a mmimura. 
Let & he a roof of f{K) = 0 ; the^i /(a) will he o maximum 
value of f{x) iff'ia) is negative bat a ralnimum iff"(ii) is 
'positive. 

When /"((/) is zero ibis i-ule for te.sting whetlier /'(u) is a 
turning value fails; /'((/) may be zero ami yet fia) neither 
a maximum nor a minimum. When f\a) = 0 and also 
f"ia) = 0, recoui'se may la* had to the fundamental test that 
fX^) must change sign. Jt will be seen in ij 78 that, in 
general, the point on the graph o\' f{.>') for which both /'(x’) 
and are zero is a point of inflexion. 

! We leave it as an exercise to tlie student to show that 
; maxima and minima values occur alternately. Thus in 
\Fig. 88, § 72, which is the graph of F(x), the function is a 
maximum at (\ then a minimum at D, then a maximum 
at E. At F and II on that graph the function turns 
though F'ix) is not /.vro at these ]U)int.s ; however FXx) 
has opposite signs on uppo.site sides of F and H. Again 
at Q, FXx) is z('ro, yet the graph has no turning point 
there; if'(.i') has the sn am sign on oppo.site sides of G, and 
Q is a point of inflexion. 

The above eonelusion.s, when /(/) and its dciivativew are coutinuou.s 
at a, may aho be deduced fi-om the TheoK'ni of Mean Value. For if 
f{a) is a tuining value of /'(.)) the diH'eienees 

/>, + h) -fia). IK =/(« - /() -./VO- 

must have the same sign for small values of k ; the negative sign 
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when f{a) is a maximum, but the positive sign when /(a) is a 
minimum. 

Now, by ^ 73 (III«), 

i>j = hf{a) + + dh)=h{f(a) + \hf\a + Bh ) } , 

/>3= &K)=h\ - &h)\. 

When h is .a very small positive numbei' tlie signs of 7), and will, 
if /'(«) is not zei'o, be the same as the signs of /’'(o) and -f'{n) 
respec^vely {compurc ^ 45, Th. I.) ; therefore Z), and I).^ cannot nave 
same sign, and therefore f{o) cannot he a tui nirig value unless 

/'(«)=o. 

Again, if /''(«) is not zero the .sign of and oi f"{a—6'h) )s 

the same as that of /"(") ; therefore if /'(«) = 0 both />, and will be 
negative when /'"(") is negative, but positive when j"{<t) is positive. 
We thus get the same rule as l)efore. 

By Tayloi’’s Theorem (ehaptei' .wni.) O, and !>., c.in be expressed in 
a series of ascending pow'ci-s of li ; the .same line of argument as that 
just followe'd leads to the conclusion that if /'(u), /"'(o), ... all 

vani.sh, but /'"'(o) does not vani.sh, then /(o) will be a turning value 
of /(.r), provided that k (the oi-der of the first of the dcri^'atives that 
is not zero) is an even integer, but not a turning value when n is an 
odd integer : the turning value will be a maximum or a minimum 
according as i.-' negative oi' positive. It will be a good exercise 

to deduce this coiielusion by examining the signs of the derivatives 
near a ; for example, show that if ^t>d f'(o) iU'e zero but /'"(a) 
not zero, f"{.v) chanpo Kofu, and therefore /'{■>') iiot i‘h<mge sign 
as X inerea.ses through r/, but that if is zero and /“(«) not zero 

f"'{x) does, /"(><■) doe.s riot and /'(•'•) doe,s change sign as x increases 
through «. 

§ 75. Examples. 

Ex. 1. Find the turning values of 3c'~ 4,t''+ 1. 

Denote the function by /(.r) ; then 

f{.c) = 1 2.r* - 1 2.r2 ; /"{.,■) ^ SR.r'-i - 24.r. 

Now /'(.r) = 12.r"(.r - 1), and is ther efore zero if .r=0 or 1. 

/"(1) = 36 -24 — 12 = positive numhei-. 

Since f'il) is positive, /(!)=() is a minimum value of/(K). 

Again /"(0) = 0 ; in this case consider- the sign of f\x) near 0. Let 
h be a small positive uurirber ; then 

/( - 70= 12( - hf{ -/i-i)-^( + )(-)=_ 

f\ + h)=\ 2{hy(h - !)=( + )(-)=-, 

where only the sign, of each factor and vif the pioducl needs to he 
written. f{r) is therefore negative both when ,r is a little less and 
when X is a little greater than 0 ; that i.s, /(.r) decreases as x increases 
from - A to 0 and continues to decrease as x increases from 0 to h. 
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Hence f(0) is not a tui ning value of f(x) ; on the givipli of /(x) there 
is a point of inflexion where .r=0. 

We may prove other wisi-. that /'(O) is not a turning value ; for 
/"'(0)= —24, that i.s, the first of the derivatives which does not vanish 
when .r = 0 is of odd oi dei-. - ' 

As X increases fi-om — cc to 1, f'(.r) is negative, and therefon|p^i;) 
is a decreasing function ; as .r inci eases fi-om 1 to + cc , /'(•») is poBl^ve, 
and therefore f(.r} is an increasing function. Hence /(I) i^ only 
a minimum value of /(.r), hut it is also the least value /(.r) for 

any value of .r ; /(.i) is not negative for any value of .r. The studentT 
should graph the function. 


Ex. 2. (liven the total surface, 27r('‘-, of a right circular cylinder, 
find the cylinder of maximum volume. 

Denote the radius (jf the hase liy j\ and the height hy // ; then 


volume — TT.cyy ; .surface = 27r.ry-t-27r,'’- = 27r'i“. 


From the second equation .ri/ = a- — .r- ; 
hy fi-r), we get 

f{x) = TT.r . ./•// = 7r(rt' 

Therefore 


therefore denoting the volume 

V-.r'). 


fix) = 7r(o2 - 3,r2) ; f"(.r) = - fitr.*' ; 


/(c) = () if ,(■= :f (r/^/3 ; 


the negative root may he discarded as irrelevant. Kow /"(ft/v^S) is 
negative, and therefore /(nr/\/3) is a maximum ; the maximum volume 
is 27ra^/3y'3. 

The height is given hy y = (n- - .r-),'.c, and when ,r = a\/3, ^ = 2a/jS, 
so that the height of the cylimhu’ of maxiunim volume is equal to the 
diameter of its base. 

The student should observe how the given condition enables us to 
express ir.rhj as a function of the one argument .r. 


Ex. 3. If r = a cos-fi + 6sin-(f, find the maximum and minimum 
values of r, wheie a, b are positive constants. 

Examples of this type aie umst simjfly s<jlve.d without the use of 
derivatives. Thus, 

r = ia(l +C.OS 2(i)+ i?)(l — cos + b) + l{a - b) cos 20. 

Now obviously r will be a maximum oi- a minimum according as 
Ha — ?)) cos 26* is so. If a>b, the greatest and lea.st xmlues of 
l(a-^»)eos 2(9 are \{u-b) and -i(a — b), so that the greatest and 
least values of r are a and b. These values are reversed if a<b, 
since, in that case the greatest and least value.s of |(« — fj)cos261 
are --^(a — i) and },{a-b). 

In a similar way we can find the maximum and minimum values of 
.r-+y2 when .r and // are connected by the equation ax- + 2h.r^ + by^ = l. 
For put .c = r cos 0, y = rsin 6, and then .r-+y^ bec(j^ies ?•-, where 

r(a cos-fl + 2/( sin 0n>» O+bmrrOy^. 

Now r will be a maximum or minimum 'according as is a 
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niininium or Tnaximuni, and we may write, from the equation between 
r and 6, 

1 = a + 2/i sin 0 cos $ + b sin-0 
= + ~h) cos 20 + A Bin 20 

= 1 ( 0 + 0)+ /tens (-20-0'). 

where TScos 0' = i(rt- A), /?sin 0' = k, and N= + + A-|. 

The maximum and niinimimi values of 1 r- arc ^dv-cii by 

-0)' +4/(-}. 

(ieonietrically, this example is the pi'oblcm of finding the semi-axes 
of the conic whose equation is a.r- + 2/i.r// + hir-^. The values of 0 
that give the axes arc determined by 

co.s (20— 0')= ± 1 , 20= 0' or IT + 0', 0-- .j0' or i7r + i0', 

so that the two axes are at l ight angles. The value of 0' is uniquely 
determined by the two equations /feos0' = i(u -b) and /fsin 0' = A. 

The solution of problems of this kind by use of derivatives is much 
more tedious. 


Ex. 4. If /'(.r) = c sin (h./' + tp where o, b are positive, find the 
turning values of /(.c). 

/'(.'■)= - e-'"{o sin (//e + e)- heos (b.i +c)} 

- - Hr sin {b.r + r - 0), 


where co.s 0 = < q f ( si n 0 - A, ft =-•+,,'( < i- + (/-), 

It-e^"" sin (/>,!■ + r 20). 

Since r is not zero for any tinitc value of .r, the roots of /'(,r) = 0 
are those of sin(0.e + c'- 0) = O ; therefore /'(.< ) i.s zero when 
hx + c - $ = ntf -r1, +2, ...). 

Denoting by the value of .e eorre.spondiug to any a, we have 
/"(.r„) = sin (0.r„ + e- 0 - 0) = sin (ktt - 0). 

Now sin (liTT — 0)= - eo.siCTr.sin 0 ; and sin 0 and H-c are positive, 
.so that the sign of is the same as that of — eos/iTr, that is, 

of (-])"+’. 

Hence /{,<•) is a inaximum for «=0, 2, 4 .... but a minimum for 
11=1, 3, 5 ..., limiting consideration to zero and ]>ositive values of n. 


Now 


IITT — (■ + 0 


b ’ 


TT 



and sin {b.r„ + f) = c~"''< sin (inr+0), 

which may be ymt in the form 

HTTtf 

/'(.('„) = (— l)"c I' . e ^ .sin0. 

Thu« the values of .r for wliich J{.r) tuins form an arithmetic 
progression wiili common difl'ereiice tt'A; the v-aluos of x for which 
f{x) is a maximum (or a minimum) have tlic common difference 2irlh. 
If be called the amplitude of _^.r„), the amplitudes of the maxima 
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and minima values of f{a:) form a geometric progression with common 

2irCT 

I’atio f ^ . 

Since -oe the gradient of is equal to that of /(.») 

for those values of .r, for which 

— ae~“-'= -Jle~"’sin(b.i+r-^), 
that is, for which 

sin(6a; + c- 0) = a/ R = t<m ^2'*'^) ’ 
that is, for which 

ftx + c - 0-~2m7r + ^+ 0 or (2;a + l)7r-^- 0 ()ii = 0, 1, 2 ...) 
Now when 6.r + c- ^ = (2»( + !)7r — ^ sin (b.t 4- <■) = ], and therefore 
for these values of e~"-‘—f{.c). 

Therefore when hx' + c~2iinr + Tr 2 , c~''' and /(.') have the same value 
and the .same gradient, and therefore their graphs touch at the points 
whose abscissae are given by these values of /. 

The discussion of e''"’cos(6.r+c') can be reduced to that of 

e'^sin (i.r + c) by putting c' equal to c 

It 



Fig. 35 shows the graph for « = T, h=l, c = 0. The dotted line 
is the graph of e ” lu"' . 

§ 76. Elementary Methods. Certain types of problems can 
be solved very simply by elementary algebra or trigonometry. 

The discussion of the quadratic function or the quotient 
of two quadratic functions will be found in any book on 
algebra ; the turning values of ij where 

y - (ax^ + h.r+c)/(A.r- + Bx + 0) 
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are found by writing the equation in the form 

{Ay — a) pi'^'+{By — h) x+Gy — c = Q, 

and determining the values of y that make the discriminant, 
that is, 

{By — h)- — \ {Ay — a) {Gy — c) 


vanish. A little consideration distinguishes the maximum 
from the minimum if there are two values of y, and shows 
whether the solution is a maximum or a minimum when 
there is only one. 

A more general case occurs when there are more variables 
than one and these are com\ected by a relation, all the 
quantities being positive. For two variables the 5th, 8th, 
and 9th propositions of Euclid’s second book or their 
algebraic equivalents are fundamental. 


(i) 



(ii) {x + yf = ‘i>xy-\-{.r-yf : 

(iii) + + 

When the sum {x+y) of two (luautities i.s given, we see 
by (i) that their product is greatest and by (iii) that the 
sum of their scjuares is least when the two cpiantities are 
equal. When the product xy of two cpiantities is given we 
see by (ii) that their sum is least when they are eciual. 

These theorems may easily be extended. Thus let x, y, 
z, w ...he n positive (juantities and let their sum («) be 
given; then their product ... will be greatest when 

they are all equal. For let x^, y^, ... be a set of simul- 

taneous values of tho,se variables ; then if any two of thes(‘, 
say Xj^, y^, are uncipial it wdll be possible, without altering 
the sum of the n quantities, to get a greater product than 
x^y^z{U}^... by replacing both ;r, and y^ by \{Xi-\-yG and 
leaving z^, w^, . . . unaltered, liecause the product of the two 
equal quantities that is is greater than 

X-^y^ So long, therefore, as any two are unequal the pro- 
duct has not reached its greatest value. When they are all 
equal each is equal to ajn, so that 
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xyzto ... In less than 


or xyzw ... is less than 

unless x = y = z — w... = a/n. 


CiJ' 

/x-it -y + z+w . 

V V 


If we suppose 'j> of the quantities ecpial to x, q of them 
equal to y,r of them equal to z, where p + q + r = 7) then we 
may write the last inequality 


x>'ij'>z''< 


/ px + gy + 7'3 Y' + « + ' 
V p+q+r ) 


except when x — y — z, and then the inc(]uality becomes an 
equality. It is easy to see that this inequality is true even 
if p, q, r are positive fractions. 

In the same way it may he seen that when the sum of 
the quantities is given the sum of their squares will be 
least when they are all equal, and when the product of the 
quantities is given their sum will be least when they are 
all equal. 

These theorems may be again extended. For suppose 
X, y, z, w ... connected by the linear equation, 


ax-\-hy + ez-\-d'w+ ... =k, a constant. 


the quantities being all positive. Then we may put 


xyzw 


(a.r){hy){cz){dw) ... 
abed . . . 


and xyzw ...yiW\ be greatest when the numerator of the 
fraction is greatest. But if we put x for ax, y' for by ... 
we reduce the case to that in which x' -\-y' +z' +w' + ...is 
given. Hence the product is greatest when x' , y', z, w' ... 
are all equal, that is when 

ax = by= ... =kjn. 

By means of the above theorems a large number of 
the simpler problems of maxima and minima of functions 
of more than one variable may be solved. For a full dis- 
cussion of the algebraic treatment, see Chrystal’s Algebra, 
Vol. II. chap. xxiv. 
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Ex. 1. The equilateral triangle ha.s maximum area for given 
perimeter. 

In the usual notation for triangles, 

A = x/ {«(s - a)(s - &)(■''• -<■)}= J{sxyz), 


where .r=s-o, y = s-b, — c, 2s being constant. 

Now .•i'’+_y+«=3s — (rt + 6 + c) = .«. 

Hence xyz, and therefore sxyz, and therefore is greatest when 
;c—y = i, that is, when a — b—c. 

Ex. 2. From the identity 

f, , (mr: tibyY f na.r IczV ( Ihy 

+( --j +( 


max 

"6 


)’ 


deduce 


(i) o'fr^ + 4- <’%- = minimum, if l.r+my + m = const,, 

(ii) L' + ?«?/ + ;(c=maximum, if + = const., 


when ah' 1 1 = Ih/lm = ch/'n. 

These results are oi)vious. We might write A, B, C instead of 
a'^, Ifi, c®, but A, B, C must be positive. Tlie student may prove a 


similar theorem for + f/y + A'-+(f-K’' j 'p- + 

extend to anv num))er of valuables. 


:+«: 




and 


§ 77. Variation near a Turning Value. When a function 
f{x) and its first two derivatives are continuous near a we 

f{a + h)=f{a)+hf\a)A-Wf\aA-i)h), 

f"{a-\-6h) will be nearly equal to /"(«) when li is small, 
and we may write as a very approximate equation 

/( « + =f {»)+ + Wf "{<'')■ 

Hence when /(a) is a turning value, so that /'(a) = 0, we 

f(a+h)=f{a)+y>rVi). 

Thus when /(«) is a turning value the change f(a + h) ~f{a) 
as X changes from a to a+h is, approximately, proportional 
toh^; if /(a) is not a turning value the change is, approxi- 
mately, proportional to h. Near a turning value therefore 
a function changes much more sloMdy than near a value 
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for which it docH not tarn, since when h is small h‘ i.s mucli 
smaller than h. 

If therefore in a phy.sical application o!" the theory of 
maxima and minima it is not possible to make the arrange- 
ment that which corresponds to the exact solution, there 
will frequently be no great disadvantage in a slight 
departure from the theoretically^ bc,st arrangement. Thus 
when a battery of mn cells i.s joined ujr so that m rows 
of n cells each, connected in series, are joined in parallel, 
the current y is 

_ VI, nE 

^ wli + vv 

where E is the electromotive force of t>ach cell, r the 
internal resistance of each cell and li the external resist- 
ance. Since mn is constant y will be a maximum M"hen 
mR + vr Ls a minimum, that is, when hiR—nr or when 
R = nr/vi,th&t is, when the total external resistance is equal 
to the interna] resi.stance of the battery. It may not be 
possible to join up the battery so as exactly to satisfy this 
condition; but if the condition be very nearly satisfied the 
current will not fall far .short of the maximum. In any 
case the nearer the arrangement can be bi'ouglit to satisfy 
the condition the .strongCJ- will be the current. 

Again in applying the theojy of maxima and minima 
to physical problems great care is necessary in drawing 
conclusions ; an arrangement that best sati.sties one set of 
conditions may conflict with that which best satisfies 
another set of equally important conditions. Thus the 
above arrangement of cells gives the highest rate of 
working in the external part of the circuit but it is not 
the ino.st economical. The .student may with advantage 
read the remarks on pp. 85, 86 and chap. ix. of Gray’s 
Absolute Measurements in Electriciti/ and Magnetism. 
{London ; Macmillan.) The theory of maxi?na and minima 
is of great value as a guide in all such investigations, but 
has to be applied with caution and not blindly. 
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EXERCISES XVI. a. 


The cones and cylindcr.s referred to in the examples are right 
circular cones and cylinders. For the mensuration of various solid,s 
see chap. iv. 

Investigate the maxima and minima values of the Linctions in 
examples 1-12. 


1. 2a^-3.r'^- 12.v'-f2. 2. .r’ - .h.r'* -f - 1 , 3, .r‘(;r-|- 1)^. 

4. .v(a + x)‘\ii - ,vy. 5. .r/( 1 -P .r-). 6. +xyi(.r-x^). 

7. xj{a.r^+2bx + <i). 8. 1 );(.)■' -.r'-t- 1 ). 9. (a - x^). 

10. Xi{l+.r^yK 11. a + h{.i-ey. 12. rt-l-?)(.r-l-r)^. 

13. Find the maximum value of if x + ti — k, a constant, the 


quantities being all po.sitive. Hence show that 
except when a = h. 


m -t- 




14. From the ine(iuality in example 13 deduce that (1-t-l/^)* 
constantly increase.s when s is positive and increa.se.s, but decreases 
when 2 is negative and increases mimerically. Hence show that the 
limit of (l-Pl/ 2 )' for 2 — -t ao is a finitt' ntimber greato' than 2'5 but 

le.ss than 3. rPuto = l-f^, /<= I ; then « = !, /./— 1--. 1 
L »i a J 


15. If alx + hli/ — r, find the least value of ax + h//, the quantities 
being all positive. Find also the minimum value of .vi/. 

16. For what value of r is 

«!,, (.r - .r, f -f in.,{r - .r.yjr +... + )»„(■<■ - j-„)~ 
a minimum, aq, aq,...?;),, being all po.sitive. 

In the following examples the methods of Ji TG may be used; the 
quantities are understood to be all positive. 

17. The equilateral triangle ha,s minimum perimeter foi' given area. 

18. The cube is the rectangular parallelepiped of maximum volume 
for given surface and of minimum surface foi’ given volume. 

19. Find the minimum value of l>rj-+ca// + ahs if x^z=^abc. 

20. Find the maximum value of xtfz when 

and the minimum value of x^la^+^/^jb^+z'^lr- when xyz=<P. 

21. If xyz — aP‘{x+y + z), then ^ 2 -|- 2 .r-|-.-r(/ is a minimum -w'hen 
x=y = z=ay/3. 

22. The electric time-constant of a cylindric coil of wire is 
approximately u=mxyzl{ax+by-\-cz) where x is the mean radius, y the 
difference between the internal and external radii, 2 the axial 
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length, and nt, «, It, i; known constants; the volume of the >c)il is 
tusyz. Show that when the volume F is given, it, will be a maximum 
when a.T — h)/ = cz= 'iJ{<jhcVjn). 

23. If M = (a.r24-6y‘)/\/(«^-i^ + ?>y) where show that the 

minimum value of u is %j{ah)j{a 4- h). 

24. If P is a point within a triangle A B ( ' .such that A P- + BP- + Cl’" 
is a minimum, show that P is the centroid. 

25. In any triangle the maximum value of cos A cos iJ cos C is 

26. Find the greatest rectangle that can be inscribed in an ellipse 
who.se semi -axes are a, h. 

EXEECISES XVI. b. 

1. ABCD i.s a rectangle, and APQ meets BC in P and DC produced 
in Q. Find the jiosition of Al’Q when the .•'Um of the areas ABP, 
PC(^ is a minimum. 

2. Given one of the two parallel sides («) and the two non-parallel 
.sides (h) of an isoscele.s trapezium, find the length of tlic fourth side so 
that the area of the traiiczium may be a maximum 

3. From a rectangular sheet of tin, the side.s being it and It, equal 
sq-uaros are cut oft' at each corner, and a box with open top formed 
by turning up the sides. Find the side of the square so that the box 
may have maximum content. 

4. An open tank is to be const rimtcd with a square ba.se and 
vertical sides to hold a given (piantitv of water; .show that the 
expense of lining the tank with lead will be least if the depth be half 
the width. 

If the tank be cylimlrical show that the depth will be equal to the 
radius of the ba.se. If the section of the cylinder is not circular 
but if its shape is given show' th.at the curved surface will be twice 
the base. 

5. Show that the altitude of tlie cone of maximum volume that can 
be inscribed in a sphere of radius B is 4B/:i. 

Show that the cuived surface fd the cone is a maximum for the 
same value of B. 

6. A cone is circumscribed about a sphere of radius B ; show that 
when the volume of the cone is a minimum its altitude is 4B and its 
semi-vertical angle sin~'J,. 

7. Show that the altitude of the cylinder of maximum volume that 
can be inscribed in a sphere of radius B is 2BI,J‘A. 

Show that when the curved surface is a maximum the altitude 
is iJy/2. 

Show that when the whole surface is a maximum that surface is tq 
the surface of the sphere in the ratio of iy/5 -|- 1 to 4, 
a,c, M 
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8. A cylinder is inscriLed in a cone ; show that its volume is a 
maximum when its altitude is one-third that of the cone. 

Show that the curved surface is a maximum when the altitude is 
half that of the cone. Show also that the total suiface cannot have 
a maximum unless the semi-vertical angle of the cone is less than 
tan~'^. 

9. Given the total surface of a cone .show that when the volume of 
the cone is a maximum the semi-vertical angle will he sin"!?,. 

Given the volume of the cone show that the total .surface will he a 
minimum for the same value of the semi-vertical angle. 

10. PP' is a double ordinate of the ellipse whose equation is 
.r^la^+y^jh'^ — 1 and ,1 is one end of the major axis; find when the 
triangle APP' has maxiinum area. 

Find al.so when the cone formed hy the i-evolution (if the triangle 
about the major axis has maxinmni vohnne. 

11. The strength of a rectangular heam varies as the product of the 
breadth and the square of the depth; lind the lucadth and the depth 
of the strongest rectangular beam that can he cut from a cylindrical 
log, the diameter of the cros,s-section being </ inches. 

12. The stiffness of a rectangular beam varies as the product of the 
breadth and the cube of the de])th ; lind the breadth and the depth of 
the stiffest rectangular beam that can be cut from a cvlindi'ical log, 
the diameter of the cross-section being d inches. 

13. A person in a boat o miles from the nearest point .1 of the 
beach wishes to reach in the .shortest time a place h miles from A 
along the beach ; if ho can row at it miles an hour atid walk at p miles 
an hour {u<o) find how far from A he must land, t.lonsider the 
cases in which the l atio of u to v is equal to or greater than that of h 
to + !>-). 

14. As.s\iming that the brightness of a small surface A varies in- 
versely as the .square of the distance r fi-om the source of light and 
directly as the cosine of the angle between /• and the normal to the 
surface at A, find at what height above the centre of a cir cle of radius 
a an electric light should be placed so that tlie briglitness at the 
circumference should be greatest. 

15. If the intensities of two .sources .1, B of light be (P, tr' 
I’espectively find the ])oint on the line AB at which the brightness 
is least. 

16. A, B are two points on oppo.site sides of a plane L and P a 
point in the plane; a particle travels from .1 to by the path AP, 
PB its velocity along AP being constant {u) and its velocity along 
PB also constant (rr) but the two velocities being ditfeient. Show 
that when the time of travelling fi'om A to .B is a minimum the plane 
through APB is normal to L and the sines of the angles that A P, PB 
make with the noi nial to L at P rue in the ratio of u to r. 
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EXERCISES XVI. c. 

1 . Show that +.<'tan.r) will bo a inaxiriiuni when .r=cos.i'; 
verify that x ia very nearly '739. 

2 . Show that sin .?-sin 2.r is a nuixiiiunn oi' a mininimn when 
.sin .j' = ^,/(2/3) aoooi'ding as the angle -.r i.s in the first ov tlie second 
quadrant. 

3 . Show that sin.e(l +c(>s.r) is a inaximiuii when .'’ = ^. 

4. Show that the, minimum \alue fif ^ ^ is (u + /))-. 

.sin-./' oos-.r 

5. If u sec 0 + sec </)=^ r, .show that ocos (l + ?.icos</; is a minimum 
wlieii 6 o, h, r being |)ositi\c and the angles d, c/j acute. ((!om- 
])aro ox. lua.) 

6. Oiven the lengtii (o) of an arc of a circle, show that the segment 
of which « i.s the arc will be a maximum when a is the diameter of tlip 
circle. 

7 . A circular sector has a given ])orimeter : show that when the 
area is a maximum tlu' arc is double tin' radius, and that the maximum 
area is e(|ual to the sciuare on the radius. 

8. Ei'oni a given circular .slicet of metal it i.s required to cut out a 
sector BO that the remainder can he formeil into a conical \'esael of 
maximum cajjacity ; show that the angle removed must be 2( 1 - l^di)7r 
radians (06° 4'). 

9. Draw a line through tlie vertex of a given triangle such that 
tile sum of the projections upon it of the two sides which meet at that 
vertex may he a maximum. 

10. The lower corner <if a leaf, wliose wiiltli is i>, is folded over so as 
just to reach tlic inner edge of (he ])agf ; lind tlie width of the paid 
folded over when the length 4if tin* crease is a minimum. 

11 . A shi]) sails fiom a given ])laee ,1 in a gi\eii diiectioii AB at 
the same time that a la/at sails from a given place 0 ; .suppo.siiig the, 
speed of the sliij) to he v ami that of the boat r (a, r constant), find in 
what direction the boat must sail so as to meet the shi]). Discuss 
the condition that it shall he possilile to meet. The. course of the boat 
is understood to he rectilinear. 

12 . The distance between the centres of two s|)heres of radii a, b 
respectively is <■ ; find at what point /’ on the lino of centres AB the 
greate.st amount of spherieal .siii’face i.s visible. AVe. — The superficial 
area of a segment of height /> is 'iTruh, <t being the radius of the sjiheie 
(§ 85, ex. 2). 

13 . A straiglit line is drawn thiongh a fixed point (a, h), meeting 
the axis OX at P and the axis OY at (jT, the axes being rectangular 
and a, h positive ; if the angle OPQ is equal to fi, find $, 

(i) when PQ, (ii) when OP+OQ, (iii) when OP.Oi^ 
is a minimum. 
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14. A tiingeiit is drawn to an ellipse, who.se axes aie 2«, 2h, .snch 
that the part intercejited between the axes is a niiniiimiw ; show that 
its length i.s a + b. 

15. If — and sin <l>=/>isin</>' where /t i.s gi’eater than 1, and 

(/>' not greater than Tr/2, show that D ineieases as 6 increases. 

Show also that the second and thii'd derivatives of D with respect to 
</) are po.sitive. 

16. A ray of light travels in a jilane perjieiidieulai' to the edge of a 

pi'tsm of angle i ; if the angle of ineideiiee is c^i and the angle of 
eniergeneo (f/, .show that the deviation - i i-s a uiininmni when 

17. Find the maximum value of .re~* and graph the function. 

18. Find the minimum value of .r log.c and gra])h the function. 

19. For what value of .r is the ratio of log r to ,r gieate.st t 

20. Find the maximum lalue of .'-log 

21. If o, h are positiie and <x< h, find the maximum value of 


§ 78. Concavity and Convexity, Points of Inflexion. A 

curve is said to be concave 'iqnvardft at or near A when 
~ 36, a, h) at all points near A it lies above tlie tangent 

at A , a curve is said to be 
convene tijncardfs at or near 
A when (Fig. .SO, c, d) at all 
points near A it lies below 
the tangent at A. 

Let 1 / —f{x) be the equti- 
tion of the curve and let It 
be a small positive number, 
a the abscissa of A. Then 
^ as X increases from a — hto 
a+h, the gradient /'(*) in 
the cases a, b steadily increases ; as the graphic point moves 
to the right (the direction of the arrows) the tangent turns 
about its point of contact counter-clockwise, ami therefore 
the angle it make.s with the ar-axis increases. But if /'(*) is 
an increasing function its derivative must be positive; 
if f"(a) is not zero then near a f"{x) lias the same sign as 
f"{a). Hence the curve is concave upwards near A if f"{a) 
is positive (not zero). 
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In the same way we sec that the curve will bo convex 
upwards near A if f"(a) is negative (not zero). 

Again, if A be a point of inflexion (§ 23) the gradient 
either increases as x increases from a — h to (t and then 
decreases as x increases from a to Oj+h (Fig. 37, a) or 
else it decreases as x in- 
creases from a — h to u 
and then increases as x 
increases from a to n+J/ 

(Fig. 37, b). In both ca.se.s 
therefore f'(x) turns for 
the value a of x. Hence 
A will be a point of inflexion if and only if /'(a) is a 
turning value of f'{x); therefore, if f{x) and /"(*) are 
continuous, f"(a) must be zero in order that A may be a 
point of inflexion. 

Conversely, if /’'(''<■) is zero A will, in general, be a point 
of inflexion ; but, to make certain, the test that f'{a) is a 
turning value of f{x) should be applied. 

£x. 1 . /(.r) - - 4 r" 4- I ; 

/( r) == 1 - ,K-') ; rix) = 1 iisy- - -Ir) ; fX' ) = 24(3, r - 1 ) ; 
/'(.r) = (), if .,-.=0 or : /"(O)- - 24, 

Tberefdi'e /'(O), ./'(n) laaxiiuuin and niuiiiunni value, of f'(x), 
and therefore the poiuth (0, 1), (S, 1]) aie point-- of inllexion. The 
gradients at tliese point-, uie 0 and — ih/O icspevtively. 

Since /"(r)=36.r(./-- s), \vc .see that from .'■= -x to .(' = 0, j"(x) is 
positive, and therefore the grajih is concave upwards for that range 
of ; from x=0 to .) =2,3. /"(■') is negative and the graph convex 
upwards; from .r = 2/3 to .<•= oo , f"(.r) i.s jiositive and the graph 
again concav-e upvards. 



fn.. 157. 


Ex. 2. /(.r)-=3.r^ -8.r^-«.r-4-] ; 

/"(.r) = 12(3 1 '-* - 4.r - 1 ) = 3(l(..- - — ^ 


'¥■) ■■ 


/"'(.r) = 24(.S,r-2). 

There are points of iuilexioii wlier-e x=^(2±A’^). From .r= - cc to 
x=l{2-J*l), and again from j-=l(2 + ji) to .r=4-cD, the graph is 
concave upwards; from x’=J(2-^7) to .v=^(2 + v/7) it is convex 
upwards. 


Ex. 3. (y- 2)'* =-(.(• -4). 

2 / = 2+ {x - 4)=‘ ; y = 1 (.r - 4)“^^ ; - 


iit'- 
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When .!7=4, « = 2, but </' and y" are both infinite. When x — \ — h^ 
y" is positive, but when ,»'=4 + /^, y" is negative. We may conclude 
therefore that the tangent at (4, 2) is perpendicular to the .r-axis, that 
to the left of (4, 2) the curve is concave upwards, and that to the right 
of (4, 2) it is convex upwards. The point (4, 2) theiefore mu.st be 
considered a point of inflexion. 


EXERCISES XVII. 

1. Determine the points of inflexion of the graplns of the following 
functions, and state for what range of vabiea of x they are concave 
upwards or convex upwards. 

(i) .c^; (ii) (iii) .r‘; (iv) .r-" + ‘ ; (v) .r''" ; 

n being a positive integer. 

2. Find the points of inflexion on the cuz've whose equation is 
»/ = (.r^-l)-. Graph the curve. 


3. Find the points of inflexion and graph the functions 
1 .C 'C“ ^ 


(') (’i) ('i>) (iv) 

rt*+.r" cr-q-.t- c(' + .i- ((" + .)- 

4. Show that the curve whose ezpiation is y(.r- + a“) = a^(a — .r) has 
thi’ee points of inllexion vhieh lie on a straight line. 

5. Find the points of inflexion on (he curve whose equation is 
ab/=.r^(a^-a--), and trace the curve. 

6. Show that the curve whose equation is {a-.r)y- = x^ has no 
point of inflexion, and trace the curve. 

7. Find the points of inflexion for values of x between 0 and 27r 
(0 included, 27r excluded) on the graphs of 

(i) siii.r; (ii) cos.r; (iii) tanx 

8 . Show that the graphs of c-' and of log a- have no points of 
inflexion. 


9. Find the points,, of inflexion on the graphs of (i) (ii) 
Trace the graph of c~*“. 

10. Find the point of inflexion on the g)a])h of where 

a, b ai'e positive and a less than b. 

11. Find the points of inflexion on the graph of ('~“’^.sin((Ar + c). 

12. When the equation of a curve is given in the form 

=/{!), y=4>{t) 

show that the points of inflexion will be determined by the equation 

xy —yx—(y. 

Show that the curve whose equations are 

x=a(t — 'Amt), y=«(l — eos<) 

is everywhere convex upwards. (See § 68, ex. 2.) 

13. Show that no conic section can have a point of inflexion. 



CHAPTER X. 

DERIVED AND INTEGRAL CURVES. 

INTEGRAL FUNCTION. 

DERIVATIVES OF AREA AND VOLUME OF 
A SURFACE OF REVOLUTION. 

POLAR FORMULAE. INFINITESIMALS. 

§ 79. Derived Curves. It i.s of .sojue service in tracing 
the variation of a function /'(./;) to draw the graph of the 
derived function ,/''(.>■). The graph oi' /\.r) may be called 
the derived graph or curve of /(.«), while in relation to the 
graph of /'(.'■) that oi f(x) may be called the primitive curve 
or for a reason given in § 83, the integral curve of /'(a). 

It is usually most convenient to take a common axis 
of ordinates for the two curves, but to take the axis of 
abscissae of the derived cur-ve at a convenient distance 
below that of the primitive curve. Assuming the unit seg- 
ment for abscissae to be the same for both curves, but that 
for the ordinates to be the .same or different as is mo.st con- 
venient, we may call those points and ordinates of the two 
curves which have the same abscis.sa “ corresponding points 
and ordinates.” Corresponding jjoints on the two graphs 
may be denoted by unaccented and accented letters. 

The student will easily prove that in general the follow- 
ing theorems hold : — 

(i) To the turning points (T) of the primitive curve cor- 
respond points (T) at which tlie derived curve not only 
meets but crosses its axis of abscissae : and conversely. 

(ii) To the points of inflexion (/) of the primitive curve 
correspond turning points (/') of the derived curve; and 
conversely. 
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The following geometrical construction may be given for 
the graphing of the derived curve when the functions 
f{x), f'(x) are not analytically expressed. 

Let U (Fig. 38) be a point to the left of Oj on the axis 
OjX' of the derived curve, and draw Up parallel to the 
tangent PT meeting the common axis of ordinates at p. 
Draw PR and RT parallel and perpendicular respectively 
to OX ; the triangles PRT, UO-^p will be similar. Hence 


0,p _RT 
UU~ PR 



where OM —O^M' = x, MP therefore 

0xp^f\x). UOy 

Draw pP' parallel to 
UO^X' to meet M'P at 
P' ; then 

M'P'=0,p=f'(x).U0^. 

If we take the unit 
segment for the ordin- 
ates of the derived 
curve equal to UO^ we 
shall have 

M'P' = fix). 

so that P' is the point 
corresponding to P. 

Take any other point 
Q; draw Uq parallel to 
the tangent QS, and 
qQ' parallel to OjX' to 
meet the ordinate through Q at Q'. Q' will correspond to Q, 
and in the same way any number of points may be found. 

If the unit segment for the ordinates be not equal to UO^ 
the ordinates will still be proportional to f'{x). 

To the turning points B, C correspond B', (7 ; to the point 
of inflexion 1 corresponds /' which is a turning point of 
the derived curve. 

At D the derivative f'{x) is discontinuous. As a point 
moves along the primitive curve from C to D the corre- 
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spending point moves from C to /)'; as the first point, 
however, changes from CZ) to DE the corresponding point 
passes abruptly from h' to D". As x inci’eases through the 
value OL or 0-JJ ,f\x) suddenly changes from L'D' to L'D". 
LD is a maximum value of f(x), but owing to the dis- 
continuity of f'(x) the derived curve does not (as at B' or G') 
meet the cc-axis. 

In a similar way the derived curve of /'(x), that is the 
second derived curve of /(a:), may be formed, and so on. 


§ 80. Derivative of an Area. Let GPD (Fig. "9) be the 
graph of a continuous function of x, E(x ) ; 

OA = a, A a - F(a ) ; OM = MB = F(.r,). 

(i) Suppose the ordinates positive and AG to the left of 
MP. Let AG ho fixed, 

MP variable, and let 2 be 
the measure of the area 
A M PG. We may considei' 
the area as generated by 
a variable ordinate setting 
out from AG and moving 
to the right; s will be a 
function of x which is 
zero when a' = a. Let us 
find the a-deidvative of 
z, that is the .r-rate of 
change of the area. 

Let X take the increment or MN ; 2 therefore will take 
an increment §z, the area MNQP. Complete the rect- 
angles MNBP, MNQS', the area MNQP will be greater 
than MNRP but less than MNQS, therefore 

MP.Sx <8z< NQ.Sx: MP < f < NQ. 

OJO 

In the figure MP is less than NQ; it MP is greater than 
NQ the signs of inequality will need to be reversed. As Sx 
converges to zero MP remains fixed and NQ converges to 
MP. Hence 



7 ), .2 = MP = F{x ) = ordinate at M, 
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or in the notation of differentials 

dz = MP . dx = F(x) da'. 

(ii) Suppose the ordinates negative (Fig. 39a) and let s' 
be the numerical value of the area. 

In this case the rectangle MNRP is equal to — MP. Sx, 

since MP is negative, 
and we get by the same 
reasoning as before 
D^z'= -AIP= -F{x). 

It gives greater flexi- 
bility to the formulae 
to consider an area as a 
magnitude that, like a 
segment of a line, may 
be eitlier positive or 
negative. If, therefore, 
the measure of the area 
be taken as negative, 
when the ffxed oi'dinate is to the left of the variable one 
and the ordinates all negative, we may put : equal to — o', 
the measure c being now negative; hence DxZ = F{x) as in 
case (i). 

(iii) Lastly, suppu.se the ffxed ordinate to the right of 
MP, say at BD. The area BMPl) may bo c.onsidered to be 
generated by a variable ordinate setting out from BD and 
moving to the left. 

Let z' be the numerical value of the area BMPD ; then s' 
is a decreasing function of x. By the same reasoning as 
before we see that the numerical value of is F{x) for 
Fig. 39 but— F(.r) for Fig. 39a. Since o' is a decreasing 
function is algebraically negative, so that in sign and 
magnitude 

D^z = -F{x) (Fig. 39); D^z=F{x) (Fig. 89a). 

If we take the measure o of the area BMPD to be nega- 
tive for Fig. 39, positive for Fig. 39a, we shall get for both 
cases DxZ = F{x). The same formula therefore holds for all 
three cases (i), (ii), (iii). 

Examination of tlie diagrams will show the truth of the 
following rule for determining the sign of the area. 




I:»ERIVAT1VE OF AK AREA. 


187 


Let tlie boundary of the area be described in the order, 
rr-axis, variable ordinate, curve, fixed ordinate ; the sign will 
be positive or negative according as the area lies to the left 
or to the right during the description of the boundary. 

Ex. 1. If the coordinate axes are inclined at an angle w, show that 
Dx^ — F{jc) sin w. 

Ex. 2. If CE, J‘F (Figs. 3.9, 39a) are perpendicular to OY, and if w 
is the meas\ue of the area EFPC, show that 

D,jW~ — FP= — OM ; dw= — xdy, 

the sign of w being positive or negative accoiding as the area is to the 
left or to the right when it.s boundary i.s de.sci ibed in the ordei' EFPCE. 

Consider the cases in which the abscis.sa is negative, and also the 
cases in which the fixed abscissa is on the opposite side of FP from 
that in the tigui'es. 

§ 81. Interpretation of Area. The interpretation of the 
number s considered as the measure of an area will depend 
on the unit segments chosen for the abscissa and tlie 
ordinate. If the value 1 of a- repre.sents say (> inches and 
the value 1 of ij say 10 inches, then the value 1 of s will 
represent 00 sqtiare inches ; if on the graph the value 1 of x 
is half an inch and the vahio 1 of y quarter of an inch, these 
representing 0 and 10 inches respectively, an area on the 
graph of one-eighth of a .S(|uare inch will represent the 
area of 60 s(juare inches. 

The physical interpretation of the area v ill depend on the 
nature of the quantities repre.sented by abscissa and ordinate. 

Suppose that the ordinate repre.sents the speed of a 
moving point and the corresponding abscissa the time at 
which the point has that speed ; the graph is then the 
speed-curve of the motion. The speed is the time-rate of 
change of the distance, and the ordinate (which represents 
the speed) is the rate of change of the area with respect to 
the abscissa (which represents the time) ; hence the area 
AMPG will represent the distance gone in the time repre- 
sented by AM. If the value 1 of x represents 2 seconds and 
the value 1 of y a speed of 10 feet per second, then the value 
1 of s will represent a distance of 32 feet. 

If the ordinate represents a force that acts in a constant 
direction, and if the abscissa i-cpresents the distance through 
which the force has acted, the area AM PC will represent 
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the work done by the force acting through the distance 
represented by AM. If the force is not constant in direc- 
tion the result holds provided the ordinate represents the 
component of the force along the tangent to the path of its 
point of application. 

Ex. ]. If the oi'diiiate repi'csents accelcratifiii and the abscissa 
time, what does the area repi esent '! 

Ex. 2. If the ordinate repre.Hents the intensity of pre.ssure of a gas, 
and the ab.sci.ssa the volume, wliat does the area i'epre.sent ? 

§ 82 . Integral Function. The fact tliat s in § 80 is a 
function of x which has F{x), the orrlinate of the curve 
CPI), as its derivative at once suggests the problem of 
finding a function which has a given continuous function 
as its derivative. 

Now, if the derivative of /(.>•) is F{x) so is the derivative 
oif{x) + C where G is any constant; f>irt<hcr (§ 58, Th. VI.), 
every function which has F{.r) as its derivative must be of 
the form f(x) + C. Tlie problem, tlierefore, as stated above, 
is indeterminate, since its soluti(m invo]\'es a constant C 
which may have any value whatever; it becomes deter- 
minate, however, when stated in the form ; — To find a 
function of x which shall have a given continuous function 
F{x) as its derivative and which shall take a given value A 
when X has a given value (t. 

The solution is as follows Let CPU (,S 80) be the gi'aph 
of F{x), and let 2 be the measure of the area AM PC where 
0A=a. z therefore is zero when x = a, and s has F{x) as 
its derivative; the function z + A gives the solution. We 
may, if we please, consider the constant A as the measure 
of an area. 

It does not follow, liowevoi-, tluit we eaii Ihid an analytical expiession 
for « in terms of known functions ; tliiis, if AXr) = \/(l +-*^), we cannot 
find in the ordinary algebraic or transcendental functions one which 
has F(.v) as its derivative. The geonieti-ical di8cu.s,sif)n shows, however, 
that in so far as we consider functions as being adecjuately represented 
by graphs, there always exists a function which is the solution of the 
problem, and it is possible by methods of approximation to get an 
analytical expiession, for example, in the form of a series, that may be 
considered as a solution. Oi', again, it may be possible by mechanical 
methods to get an ajijn-oximate value of the area AM PC. 
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Aliy function f{x) which lias F{3:) for it.s derivative is 
called an Integral Function or simply an Integral of F{x). 
If f{x) is one integral, f(x)+C is called the General Integral, 
C being called the constant of integration. 

To hnd f{x) when F{x) is given we fall back on the 
known results of differentiation. In the Integral Calculus 
the search for integral functions is systematically carried 
out, but from the nature of the ease the process is largely 
tentati\’e. The fundamental test that f{x) should be an 
integral of F{x) is that l)jcf(.r) should be equal to F{x). 

Just as sin"CT means a function whose sine is x so we 
may for the present use the symbol F{x) or I) Fix) 
as meaning a function whose derivative is Fix), that is 
Dx'^ Fix) is (I'n integral of Fix). We will suppose that 
Fix) contains no constant of integration, so that the 
general integral is Fix) + C.* 

We may now express the area AMPC in the new notation. 
Since D~^ Fix) is an integral of Fix), the area z or AMPC 
is a function of x of the fonn 

z^D-^Fix)+a 

Now when x = a, z = 0; denote by [i*"' the value 
of the integral when x = a: therefore, 

0 = [i> - 1 C' ; 0= - [i)-i 

and s=/)-^Fix)-[D-^ Fix)]„,. 

The area ABCD is the value of :: when x = h', therefore 
area ABCP = [I)-^ F{x)],-[I)-^ Fix)]a. 

This symbol is usually contracted into 

[B-^Fix)t 

and this last symbol means “ replace x by b, then replace 
X by a and subtract the second result from tlie former.” 

In the same way the function whose derivative is Fix) 
and which is equal to A Avhen x is equal to a is denoted by 

D-^Fix)-[D--^F{x)]a + A. 

* For the ordinary notation for an integral see g 110. 
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Ex. 1. Find the area between the graph of .r2-3.r + 2, the ,r-axis, 
and the ordinates at .r=-i and .( = 1. 

F{.r) = .r2 - 3.J' + 2 ; /)-» F(.v) = + 2x, 

as may be tested by differentiation. Hence the required area is 
ar3-e.r== + 2.r]; = |i-3 = ,V 

Suppose the ordinates to be those at r=i and .r=2; then tlie 
area is 

a>^-3.r^ + 2a.]^ = 5-3=0. 

The reason for this appa) ently .strange result is that fi’oni .r=i to 
.(’=1 the oidinatcs aio po.sitive \\hile fifuii .r=) to .r = 2 they are 
negative. From .r=l to .r=2 the measure of the area is negative; 
numerically this area is equal to that for whicli the ordinates are 
positive. 

Ex. 2. The area between tlv(' i-axis and the giaph of sin.i between 
the points ,r = 0, .i' = 7r at which it cios.ses the a.vrs is 

[/>“’ sin ■r]^ = [ -cos.r]^^= -cos-n- - ( - cost)) — +1 +1 =:2. 

Ex. 3. A point moves on a .straight line .so that its velocity at 
time t is Fcostii; ft. 'sec. ; .show that (he space descrilied from time 
t = 0 till it first comes to rest is V/n ft. 

Let a? ft. be the distance de.sciibed in time t .seconds; then 

FcosMt ; x= ^ .sin «t + C'. 

n 

When t = 0, .r = 0 and therefore (7=0. The point first comes to rest 
when t has increased from 0 to 7r/2« because cos ;;/ i.s first zero wlien 
?i/ = 7r/2. Hence wo get for the distance required 


§ 83. Integral Curve. The graph of an integral function 
is called an integral curve. Since any two integral func- 
tions of F{j:) differ only by a constant C, the graph of the 
integral function j\x)-\-F may be obtained from that of 
/(.;•) by shifting the latter parallel to the y-axis tlirough 
the distance G. 

A geometrical construction may be given for gi-apliiug 
an integral curve based on tliat foi- the graphing of the 
derived curve (§ 79). 

Divide 0-^X' (Fig. 40) into equal short segments at the 
points I 3 , 2 i, Sp ... and draw the ordinates through these 
points. Let the ordinates at 2j, 4j, ... meet the graph of 
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F{x) at 2', i', ... and let 2", 4", ... be the projection.s of these 
points on OjF, 1" being the point wliere the graph cuts 0, F. 

Let us take the integral 
curve tliat passes througli 0. 

Then the tangent at 0 is 
parallel to if I". Let this 
tangent be drawn and let it 
cut the ordinate drawn from 
Ij at 1. 

The tangent at the point 
on the integral curve conr- 
sponding to 2' is parallel to 
U2". Draw 13 parallel to 
U2" cutting 2^2' at 2, ami 
the ordinate drawn from 3, 
at 3 ; 2 is the })oint corre- 
sponding to 2'. 

In the same way draw 35 
parallel to L4" cutting 4j4' 
at 4 ; 4 is the point corre- 
sponding to 4'. 

'I'he construction may be 
I’epeated and we get a scries 
of lines Ol, 13, 3,5, ... which maj' be considered as, approxi- 
mately, the tangents at 0, 2, 4 to the integral curve. 

That curve may now be di’aAvn with a free hand through 
the points 0, 2, 4.... The point 0 from which the con- 
struction begins is, of course, ai-bitrary, hut when that is 
fixed the integral curve is determinate. The position of 
the other points 2, 4... is approximate; the nature of the 
approximation and the justification of the constniction may 
be seen thus. 

Let /(.t) be the integral function ; the equatiojis of the 
tangents at the points on the graph of f{x) at which x is 
equal to a and h respectively, are 

H = (•/’ - )+f{(i)-, y = {X - h)f\b) + f{h). 

The abscissa of the point of intersection of these tangents 
is given by 

) } ^ = (« ^ ~ f(b) +/(a). 



Fir; 40. 
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Now, by the theorems of mean value, if h = a-\-h, we have 
/(6) = /(a + h) = f(a) + hf{a) + 
f{h)^fia+h) = na) + hf\x,), 

where x^, are each greater than a but less than a + h. 
Substituting these values in the equation for x and 
reducing we get 

.c — a + h— \h f"{x-^)if"{x„). 

Assuming tlie derivatives continuous, then if li is small 
/"(aJj) and/"(-.i' 2 ) "dll differ ^ery little from each other and 
from /"(«). Therefore approximately x = a-{-\h-, that is, 
the abscissa of the point of intersection of the tangents is 
very nearly that of a point half way between u and h. 

Hence, in the figure the tangent at the point on the 
integral curve corre.sponding to 2' passes through 1 ; the 
point 2, which must lie on the ordinate 2^2', is therefore got 
as the intersection of the line through 1 parallel to U2". 
Similarly foj- the other points. 

It may be noticed that if F{.i ) is of the first and, there- 
fore, f(.r) of the second degree, the construction is exact 
since /"(®) is constant 

§ 84. Graphical Integration. The area between 0,A’', OjF, 
the graph of F(x) and the ordinate AI'F' (Fig. 4-0) is equal 
to /(«) where /(.r) is that integral of F{.r) which is zero 
when x = 0. ilut the ordinate MP of the integral cui’ve is 
f{x). Hence the area OiM'P'V is ecjiial to the ordinate of 
the integral curve at the point corresponding to P'. We 
thus have a graphical method of finding the measure of an 
area and also of constructing an integral function even 
when the analytical form of the function F{x) is not 
assigned 

The integral curve can V>e drawn with considerably 
greater accuracy than the derived curv(*. It is also 
possible to trace out the integral curve corresponding to 
a given curve by means of an instrument called an Inte- 
graph. For detailed desci'iption of the Integraph the 
reader is referred to the work of M. Abdank-Abakanowicz, 
Zes Int^graphef^ ; la courbe integrate et ses applications 
(Paris : Gauthier -Villars), or to the German translation by 
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Bitterli, Die Integraphen (Leipzig : Teubner). The con- 
structions given above are taken from this work ; the notes 
of Bitterli contain several investigations on the properties 
of the integral curve and also numerous references to 
original memoirs. An article by Prof. W. F. Durand in 
the Sibley Journal of Enyineeriny, January, 1897, will 
also be found serviceable. 

§ 85 . Surfaces of Revolution. Let V bo the volume of the 
surface traced out by the revolution of the arc CP (Fig. 41 ) 
about OX ; OM = x, MP = F{x) = y. To find 

When X increases by MR or Jr, V increases by SV, the 
volume traced out by MRQP. Clearly, when Sx is small, 
(5Fis greater than the cylinder of height MR and base the 
circle of radius il/P,but loss than the cylinder of height MR 
and base the circle of I'adius RQ ; therefore 

TT JfP- . MR< S V< -TrRQf . MR : wi/P^VJ V, Sx<7rRQ\ 
Hence taking the limit for oa' = 0 

P* F= TrMP~ = Try" ; dV= Try^dx. 

Let S bo the area of the surface traced out by the arc CP, 
and let OP be s. To find DxS. 

On the tangent at P take a length 
PT equal to the arc PQ, and let L 
be the foot of the ordinate to T. 

When X increases Ijy M R or Sx, CP 
increases by the arc PQ or Ss ; we 
may assume that the area traced 
out by the arc PQ is, when Sx is 
small, greater than that trjiced out 
by the chord PQ but less than that 
traced out by the tangent PT. If 
the arc PQ lies below tlie chord PQ 
the inequalities will be reversed. 

The curved surface of the conical frustum having MP, 
RQ as the radii of its circular ends and the chord PQ for 
slant side is 7r(il/P-|-iV'Q)PQ ; the surface traced out by PT 
is similarly ^(JfP + PPlPP. Hence 

N 



Q.C. 
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The limit for & = 0 of FQ/Sx and of PTjSx isD^eS (§ 62) 
and the limit of MP + NQ and of MP+LT is 2MP; hence 

PjcS — ^ttMP = 2x2/ 


or 


dS = 2x2/ ^ 


dx = 2-wy ds. 


The volume V is that integral of x//^ which is zero when 
x = OA, and the surface S that integral of 2x2/ dsjdx, which 
is zero when x = OA. 


By §62 



Ex. 1. If the curve revolves about ///'show that 


d V=^Tr.v^di/; dS = dii — 'i.TVjds. 

dy ' 


Ex. 2. Show that the volume of a spherical cap of height A is 
7rh^(Ii-}di) and that the area of the surface of the cap is iirR/i, 
It being the radius of the sphere. 

The equation of CPQ hence 

r= 77 (//- - .r'3) ; V=7r{.rlt^- - + C 

F=0 when .v = <)A=ll-h, and therefore 


(7= - 77 (g /f’ - R/d + yd ) ; r=- x(.r.ff^’ - IP) - x (§ - Rh? + yp). 


The volume I'equired is the value of V for x = R and is therefore 
irh^R-lh). 

Again 


q/s’ 

d.v 




R 




therefore 


S='2,wRx+C-, 0=2TrRiR-h)+C. 
So that S=1vR{xJrh — R\ 
and when x—R, S = 2TrRh. 


Ex. 3. If the area of a section of a surface by a plane perpendicular 
to OX is a known function of x, F{.t), and if V is the volume 
contained between a fixed plane perpendicular' to OX and the plane 
which gives the section of area F{x), show that 

nA^=Fi.v). 
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§ 86. Infinitesimals. The student will doubtless have 
noticed that in finding derivatives a good deal of work 
would have been saved had it been possible to reject at the 
outset those parts of an expression that had zero for limit. 
Thus in § 80 &z consists of tlic rectangle MNRP and the 
curvilinear triangle PBQ, wlxich is less than the rectangle 
FMQS Sc/Sx is therefo}-c the sum of MP and of a line 
which is less than RQ. )Sinee RQ converges to zero with 
(5,r, we may, so far as the limit is concerned, throw aside 
RQ from the outset ; we should thus at once obtain MP as 
the limit of (5c/(5.r. 

Now that the student lias had so much practice in finding 
derivatives and limits generally, he will be ready to grasp 
the method which enables us to ri'ject, at any stage, a 
quantity which we can sec will not occur in the limit ; the 
method is that of Infinitesimals. 

Definition. A variable quantity whose limit is zero is 
called an infinitesimaL 

A constant, however small, is not an infinitesimal in the 
sense now defined ; an infinitesimal is a varialle quantity. 

Let a, y ... , be infinite.simals, a)i(l let (8, y ... , be such 
that when a converges to zero y ... also converge to zero : 
(8, y...are dependent on a and we can compare them 
with a and with one another. When a is taken as the 
standard of comparison a is usually called the principal 
infinitesimal. 

yS is said to be an infinitesimal of the same order as a when 



a=oa 


where is a finite number not zero. When /r is zero /3 is 
said to be an infinitesimal of a higher order than a ; when k 
is infinite ^ is said to be an infinitesimal of a lower order 
than a. 

When the limit of /3/a is infinite (8 is sometimes called an 
infinite with respect to a. 

In practice one infinitesimal is chosen as principal infini- 
tesimal and the other infinitesimals are said to be of a 
certain order, first, second, etc., the principal infinitesimal 
being either explicitly stated or sufficiently indicated by 
the context. 
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/3 is defined to be an infinitesimal of order n with respect 
to a, n, being positive but not necessarily integral, when 



where k is a finite number, not zero. 

By the definition of a limit we may write 

/3/tt“ = /o + w or = + 

where w is a variable that converges to zero with a, that is 
to is an infinitesimal. The difference ^ — kci'^ or toa" is an 
infinitesimal of a higher order than a” because the limit 
of (i)d^/a^, that is of to, is zero. 

ka”‘ is called the 'pnncipal part of ^ ; manifestly the 
ratio of an infinitesimal to its principal part has unity as 
its limit. 

If L^a™ = /,', 

a=0 

where k is finite, not zero, ^ is sometimes said to be infinite 
of order 11 with respect to a, n being positive. 

If y are infinitesimals of order m, n respectively, the 
product /3y is an infinitesimal of order m+n, and the 
quotient pjy is an infinitesimal of order m — n if m>n, 
but an infinite of order n — m if m<n. For 


^ = (/c + <o) a’" ; y = {k' + w') a”, 

L = L ( A: + co) (/c' + (o') = kk', 

a = ^ 0=0 


and in the same way the quotient theorem may be proved. 


Ex. 1. sin a, 1 — eoso, sin a(l — cos a) are of the 1st, 2nd, 3rd order 
respectively with respect to o. For 


a=0 ® 


L 

a=0 


1— cosa_, . j sintt(l— cosa) , 
“ 7,3 2 ’ „3 

d a=0 


and their principal parts are a, ia^, respectively. 


Ex. 2. If li = ^f{9a — 2a^+Zo?), fi is of order ^ and its principal 
part is Sv^a. For 

L L sA(9-2a + 3a2) = 3. 

a=0 a=0 

Ex. 3. tan a — sin a is of the 3rd order and its principal part is 
■Ja®. This follows at once from ex. 1. 



INFINITESIMALS. 


197 


§ 87. Fundamental Theorems. Tlie value of the explicit 
discussion of infinitesimals depends on the principle that so 
far as the limit of an expression is concerned we need only- 
in general attend to the principal part ; the other tenns of 
the infinitesimal being of a higher order than the principal 
part will have to that part a ratio whose limit is zero, and 
may therefore be discarded from the outset. 

If an expression contain a finite constant term A and 
infinitesimals a, y..., then so far as the limit is con- 
cerned we may, in general, at once replace -f- a -j- /S-t- y + . • . 
by A. The essential thing is to find out the order of the 
expression ; in comparison with infinitesinuds the principal 
part alone need be retained, while in comparison with finite 
quantities no infinitesimal need be retained. The order of 
an infinitesimal /3-i-y-f ... is, of course, that of its principal 
part. 

Care must, however, be cxerci.sed in applying this prin- 
ciple. Thus 1 — cos « -f sin a contains the constant term 1; 
but 1 — cos a is of the second order, sin « ol' the first. Hence 
the whole expression is an infinitesimal of the first order, its 
principal part being a. 

The following are the two fundamental theorems. 

Theokem I. The limit of the quotient of two infini- 
tesimals is not ottered hy replacing each infinitesimal 
hy another having the same princiqml part. 

Let /S, y be tw'o infinitesimals. In order that their 
quotient should have a Jin i te limit, not zero, each must be 
of the same order. We may therefore write, the order 
being n, ^ ^ ^ ^ ^ ^ 

Let /?j, yj be two other infinitesimals having the same 
principal parts as y respectively ; then 

(3i = l'a'‘ -t- «ia" ; Yi = I’a^ -f- te/a”, 


where Wj' are infinitesimals different from w, co'. 


T T ^ ^1 

a=oyi a=o/<^+<«>/ ht 



Now, 


The reasoning would clearly hold if ^ were of higher 
order than y, for the limit both of fi/y and of /3j/yi would be 
zero. If 13 were of lower order the theorem would hold in 
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the sense that the limit both of ^jy and of would be 
infinite. 


Ex. 


sina.r_ a,T_a 
a;=otan hx .x=oi>x h* 


From its great use in the differential calculus this theorem 
is often called the fundamental theorem of the differential 
calculus. 

Theorem II. The limit for n infinite of the sum of n 
infinitesimals is not altered hy replacing each infinitesimal 
by another having the same principal part, provided all 
the infinitesimals are of the same sign. 

The theorem is not necessarily true if the infinitesimals 
are not all of the same sign. 

Let = /3i + ^ 2 "b ••• yi+y 2 'b ••• "byw’ 

where has the same principal part as yj, as yg . . . . The 
principal infinitesimal, previously denoted by a, is here 1/n, 
and therefore the limit of each of the quotients /3j/yj, j^Jy^, ■ . ■ 
for a = 0 or n = ‘X> is unity. Of course the principal parts 
of I3p /^3 ••• necessarily the same. 

It is a known theorem of algebra that Avhcn the quanti- 
ties /tl], yi , ^ 2 > y 2 ••• > same sign the fraction 

UnjVn lies in value betw'een the greatest and the least of 
the fractions &Jyi, /Sj/yo — Hence, for every value of n 
the fraction ujc,, lies between two fractions, each of which 
has the same limit, unitv. Therefore, 

L -" = 1, 

n=icr) '^11 

and therefore if v„ converges to a limit, «„ will converge to 
the same limit, that is 

L u„= L 


Ex. Let fip = if{ii+pf, y,, = nl{n+p){n+p + \) ■, tin'll til 
l^plyp ?! = oo is unity foi every integial value of p. B>it 
jp = w/(m +p)- nl{n +p + 1 ) ; 


cneii tne limit ot 


/t-J- 3 / 




H ll 

}i li H 


— ( \-l( 

\h+ 1 /i + 2/^\/i + 2 
__ ii . 

n-\-\ + 

T T r ^ 1 X ,11 

^ ~ + 1)^ (/i + 2)2 + ny-f ^ ^ ^ ^ 


.) 
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From its use in integration this theorem is often called 
the fundamental theorem of the integral calculus. 

Ex. 1. When dx ia the principal infinitesimal, then (§ 60) the 
principal part of hf{x') is df{x) = f{x)dx, and that of S/'(.() is df(j^ = 
f"{x)dr. If f(x) — tiin4> then the principal part of 8 tkndi ia 


principal part oi onx) is ajyx)=j {x)dx, and that ot o/ (.r) is df{x) = 
f"{x)dr. If f(x) — tiin4> then the principal part of 8 tkndi ia 
dta,n(f>—f"(x) dx. 

Ex. 2. Let PQ ho the f^raph of /{.>:} ; PT, T(^> the tangents at P, Q. 
OM=a, MN==PR=K Ll{PS=<i^, _:V7V=S</., -TPQ=a, LTQP^fi. 

Let h or PR be the principal infinitesimal. 

RS., PS, PQ are of tlie fii'st order. 

Let /"(.») be finite, not zero, from y 
x=a to :c=a-\-h', then by Th. 111., I' 

sq^Wf\x,)-, L^§=i/-». 

Hence SQ is of the second order. ' 

8<\> ia of the lir.st order and it.s R 

principal part is h i:os-<t>f"(«) ; for 

d tan ia equal to see^<^ di^ and q 

also (ex. 1) to /if "(a), so that 

Again, a and j3 are of the lirat older. For sin/’<S’A=cos</>, and 


sin a sin a .sinyWi’ SQ con d> ^ .sin a , „ , , 

-A^siaiwr -A -^PQ- /r’^-A 

sin a, and therefoi e n, is thus of the first order ; the principal part 
of a is cos^4)f'(a), that is, Aalf t/ie principal part of 8(f>. Since 
/I = 80 — a its princijial part is eipial to that of a, that is, to half 
that of S4>- 

. . .. , sin /I _,'rQ . PT^ . 

Again, ^^Hin8</> “ ^" PQ' ^‘TQ ’ 

so that PT, TQ are of first older. Al.so 

PT^ 7V - PQ= l'T{^ - oos a) + 7'V(1 - cos fi) ; 
so that the difference between PTpTQ and PQ is of the third order, 
since 7*7' and TQ are of the first and (1 — cosa) and (1 -cosj8) of the 
.second. Hence the difference between PT+TQ and the arc PQ is at 
least of the thiid older since the aic Ptf is greater than PQ. 

The fact that the limit of PTIPQ is 1/2 is .sometimes expressed in 
the words “ /’T is uUimatelii cipial to \PQ" or ‘‘7^7’ i.s in the limit 
equal to \PQ.” Similarly it is said that ■‘the triangle PTQ is 
idtimateh/ isosceles.” This phraseology, though occasionally con- 
venient, is apt to lead beginnens astray. 

If /”(«)= 0, SQ is of a highei- order than the second, and 8<j!>, a, fi 
are also of higher order than the first, and PT+TQ-PQ of higher 
than the thircl. 
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Ex. 3. In Fig. 24, § 39, if MA be principal infinitesimal, prove 

(i) AT^ arc AN oi fii-st order. 

(ii) MN, NT, MT of second order. 

Draw MG perpendicular ta AT ■, then prove 

(iii) MC of second order. 

(iv) CT of third oi'dcT'. 

Ex. i. Show that (Fig. 42) if aie !’(,) = Ss 

5(|) = 0OS 

§88. Polar Formulae. Let A PQ (Fig. 43) be a curve whose 
poiar equation i.sr= /’(f)); let L XOP = B, lPOQ = 80‘, 0P = r, 
0Q — r\-8r. Draw Qli perpendicular to OP. 



"We will consider the arc PQ positive when tlie angle 
POQ is described by a positive rotation of the radius 
vector 0P -, the tangent PT is to be drawn towards the 
positive direction of PQ and by the angle, yjr say, between 
the tangent PT and the radius OP is meant the angle RPT 
between the outward drawn radius OP and the tangent PT. 
(i) To find tan i/r, 


tan RPQ = 


RQ _ (r + Sr) sin SO 
PR (r + Sr) cos SO — r 


rsin 60 + Sr sin SO 
Sr cos <50 — r ( i — cos SO) 
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If SO be principal infinitesimal, Sr is of first order since 
dr/dO is in general finite ; therefore Sr sin SO and (1 — cos SO) 
are of second order. We may, therefore, omit the quantities 
of the second order and put SO for sin SO and 1 for cos SO. 
Hence 

tan dr =. L tan JiPQ = L rf = r~- 

Sr dr 


(ii) To find the derivative of the arc. 

Let AP = s, arc PQ = Ss; then retaining only infinitesi- 
mals of the lowest order and remembering that PQ and 
arc PQ are of the same order we get 


or 

and 


M)-h r 

ds = dr -f r^dO '^ } , 

sin = rdOjdi^, cos \jr = dr/ds. 


h 

do 


(iii) To find the derivative of tlie area. 

Let sector d.OZ^ = c, sector P0Q = Sz: then Sz is inter- 
mediate to the circular .sectors of angle SO a}iil I'adii i)P, 
OQ respectively. Hence SzjSO lies between ir- ami h(r-\-Sry. 
and therefoi'e 

= <h=},ry0. 


(iv) Polar subtangent and Polar subnormal. 

If PM, PN are the tangent and the normal at P and 
through 0 a line, MON is drawn perpendicular to OP, 
meeting PM at M and I’N at N, OM is called the polar 
subtangent and ON the polar subnoj-inal. PM and PN &v(i 
sometimes called the ])olar tangent and the polar normal 
respectively. 

The lengths of these lines can be easily expressed when 
required in terms of r and xfr. 


EXERCISES XVIII. 

1. The equation r — ad represents the curve called the Spiral of 
Archimedes. Prove tan ylr — $ and show that the subnormal is con- 
stant. Sketch the curve. 
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2. The equation ?'=a/6i represents the Reciprocal Spiral. Show 
that the subtangent is constant. 

Prove that the perpendicular from the point (r, 6) on the initial 
line OX is equal to a sin OjB, and then show that the curve has an 
asymptote parallel to OX and at a distance a from OX. 

3. The Lituus is the curve given by r^0=a'^. Show, as in ex. 2, that 
OX is an asymptote and sketch the cui ve. 

4. Show that i/r is constant for the curve given by r=ae®“t“ From 
thi.s property the curve is called the Equiangular Spiral. Sketch the 
curve. 


5. The curve given by r=a(l -cofiff) is called the Cardioid. Show 
that \lr — 0l2 and sketch the curve. 

6. If r=2rt/(l — cos 6), .show that ^p-=Tr- 6/2. What is the curve ? 


dr 


If r^a/e, J = 


a 

r 


d.^ 

If r co.sec a. 


If /■^ = (dco»26, 


cf.s- 

d6 


u'^ 
r ' 


8. If, in the figure of S Bft, PC is drawn ])erpcndicular to OP and 
QC perpendicular to OQ. prove that the limit of PC as 56* converges to 
zero is drjdB. If 8; is the area of the sector CPQ, show that d^/dd is 
equal to h{dr/d6y\ 

9. Find the area bounded by the curve and tlie radii whose vectorial 
angles are 6.> for the curves of e.xamplea l-,5. 

10. The curve given by r^=a‘‘c:os26 is called a Tjcrnniscate ; show 
that it consists of two loojw of e(iual aiea and find the area of one 
loop. 

11. APQ (Fig. 4.3) is the path of a moving jaiint P. If u, v and a, /3 
are the components of the velocity and of the acceleiation of P along 
and perpendicular to the ladius vector OP, show that 

it—r, c=?'6t; 

a = r-r6'^ r6+2i-6^- ’UrH)). 

r dC ’ 

To prove these, note that (the limits being taken for S(=0) 
j (r + 5/') cos 86 -r T A- Sr) nin 86 

and if are the values of u, v at Q, 

n. cofi 86 86 -u o j M, sin 80+?', cos 8^ — v 
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12 . If in example 11 the acceleration is always towards 0, show 
that the radius vector sweeps out equal areas in equal times. 

For 13 = 0, and therefore 7^0 =%i (§ 88) = constant. 

13 . If in Fig. 24 the tangent at N meets the tangents AT, BT bX 
P, Q, show that the tiiangles PQT, ABT arc each of the third order 
when MA is of the first, and that the limit of their ratio is 1 /4. 

14. If in Fig. 42 the ordinate at 7’ is LT, show tliat the limit 
of MLjMN is 1/2. Show also that the principal part of the triangle 
PTQ is lh?f"{a). 

15. A circle is drawn touching PT at P, and passing through Q 

(Fig. 42) ; if p is the limit of the radius when Q converges to P, show 
that ., 

p = iL(F<?/,sin a)=rf.V# = { 1 +(/(^0n^//'(a). 

If SQ is produced to meet the circle at Q', show that the limit of 
SQ' is 2 sec^ </>//"(«). 

16 . A circle is described about the triangle PTQ (Fig. 42) ; if p, is 
the limit of the radius when Q converges to P, show that p, =^p(ex. 16). 

17 . ir is any point on the arc PQ (Fig. 42), and a circle is described 
about the triangle PM'Q ; .show that when IF and Q converge to P 
the radius of the circle converges to p (e.\. 1.6). Show that the result 
is true if IF and Q are on opposite sides of P, and IF and Q both 
converge to 



CHAPTER XL 

PARTIAL DIFFERENTIATION. 

§ 89 . Partial Differentiation. In the following chapter we 
will discuss very briefly functions of two or more inde- 
pendent variables ; a thorough treatment of such functions 
is difficult, and we will restrict the discussion to the simpler 
properties of continuous functions. 

Definition. A function f{x, y') of two independent vari- 
ables X, y is defined to be continuous for the values a, h of 
X, y if the limit for /< =0 and /c = 0 of 

f{a-\-h, h + Jc)—f{a, h) 

is zero, in whatever way h and k tend to zero. 

A similar definition holds for a function of more than 
two variables. 

Let w be a function of x and y, say u = ax^-\-^hxy + cy^. 
Since x and y are independent x may vary and y remain 
constant ; the j;-derivative of u when x varies and y does 
not vary is called the partial x-derivative of u, or, the 
partial differential coefficient of u with respect to x. In 
the same way the partial ^/-derivative of u is the deriva- 
tive of u with respect to y on the supposition that x does 
not vary. 

When t( is a function of x alone its cc-derivative is 
denoted by DxU or dujdx ; the same notation is often used 
for the partial ^-derivative of u, and the reader must 
infer from the' context whether the derivative is partial 
or not. It has become customary, however, to represent 
partial derivatives by the notation 

'dn . fdvi\ fdu\ 

or sometimes ( ^ l> I j- )> 
ox oy \ax/ \dy/ 
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the form d instead of d, or the bracket, indicating that the 
derivative is partial. 

Notations analogous to f'(x),fx(x) are also in use. Thus 
fx(x, y), fy(x, y), f^{x, y), fy{x, y), u^, Uy, 
denote partial derivative.s of tlie functions f(x, y) and u. 

There is no notation, liowever, that is in itself quite free 
from ambiguity; the reader must usually infer from the 
context whether a derivative is partial or not. 

The formal definition of ?)ufdx, 'duj'dy where u=f{x, y) 
is, therefore, 3„ ^ f(x, 

'^= I y) 

^2/ ay=o 4 

Ex. 1. If M = a.v^ + 'ihxy + qf. 

'dul'dx=‘2.ax-\-'2,hif, 'dufdy=2h.v + 2c>/. 

Ex. 2. If M=sin(ax4-6?/ + c'). 

duldx=a coii{</x+by+c) ; 'dul'di/ =hco^{«.r by c). 


§ 89a. Coordinate Geometry of Three Dimensions. A knowledge 
of coordinate geometiy of three dimensions will gi'eatly assist the 
reader in obtaining a clear conception of partial derivatives ; we will 
therefore give in this article a few fundamental theorems regarding 
the representaticin of points, lines, and surfaces by means of three 
coordinates. In many cases the extension from two to three co- 
ordinates is extremely simple. 

(i) Coordinate Planes 
and Axes. Coordinates 
of a Point. Through a 
point 0 let three planes 
TOZ, ZOX, XOY be 
drawn, the angle be- 
tween each pair of planes 
being 90°, and suppose 
the planes to be pro- 
duced indefinitely, their 
intersections being the 
lines A'OZ, T0Y,Z'0Z-. 
these lines will be mutu- 
ally at right angles. W e 
will suppose Y'OY and 
Z'OZ to lie in the plane 
of the paper ana the 

portion OX to be drawn upwards towards the reader (Fig. 44). 
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From any point P draw PN perpendicular to the plane XOT and 
NM perpendicular to the line X'OX ; complete the parallelepiped. 
The position of P will be determined by the segments OM or M'P, 
01! or LP, OX or NP. 

The three planes YOZ^ ZOX^ .VO F ai'e called the coordinate planes, 
the three lines X'OX, Y'OY, Z’OZ the eoordimitc n.res and the three 
segments OM, Oil, ON' the coordinates of P ; O is the origin of 
coordinates. 

The positive direction.^ of the axes and therefore of the .segments 
or coordinates aie fr om 0 to X, from <) to Y, from 0 to Z respectively, 
P may be denoted the point {.r, y, ;) where 

x=0M=LN=^M'P\ y = dL' = MN^LP-, z=0N' = L'M' = NP. 

The coordinate plane.s divide .space into eight portions {octants) and 
there will be eight arrangements of the signs +, - coriesponding to 
the octant in which the point is situated. Tims when the signs are 
( + , +, +) P lies in the space bounded by YOZ, ZOX, XOY ; whe7i 
they are (-, +) P lies in that bounded by Y'OZ, ZOX', X'OY', 

and 90 on. 

(ii) Distance between two Points. The geometry of Fig. 44 shows 
that 0P'^=0M'^ + MN"+NP'-; 0P^-^l(.f:'^+7/+g^) (1) 

If Pi is the point (.i'l, y^, r,) and Po the point {.r.^, y.^, z.^ draw 
through Pi, P.^ planes parallel to the cooidinate planes (Fig. 45) 
forming the parallelepiped PiXj.J’jZ.Pj ; then 

PyX.i=x.^-Xi, Pil2=.yi''.'/i' PiZ.^—z..- 

and PJ>, = - .r,)2 +(3/2 H-s-nTt (1') 



Fia. 45. 

If we suppose the point P in Fig. 44 to vary its position, but always 
to remain at the same distance, a say, from 0, it will lie upon a 
sphere ; the coordinates of P will by (1) always satisfy the equation 
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which is therefore called the equation of the uphero. Similarly we see 
from (!') that the equation of the sphere with centre i/j, Zj) and 

radius a is (2) 

(iii) Direction Cosines of a Line. Let OP (I'ig. 44) he any line 
through 0 ; on the line take one dire<-tion, .say, the direction from 
0 to P as positive. The position of the line will he definitely fixed 
when the angle.s that the jmsifire fJ/rcrtion of the line make,s with the 
positive direction.s of the eofudinate axe.s are known. These angles, 
namely XOP, YOP, ZOP^ are called tlic dirertion angles of the 
line, and the cosines of the.se angles are called the direction cosines 
of the line. Each of these angle.s may be taken as lying between 
0° and 180° inclusive. 

Thu.s the direction angle.s of GA'are (0°, 90°, 90°), of OX' p80°, 9t/°, 
90°), and the direction cosines are (1, 0, 0), (-1,0, 0) respecti^'ely. 

If a, p, y ar'e the direetion angles of OP, then 

cosa = 0i//0/', co^p = OL'i0P, cOHy = 0 A 70 P, 


and 


cos- a+ cos- P + cos-’ y = 


OJD + OL’^+OX’^ 
OP'^ 


= ]. 


If we write I, m, n in jAnce of cos a, cos p, cos y, we .see that the 
direction cosines (I, m, n) of a line are connected by the identical 
relation P+w2+«2=l (3) 

Wlien the line does not pass through the origin, draw' a line 
through 0 ])arallel to the airection on the line that is taken as 
positive ; the direction cosines of the line so drawn are those of 
the given line. 

If the distance between Pj and P.j is r, r being considered positive, 
the direction cosines of the segment PjP^ are 

{x.^-Xi)lr, (^2 -y,)/r, (Z 2 - z,)/r, | 

and those of the segment P 2 A ’’■re t (3') 

(Xi-x^yr, {y^-y..)lr, (sj-z.)^- ] 

(iv) Cosine of the Angle between tiro 
Lines. Let (fj, m,, «,), (f. 2 , n.f be 
the direction cosines of the lines, and 
draw OP, OQ (Fig. 46) parallel to the 
positive direction of the lines. Let 
OQ be the projection of OP on OQ, 
and let PN be perpendicular to the 
plane XO Y and XM perpendicular to 
OX. Then 

0M=lj0P, MX=mj0P, 

NP-=nf)P, OQ = OP cos 9, 
where 6 is the angle between the lines 
OP, OQ. 

By the fundamental principles of 
projection, the projection of OF on 
OQ is equal to the sum of the projections of OM, MN, NP on OQ 
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But the projection of OM on <)Q is l^OM, of MN is m,,MN, and of NP 
is n^NP, since is the cosine of the angle between dl/ and etc. 


Hence OP wn 6 - l/)M+ ni,MN+ n,NP 

— IJ^OP+m ..nil OP+n.^niOP, 

and therefore cos 6=lJ.^+7nim.^ + nfii.^ (4) 

Since sin^0=l — cos'^0 and + = + + 

we have (iin'^6—-(fi^ + 7n^^+7i^‘){J2^+7n./ + ri.f) + 

= (nijfi., - wi^w,)- + {nJ-> - + (/!p »2 - (5) 


The condition that two line.s should be at liglit angles is, from (4), 


I 7111111.^-^01^11.^ = 0 (4') 

(v) E<^omti<y>u of a Straojht Linv. Let the point Pj (r,, z,) be a 

fixed point on the line and let P, 4.'>) be «/»/ other point (.r, y, z) 
on the line. Let Pj^P.^=r and let (f, w, n) be the direction cosines of 
PjPj; then 

P]A'2=.r-.r, = L- ; ?/-?/, = »/)/•; i-£j=?ir, 

and therefore 

.’ij~ “ .’/i _5 jz£i (6) 

I m 01 " ' ' 


Equations (6) express the relations that hold between the co- 
ordinates of (till/ 21011 ^ on the line and those of the fixed point, and are 
therefore called the equations of the line. Had a jioint P^ been taken 
on the opposite side of /’j from that on which lies the direction 
cosines of P,P| would have been (~l, -on, -n) but the resulting 
equations woulcl have been the same. Jf ;• >)e the absolute distance 
between the l aiiable point (.r, y, z) and the fixed jioint (a'j, y,, Sj) we 

(.r-.r,)/f=...= +r (6') 

the -b or - sign being taken according .as the variable point lies to 
the positive or to the negative side of the fixed point. 

(vi) Equation of a Plane. The e(( nation .} =a is clearly true for 
every point on a plane parallel to the plane YOZ and distant a from 
that plane; in other words x=a is the equation of a plane parallel to 
the plane YOZ. Similarly y=h, z=c are the e(piation8 of planes 
parallel to the other two coordinate planes. The equations of the 
coordinate planes themselves are x=0, y=0, z=0 respectively. 

The equation y=ax + b when considered ooith reference solely to the 
coordinate plane XOY represents a straight line, AB say. If through 
AB a, plane is drawn parallel to Z'OZ the coordinates of every point in 
that plane will still satisfy the equation y=ax-\-b. When considered 
with reference to space therefore the equation represents a plane 
parallel to the axis of the omitted coordinate. Similarly «=a.r+b, 
z=ay+h represent planes parallel to OY, OX respectively. 

Let a plane meet the coordinate axes at A, 71, C* (Eig. 47) ; let OL 
be the pei’pendicular from 0 on the plane, {I, m, oi) the direction cosines 
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of OL. Take P {x, y, z) any point on the plane and draw the 
coordinates OM^MN, NP. 

The projection of OP on OL is OL itself whicdi may he denoted by 
p ; also the projection of O/' is equal 
to the sum of the pi'ojectiojis of OM, 

MN, NP on OX which aie lOM. mMN 
?iA^I’ respectively. Hence 

lx + my + )u=2} (1 ) 

so that the equation of a plane is of 
the first degree in the coorclinates. 

If D= J {(P + h^ + c^) the equation 

+ + cs=rf (7') 

may be written in the form 
l.r + my + nz=p 

by putting ?, m, n, p for ajD, h />, <‘ID, 
dlD respectively, the sign of the root being cho.sen the same as that 
of d so that p or dID may be jxesitis’e. The cpiantities o/X, hjD, cjD 
are direction cosines since the .sum of their aejuares is unity which is 
the condition required by (3) for direction co-sines. These ([uantities 
are the direction cosines of the normal to the plane. 

The direction co.sine.s of tlie normal to the plane x = 0 are (1, 0, 0); 
of the normal to the plane y—ax+b, that is, -ax+y-=h are 
( — <i/y'(a^+ 1), 1), 0), and so on. 

(vii) Equation of a Surf nr. Equations of a Curve. In genei'al an 
equation of the form y) or F{.v, y, :) — {.) repi'csents a surface. 

Thus by (ii) the ecjuation j--+y^+i--d^=0 represents a sphere of 
radius a. 

Again, when the coordinates of a point satisfy tiro equations 
E(x, y, 5)=0, f{.x\ y, :) = 0, the point must lie o/i earh of the surfaces 
represented by these ecpiations, that is, the two equations, considered 
as simultaneous, are the equations of the ntree of intersection of the 
surfaces. Thus the two equations 

3x + 2y+z~l, 2x+3y ~z-—2 

represent planes ; the two, taken as simultaneous equations, represent 
their curve of intersection, that is, aie the equations of a certain 
straight line. Oi', again, equations (6) may be written 

m , . m, . 

which are the equations of two planes ; the intersection of the plapesi 
is the straight line give7i by (6). 

The two equations .i;=l, a^+tp+z^ = 9 

represent a circle which is the cui've in which a plane intersects a 
sphere. 
fl.C, 



0 
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(viii) Polar Comrh'nates. Tii Fi". 44, let OP = r, lZOP= 6, lXON=4‘', 
then r, 9, rji called the polar coordinate.^ of The I’elations 
between the rectangular coordinates (.r, //, ;) and the polar coordinates 
(r, 9, </)) of the .same point P aj'e easily seen to be 

,r = r sin 9 co,s </>, y = r sin 6 sin (/>, z = r cos 9. 

(ix) Cylindrical coordinates. In Fig. 44, let ON=p, lX 0N=<^, 
NP=z ; then p, <f>, z are called the cylindrical coordinate, s of P. 

Evidently p=r ain 9 ; .r=p cos <j>, y =p sin tji. 

p, (ji are the plane polar coordinates of X, the projection of P on the 
plane XOY \ r, 9, ai'e .sometimes called spherical polar cooi'dinates. 

Ex. 1. Find the ecpiation of the plane through the thiee points 
(1, 0, 0), (0, 2, 0), (0, 0, 3). 

Let the e(iuatioJi be ax-{-hy-\-rz~d ; the coordinates of each point 
must satisfy the equation. Hence, to find o, l\ c, d, wc have 
a=d; ih=d-, ‘ic—d, 
that i.s, a/^=l, hid -I, c/d=l; 

and the required equation is 

.r Fy,2+j/3 = l. 

It will be noticed that only the ratios of a, b, c, d are required ; the 
equation of the plane thus contains only three independent constants 
just as that of the straight line in Plane (leometry contains only two. 

Ex, 2. The eijuation of the plane through (o, 0, 0), (0, b, 0), 
(0, 0, c), is .r/a +y'h+:,c-\ ; 

a, b, c are the intercepts made by the plane on the coordinate axes. 

Ex. 3. The equation of the plane througli the tlu'ee points (2, 0, 3), 
(-1, 5, 2), (3, -4, -2) is 

29a-+ J6y-7::=37. 

Ex. 4. The equations of the line through (.Cj, _y,, y,^, z,,) are 

. By § 89a (v), the equations of the line thrfmgh (.Cj, y^, z^) in the 
direction {I, m, n) are 

{x - x\)ll = (y - y^)/m = (s - Zi)l?i . 

Since (a\, y.^, s.i) lies on the line, the I'atios I : m ; n are determined by 
(.r^ - x,)/f = (^2 -yi)lm = {z., ~ 
from which the required equations follow. 

Ex. 6. The direction cosines of the line through the points 
(3, -4, -2), ( - 1, 5, 2) are ^ TTTs/’ Positive direc- 

tion of the line being from the first to the second of the point.s, 
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Ex. 6. The cosine of the (acute) aiijOfle hetwoeii the planes 
3./' + '/ - 2: = ] , ±v - 3// + : = 1 

is 1/14. 

Ex. 7. If SO is the small anjfic between the lines whose direction 
cosines are I, in, n and l + Sl, in-^Sin, n-^-Sn, .show that, apju'oximately, 

( 80)- = ( of )- + ( 8/a )“ + ( o/i )'. 

Both sets of cosines satisfy (iii) (3), and theiefore 

(f-(-8f)--(-(///4-o/a)“ + (a + 8;/)- -1 -~=I- + m^ + ii\ 
and 2(f8/ + //?8?// + //8//)= - {(8/)- + (8/)()- + (S)/)-}. 

Again 2sin-(160)— 1 -eo.so0=- -(/8f-f a/owi + z/S//), 

and the lesnlt follows at onee. 

§ 90. Total Derivatives. Complete Differentials. Let 
?< =/’(.r, //) jiikI let w and // )>e functions of a third v'ariable t. 
To prove 

(hi _da J.r ?ui (Ifi , s 

Jt ' >.r </f 0)1 (It 

Wlicn t takes tlie increment of let .r. //, ?( take the incre- 
ments S.c, d)j, Oil respectively ; then 

Su,= f{.r + iu\ }i + o)/)- f(.r, )/), 

and this equation may bo written 

Su = [fix + o.(', + y + (^)/)] 

+Lfh''> '//+«.'/)“ .v^] (1) 

By the mean value theorem 72 
/{x + Sx, y + Sy)-f{x, i/ + o//)=/r(.t' + M'''’ // + 'l'/) <5.r...(2) 
f{x, y + (^y)-f{x, //)=/,, (.r, y + ejy) Sy (3) 

where 0^, 0„ are proper frtictions. The coefficient of Sx in 
(2) is the x'-derivati\’e of y + Sy) taken on the supposi- 
tion that y + S)! does not vary and with r, replaced by 
a’-f the coefficient of f5// in (3) is the i/-d(‘rivative of 
f(x, y) taken on the supposition that x docs not ^'ary and 
with y i-eplaced by y + Q.J^y. Hence 

^=/,(x + a,Sx, y+d'y/^'^+M-K y + 92^,v)% 
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Now, 


^ Su_du ^ Sx_dx y Sy dy 

di=o6t dt dt st-o^ 

L f:,{x + diSx, y + Sy)=f^{x, y)\ 
£(=0 

L j\j{x, y + e^Sy) =f,/{x, y ) ; 

«(=0 


since Sx, Sy converge to zero with St, and the functions are 
all supposed to be continuous. Writing ?)uldx, 'duj'dy in 
place of fx(x, y),fy(x, y) we get equation (a). 

In the same way if u= f(x, y, 2) and x, y, z are all func- 
tions of a variable t we get 


du _du dx du dy 'du dz 
dt~'dx dt dy dt dz dt 


(B) 


and so on for any number of variables. 

In (a) we may suppose t to be the variable a? ; y is then 
a function of x, and u is really a function of the one vari- 
able X. Equation (a) becomes in that case 

du_du du dy 
dx dx^'dy dx 

and in the same way, from (b) 


^ Z21 zm ^ : 

dx dx^dy dx^dz dx 


dyu , du dy , du dz 

• ■■‘TT" “r^ "■ 7 " \“ / 


In these equations dujdx and du/dx have quite different 
meanings. The flerivative dujdx is formed on the supposi- 
tion that an explicitly named variable x alone varies ; on 
the other hand dujdx is the limit of Sy^JSx^ where Su is the >■ 
change in u, due (i) to the change Sx in the explicitly named 
variable x, and (ii) to the changes Sy, Sz, which are them- 
selves due to the change Sx. 

dujdx, dujdt are called total derivatives with respect to 
X and t respectively. - ' 


Ex. If u=x‘^+y\ then 

dujdx =2x-, duldy=2y. 

But if y is a function of x, say y=ax+b, then 

dit 

= 2 ar-l- 2 a:(aa;-h&) 5 
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or we may use (J ') ; then 

dx "bx 'dy dx ^ ' 

since dyjdx—a, and we get the siime result as before. 


If X, y are independent, and if 8u be the change in u, due 
to the independent changes Sx, 8y, equation (1) may be 
written 


Su = fj,{x + e^Sx, y + Sy) Sx+fy(x, y + Q^Sy) Sy 

= [/:r(^. y) + wj Sx+[fy(x, y) + Wg] dy 

where converge to zero witJi and <5y. Hence if we 
take &, ^y as independent principal infinitesimals and write 
dx, dy in place of Sx, Sy the products w-^dx, w^dy will be 
of order higher than the first and the principal part du of 
Su will be given by 

^ du 
dx 

Similarly for three (or more) independent variables 


dx + ~dy. 
dy 


.(c) 


(D) 

du is called a total differential or a complete differential 
, du I du I du y 

are called partial differentials. These partial differentials 
are sometimes written d^ic, dyU, d^u. 

If X, y, z are not independent but functions of t then, 
•Vsince dx~{dxldt)dt , we shoidd get equations of the 
same form as (c), (d) by multiplying (a), (b) by dt. 

These equations (a) . . . (d) have important applications 
in geometry and mechanics. For plane geometry the 
equation (a') is very useful; the reader should study the 
following examples carefully. 


Ex. 1. Let ^l = ax^+hlp - \ ; then, x and y being independent, 
duld.v—2ax, dt(ldy=2hi/. 

Consider now the equation m= 0. The var iables x,y are no longer 
independent; the point (^, y) must lie on the conic m= 0 andy may 
be mnsidered a function of x, namely an ordinate of the conic. Since 
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u is now always zero for the adnii.ssihlc variations f)f x and //, the total 
x-derivative of u (not the piirtiol) must be always zero. Hence by {A') 

dit du , di£_ Jdu j'dii _ _ax 

'dr c)?/ dr dx dx/ 'dy by 

This equation gives the gi-adient at the point ( r, y) on the conic. 

Ex. 2. Let u he any function f(.>\ y) of .r and //; t/tc vqiKttion ?< = 0, 
that is /(.r, y) = 0 defines y as a function of .r, namely y is the ordinate 
of the curve /(.c, ^) = 0. As in ox. 1, the toUil .v-derivativ e of u is 
zero and the gradient at the point (.r, y) is given by 

dy _ "du Idv, _ df I'd f 
dx 'dxl dy 'dx/ dy 
where / is written for brevitj' instead of /(.r, y). 

Ex. 3. If /(r, 3«.c^, the gradient of the curve whose 

equation is f{x, y) = 0 is 

dy _ S.r- - Say _ ay - .(•“ 
d.i Sy- - 3'/.c ?/' - ax 

Ex, 4. If = (/■ constant) find dp in tonus of dv^dO. 

dp _ /> . dp _k _p 

3)> V ’ do t- 0 

dpAtr + %10- -^dr+PdO. 

dr 00 ■>' 0 

Ex. 5. If M = tan "‘(///.r) prove that 

du = {x'dy - yd.r)j{x---^y-). 

Ex. 6. If ar = rcos0, y=r.sin0, r and 0 independent, .show that 
(fx=cos Odr - r sin OdO, (by = sin Odr + )’ cos OdO 
xdy -yd.r=r^dO. 

Ex. 7. Let u = /(,(’, y) - i, then 

'du^'df 'du _df 
"dx dx' 'dy 3y’ 'd; 

The rquation m = 0 defines a surface, and now c may lie considered 
a function of two independent variables x, y, namely c=/'(.r, y), 

dz^df^dy 'd:^df_da, 
dx dx d.r dy 'dy dy 

§ 91 . Geometrical Illustrations. Let P be the point {x, y, z) 
on the surface given by 3 := f{x, y), and let APB, DPF be 
sections made by planes through P parallel to the planes 
YOZ, ZOX respectively (Fig. 48). 
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For points on the curve DPF, y is constant. Hence 'dzjdx 
or dfjdx is the gradient at P of the curve DPF. Similarly 
dz/dy is the gradient at P of the curve APE. 

If the equation of the 
surface is u = 0, where u is 
the function F{x, y, z), the 
equation u = 0 defines z as 
a function of two inde- 
pendent variables x and y. 

Along the curve DPF, y is 
constant. Hence along that 
curve the total ic-derivative 
of u or F{x, y, z) invist be 
zero, u being for that curve 
a function of x and c: which 
is always zero. Therefore, 
as in S 90, ex. 1, 2, 

du^d'udz , oFpF 

=0or-=-- /- (J) 

ax Oz 3a: 3.r 3,r/ Oz 



and dzjdx is the gradient at P of the CTirve DPF. 

Similarly, the gradient at P of the curve A PB is 

_^/3_F 

3(/ 3/y/ dz 


These expressions reduce to those first given if we put 
u—f\x, y) — z. (Compare ^ 90, ex. 7.) 

Tangent Plane. In Fig. 4!) let APP„, BPP.^ be s('ctions 
of the surface by planes parallel to YOZ, ZOX respectively. 
Let P be the point (.r, //, z), ilfil/j = d.r, MM„ — &y, the 
point (a:-t-&, i/d-d/y, 0) and the point on the surface 
(x + Sx, y + Sy, z+ 'Sz). Let Pil\, PT, be tin* tangents at 
P to BPP^, AJU\, Pj lying on M^P^^ produced and T, on 
ilf 2 P .2 produced ; Pm{ni.^m., is a rectangle pai-allel and con- 
gruent to ; P^Ps, I ^^e ciua es in which 

the planes M^m^, cut the surface, and 1\T^, the 

straight lines in which the .same planes cut the plane 
through PPjPa- 
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Since the gradient at P of the curve BPP^ is ?)zf^ and 
of the curve APP^ is "dzldy we have 

Also the geometry of the figure shows that 
miPi + ui-oT, = '^3^3> 

so that ^ ^ ""^8^3 (2) 

But '^Sx-k-'^ &y, 

Ssc ^ 

is the principal part of Sz (§ 90, c) ; therefore, when Pm^, 

Pm., represent Sx, 8y the line 
WjjTf, represents the principal 
part of 8z. 

Again, if the plane PMMJP^ 
cut the surface in the curve PPj 
the gi-adient at P of PPj is the 
limit of SzjMM^ or SzjPm^. But 
by the principles of infinitesimals 
the limit of SzjPm^ is the same 
as the limit of 7n/l’JPmg, since 
mgPg is the principal part of Sz. 
Hence the gradient at P of PP3 
is m^TJPm^ and therefore PT^ 
is the tangent at P to the arc 
PP3. 

The plane PT^T^ is completely 
determined by the two lines PPj, PPg, that is, by the point 
(x, y, z) and the derivatives dzjdx, '^zj'dy. By proper 
choice of the independent increments 8x, 8y we could get 
any point Q on the surface near P and the tangent to the 
arc PQ would lie in the plane PT.^!.^. This plane is therefore 
called the tangent plane to the surface at P, and the line 
through P perpendicular to the tangent plane is called the 
normal to the surface at P. 

To find the equation of the tangent plane suppose to 
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be any point on it and let its coordinates be (X, Y Z) those 
ot F being (*, y, z ) ; then 

= Z-z, ra{l\ = ^^8x = {X ~ x), = ~{Y-y), 

and therefore by (2) 

» "dz ,32 

Z-z = ^JX-^)+^ir-y) ( 3 , 


which is the equation of the tangent plane at the point 

{x y^z) on the surface, X,Y,Z being the current coordinates 
ot any jioint on the plane. 

When the equation of the surface i.s F{x, y, 2 ) = 0 we get 
by substituting the values of dzjdx, dzjdy from (1) and (L) 

(.r, 

The direction cosines of the normal are (SDn (vi)) pro- 
^rtional to the coefficients of the current coordinates 
A., r, Z and therefore the equations of the normal are 

w 


” (o 

Ex. 1- The equation /’(.r, y, ;)=.c-^+_y2,^c2-a2==0 represents a 
sphere of radius a. 

Hence the tangent plane at (.r, y, z) is 

(X - .t)2x + ( F - y)2y + z)2z = 0, 

xX+yr+zZ^(.v^+y^+z^-)=^a\ 

since (r, y, z) is on the sphere. If we take x, y, s as current coordi- 
nates and (aq, yj, *,) as the point of contact, the equation is 

Xi.v + ffjy + ZyZ=a\ 

The equations of the normal are 

(^-•r)/ 2 r=(r-y)/ 2 y=(X-r)/ 2 j, or Xlx=Yly = Zlz. 

With (a, y, z) as current coordinates tlic cquatitfns are 
xl.r^^yly,=:!zy 

the spher™**^^ clearly passes through the origin which is the centre of 
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Ex. 2. The equation -1 =0 repreHents a surface called 

a central conicoid (a plane section is in general a cential conic). Find 
the equations of the tangent plane and the normal at (.Cj, 7/j, z^. 

Ex. 3. The equation + — 2.r=0 represent.^ a non-central 

conicoid. Find the equations of the tangent plane and the normal 
at (.fj, ?/i, ^i). 

Ex. 4. The equation n,r- + l>if-^rz’=0, where a, b, c are not all of 
the .same sign, repre.sents a cone with its vertex at the origin. Find 
the equations of the tangent plane and the normal at (.rp ?/j, j,). 

If fX-v, y, z) = a.u‘ + bir + cz^, the derivatives 'dFI'd.r, 'dFI'Si/, ?)F/dz are 
all zero when x=i/=^z = 0. Every tangent plane to the cone goes 
through the origin, and there is no definite normal at the origin ; the 
equations of the tangent plane and nornral aie illusory if formed for 
the origin. At special ])oints on a surface it may happen that the 
three jraitial derivatives are all zero ; in that case there is no definite 
tangent plane or normal at the point. Siicli points are usually called 
conical points, the vertex of a com; being the sinqdest case. 


§ 92. Rate of Variation in a given Direction. It is often 
necessary to find the rate at wliich a function of the 
coordinates of a point varies in a given direction. Thus 
at a point in a cooling solid the, rate of diminution of tem- 
perature will usually be different along different lines 

issuing from the point. 

(i) Let be a function f(x, y) of 
two variables, and let Up, denote 
the values of u at P(x, y) and at 
Q(u; -f S.V, y 4- &y) respectively, where 
PR = Sx, PQ = PS = Sy (Fig. 50), 
Then 

y), 

'M'y =./’('<' + y-\-8y\ 

The average rate of increasr', of ti in the direction PQ is 
{vb^ — Up)IPQ which may be written 

UQ — Up_n„ — v.pPR u,^ — Uii PQ 

PQ ~~P]rTQ^ RQ^ ' PQ 

As in § 89a (iii) let the dii’cction PQ be distinguished 
from that of PQf, and let PQ make with OX the angle <p 
(see note at end of this article) ; then 

PRjPQ = cos <f>, RQ/PQ = sin (p. 
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Exactly as in § 90 it may be seen that the limits for 
PQ = 0 of (Up^ — Up)/PR and {u^ — Uji)/RQ are ditjax and 
duj'dy respectively. If the element PQ be denoted by Ss 
(where s may represent the hmo^th of a line, sti'aig^ht or 
curved, measured from some point up to P) then the 
average rate of increase of u is {ii\^ — Up)jSs or SUplSs and 
the rate of increase of n in the dii'cction PQ is then 


Liu 


7)u , 0 » . 

— COS0 + — Sin0 
dx ^ dij ^ 


( 1 ) 


If the rate of increase of u in the direction Pl^ perpen- 
dicular to PQ is denoted by du/dts', PT makine: the ane-le 
0 + w/2 with OX 


du 

ds' 


du . . . , 

— sm A-h --cos ^ 


du 

'^V 


( 2 ) 


(ii) If u be a function /(.r, i/, z) of three variables the 
rate of increase dujdn in the direction PQ may be proved 
in exactly the same way to be 


du 


,du , du , du 
= l +n^ ■ 

dx 01 / dz 


where (/, m, n) are the direction cosines of PQ. 

If (1) and (2) be solved for dajdx, dujdy w^e get 


( 8 ) 


du 

dx 


du du . 

T~ cos 0 — — -,sin 0 
As ^ ds ^ 


(10 


du 

9'/ 


du . du 


.(20 


Equations (1), (2), (3) may be olrtainwl at once from the equations 
of § 90 liy taking t eciual to a- or s'. \\''e have used the notation du.ds 

instead of dujds siine we wisli to find the I’ate of vai iation of w in two 
(or three) independent direction.s. In this and similar cases the 
meaning of the .symbols must be constantly attended to. 

For e.vamples on the use of these formulae, .see the set it the end of 
the chayitor (examples 9-13). 

Note on Anylns. -In eailier chaiitcis it has been sufficient to consider 
the positive or negative (iciitv angle that a line lying in the jilane XOY 
makes with OX. In discussions like that of case (i), howev'er, where 
only half-lines issuing from a point are dealt with, that lestriction 
must be given up, and the angle may, like the angle 0 of the polar 
cooi'dinates, vary fi’om 0 to 2ir or from — tt to tt. Thus PQ' makes 
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the angle (cf> + Tr) or (<f> — Tr) with OX With this new convention 
cos 6 may have a negative value. For lines in space the determination 
specified in § 89c( (iii) is alway.s sufficient. 


§ 93. Derivatives of Higher Orders. The derivatives of 
u = f{x, y) will usually be function.s of x and y, and will 
therefore have derivatives. Hence we have 2nd, 3rd,... 
partial derivative.s. The notation for these is similar to 
that for functions of one variable : 


7^)1 


1 fxxix> y\ fvvyiX’j y') ••• • 


The brackets and the letter-s within thorn are usually 
omitted and the last pair are written fy,iy. 

Again, the y-derivativc of du/dx is 


3 3w 3% 
3y dx dydx 


while the x-dorivative of dv-jdy is 


3 du _ 3% 
3a; 'by 'dx'dy 


When all the functions in question are continuous these 
two derivatives are ecjual (see below). For example, let 
u = aa;"^'r/"; then 


3 It 
3.T 


= max™~''-y'^\ 


3*w 

'dydx 


nmux™ ' 


\y7> 


= nax'"y'^~^ 
dy 


'd'^w 

'dxdy 


= mwax” 




so that 


32 % 

'dydx 


dhi 

dxdy 


when at = In other words the order of differentiating 

is indifferent ; the operations of differentiating as to x and 
as to 0 / are commutative. 


Ex. Verify that these two derivatives are equal when 

(i) !«=a.'siny+y siiio; ; (ii) ; (iii) M = tan'*^. 
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The symbol 


?f'u 

dx-dif 


means that u is to be differentiated fir-st three times as to 
then twice as to x ; while the symlx)l 


y 




'dy'^'dx^ 

means that u is to be differentiated first twice as to x then 
thrice as to y. 

Similar rneaninjjs and notations hold for the higher 
derivativ^es of a function of any number of variables. 


A sound jjroof of the commutative property is somewhat difficult. 
Consider the expi ession 

/(•'■ + /<, D + k) - i/ + k)-f{.v+/i, y)+f{x, y) 

hk ' 

By the definition of a derivative 

^f{:r +_4, ^ + k) -/(.r , }, + k) ^ ^ 




( 1 ) 


1 

h- 

Hence the limit of (1) for /( = 0 is 

l/X-c, y + k) -fxix, y)}lk (2) 


Again the limit of (2) for k = 0 is the //-derivative of fjiir, //), that 
is 

By interchanging the second and thiid terms in the numerator of 
(1) and finding iirst the limit for /• = 0 and then the limit for h=0 we 
should get fiy. Thms fy^ and /j, are both derived as limits from the 
same expres.sion. But the assumption that the limits will he the 
same in whatever order we make h and k tend to zeio is equivalent to 
assuming the theorem to he proved,^ simple example will show 
that the order of taking the limits i^ot necessaiily indifferent. 

Take the function (/i,-p2it)/(/i -|-/) 


/i + 2/- 

■2k 

T I I \ 

, 2k . 

h=Q h-\-lc 

~ k ’ 


11 

'-4i 

II 

-j- /* + 2^* 

k=0 ^ 

II 

ft=0 J 

= L 1 = 1. 

A-0 


Of course neither in this expi'ession nor in (1) must h or h become 
zei'o ; zero is the limit not a vatne of h and k. 

Assuming all the functions in question to be continuous we may 
proceed as follows. Let, for brevity, 

f'ix) =/(^, y + k) -/(.r, y\ 
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then the numerator of (1) is F{.c^-h)- By the Mean Value 

Theorem F{x + h)- F{.r)=hFJi,v-\-d,h\ 

or, returning to the function /(.r, if), 

P\.v + h) - F{.> ) = + Bill, y + ¥) - fj^x + d-^h, y ) }, 
so that (1) becomes 

{Ux+e,h, y-^k)-flr+e,}i, y)]ll- (2') 

Now apply the Mean Value Theorem to the function of y in (2'); 

fz{x + dyh, y + k) -fr{v + B^/i, y)=kf„A’‘' + Bi/i, y + O.Jc), 0 < 1 , 

and (1) becomes fy^U'+Oih, y + (.3) 

Again, taking 4>(y)~fix + /i,y)-f('>',y) instead of F(.r), the 
numerator of (1) is </)(//). Apj)ly the Mean Value Theorem 

and proceed as befoie. We thus find that (!) is equal to 

.fxy{x+ OJt, y + B^k) (4) 

The two expres.sion.s (3), (4) are therefore ocpial. Since tlie functions 
are continuous tlie liinifs are therefore e(jual in whatever way h and k 
tend to zei'o, that is j\x— fxy 

The commutative property may be easily extended l)y 
iuductiou to hi^dicr derivatives, the functions being sup- 
posed all continuous. Thus, since 

?“tt 

'dxdif 'dy'dx 

'dx^'dy dx\dxdij) 'dxdydx dxdy\f}x) dydxXdx/^dydx^' 

In general, 

'dP+Q+^a _ 3t'+9+»-u _ 3t'+'/+’'u 
dx^'dy'^dz^ Zyx^''dz'^?iyi Z'Z'^OxP'dyi ~ 
as may be readily shown by induction. 

Ex. L In Fig. 48, § 91, let ri>e the volume bounded by the surface 
APDC, the coordinate planes and the planes MP, LP. 

Prove (i) i^=area J/rV7’A ; ^ }^ = NP. 

ox oyOx 

r^T’' 7^ 

(ii) '-=we&LNPD’, ~~=.NP. 
oy oxoy 

If V be taken as the function /(x, y), we get a geometrical proof 
of the commutative property. 
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'dhi 1 . 'd.r- 


Ex. 2. If u = ]ogr wheic r^ = (jc — a)- + (_y - h)'^ and {.r - <i), {y - b) are 
not .simultaneously zei'o, .show that 

'da- J//''* ’ 

'^-2(r-a) ■ also ; 

ar ar ar’ ■•ar~ r 

3«_(flogr 1 ,r — <i x — a_ 

d.f dr ar r r r- ’ 

1 2(.r-«)“ 

Similarly, 

dy- r'* 

and therefore by addition, since = (.r - ct)^ + ( y - ?))'■*, the result follows. 

Ex. .3. If u — \jr where r- = (.r -«)- + (_;/- 6)- + (.:-c)“ and (.r-a), 
{y-b), (~-c) are not simultaneously zero, prove that 
a-(t a-;/ cV'*?/ 
d.t- oy- dc" 

A charge, w of electricity concentrated at (a, b, c) has at (.r, ?/, 2 ) the 
potential )n/'r. The y)otential V therefore satisfies the equation last 
wu'itten, usually called Luphtre’s Eqi/ation. 

If charges m .,, ... arc concentrated at (c/j, Cj), («^, b. 2 , Co ), ... the 
potential Tat (,/■, y, :) of these chai-ges is "’hei'c 

f ,- = {.)■ - + ( ,)/ - bj- + ( : - cj-, 

so that the potential at any ])oint (.r, y, 2 ) not coincident with any of 
the masses also satbsties the .same e(|uation. 

Ex. 4. If w = /’(.r, y) and j-, y are functions of t find dhi,'dt'\ 
dll 'dll dc . dll dy 


We have 


dt d.c dt'^dy dt' 

'em d-.i d.c d l'dii\ 'dll d-y dy d fdu\ 


d-u d /dn\_ 
df- dt\dt) 


(0 


t).r dt- dt dt V c). 


'li'\ 

U-) 




d// dt- dt dtK'dy ) 


Since 'duj'dx is a function of .?• and y, its <-dei'ivative is found in the 
same way as dujdt in (i) ; that i.s, write 'dii''d.r for u in (i), 


Similarly, 


d ('du\ 'c?n ff.r d-M dy 
dt\'dx)~ dx- dt 'difdx dt 
d ldii\_ d-ii dx dhi dy 
dtX'dy) dx'dy dt 'dy- 


'dy- di 


Substituting these values and noting that d^c""didy 
d^u _du d\r ^dii 


dt'^ dx di‘'^dy 


dt) 


dx dy "di^u fdy\^ 
'dxdy dt dt dy\dt) ' 
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Ex. 5. If >/) = 0, show that d'h/jd.r^ is given by tfie equation 



This may be obtained directly ; or in Ex. 4 put i = .r and note that 
M = /(,c, y) = 0 for every value of x and y, and therefore duldt and 
d^uldt'^ are both zero, while d.r/d(=J, d“xjdd=0. 

Deduce in this way the results of examples 26, 27, 28 of ExercisesXIV. 


Ex. 6. 

Ex. 7. 


If w=/(y + «r), prove 


0 ) 


'du 


(ii) 


3.5 - dy'^- 


If u=f{c+at) + (^{.r -at\ prove 
., 32 « 


Verify for u~A cos(r+«<) + i5sin(.'r — at). 


§ 94. Complete Differentials. If it is a function of the two 
independent variables x and y tlie complete differential of 
(§ 90 ) 3 3 

du = \\ix + ^:^dy ( 1 ) 


Now the que.stion arises; aiven two functions (pi'X, y), 
y) of two independent \'ariables x, y, is there always 
anothei- function u which has 


94 (£C, y)dx + \Jf{x, y)dy (2) 

as its differential ! 

If X and y ai'e not independent, say if y is a function f{x) 
of X, we may replace y by f{x) and dy by f{x) dx. The 
expression (2) will thus become of the form F{x')dx and in 
this case (S 82 ) there is a function which has F{x) as its 
aj-derivative or F{x) dx as its diffei-ential. 

But if X and y are independent the case is altered. For 
suppose the expression (2) to be the complete differentia] of 
a function u ; then the expressions ( 1 ) and (2) must be 
equal for all values of dx and dy. Since dx and dy are 
independent we may put dy — 0, dx-t 0 and we get 

' y,(x, y) = du/dx, ■ 

and in the same way 

f{x, y)=-.'du/dy 
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for all values of x and y. Therefore 

_ 3’a _ 3"//, _ Ox/r 
dy 'dy'd.r 'dx'dy 'd.r 

Hence the expression (2) cannot he a conipltde differential 
unless c)(jiloy = d\//-/d.r. 

Condition (3) is therefore a necessary condition : it is also 
a sufficient condition, hut for Ihe proof of sufficiency we 
refer to treatises on Diffo'ential Ecpiations. 

If P, Q, li are functions of three independent variables 
X, y, z the necessary and sufficient conditions that 

C(/.r + Hdz 

should be a complete diffei-ential, that is, that there should 
be a function a of x, //, c such that 

da—- Pdx+Q< hi-\-Rdz 


are that 


OQjdP dR_oQ dP_dR 
O.r 'dy ’ dy dz’ dz 'dx 


The student may show that these conditions are necessary 


Ex. 1. +(3(/--2.i-)dy is a wtiuplete diiiti eutial for 



and n — .r^-2.v\>/+//K 

Ex. 2. If /’— ,!/.(2.r + // + .), (? = :.r(.)' + 2y + r), /i' = .'//(.i'+ y + 2c), 

sliow tliat dit — J'd.i + Qdy + Jidz 

where u — .t-y. +/y-..r+ 


§ 96. Application to Mechanics. L(‘t j. 

the plane curve APQ lx* the path oi a 
j^article which is acted on by a force 
P, inakino; an annle e with the tangent „ 

PT, F and e being function, s of tlie 
coordinates x, y of P. Let W be tin' 
work done from the position A ((f , })) Fi&, ru. 

up to the position P, and let the arc 


.dP be denoted by s. To the first order of uitinitesiinals 
the work done over the distance ds is 

dW=F cos f ds. 


u.c. 


p 
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Let PT, PF make the angles (f>, -yj/- with the ic-axis ; then 
cos <l) = dxldfi, sm ^ = dy(ds, and since cos e = cos (0 — ^/r) 


dx 


dy _ (Ix ^dy 


Fcose = Fcos x/r-^+Fsin T 


ds 


ds 


de’ 


where A' = cos -v//-, F= F sin i/r, the components of F 
parallel to the axes. We thus get 


dW-- 




ds 


ds.. 


•( 1 ) 


Suppose now that Xdx+ Ydy is the complete differential 
of a sinqle-valued function fix, y). Therefore X = dfl?)x 
and Y—'dfj'dy, so that 


dW = 






Hence, as the particle moves along the curve, the rate 
dWjds at which \V changes is e(iua] to the rate dfjds at 
which the function /'(.r, y) changes, and any change dTT in 
W is equal to the corresponding change df in the function 
f(x, y). As the particle moves from A to P the work done 
is therefore equal to the change in /(x, y), so that 


W =/(«, y)-f{(i, h) (2) 


If W' is the work from A to P when the particle moves 
along a different path of length s', we have as before 


dW' = %<ls' = d.f, 

ds 


so that W' = f{x, y)—f{(i, l>)= W. 

In this case, therefore, the work done by the .force is 
independent of the path between A and P, and, when A is 
fixed and P variable, is a function simply of the coordinates 
of P. When P coincides with A, that is, when the path 
is a closed curve, the work done is 7.gto (see Ex. 2 for an 
illustration in which /(ir, y) is multiple-v(dued). 

Suppose on the other hand that Xdx+Ydy is not a 
complete differential. In this case the coefficient of ds in 
(1) is not the total derivative of a function /(a:, y). To find 
the work from A to P we must express y in terms of x by 
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using the equation of the path. Equation (1) will then 
become 



and the coefficient of d.r in (!') i.s a function of x alone. 
For different paths the function X +Y (tbjjdx.) will have 
different values, and therefore W will depend not merely on 
the coordinates of P but also on the path from A to P. 
(See Ex. 3). 

If APQ is not a plane curve it is easy to prove by the 
same method as that of finding dx/ds, dyjds for a plane 
curve (§ 62) that the direction cosines of the tangent FT 
are (§ 89a, iii. (3')) 

dxjds, di/ld.s, dzjds. 

If I, m, n are the direction cosines of FF 


jdx , dy , 
cos e = 6 + 71 

ds ds 


dz 

ch 


.„d (3, 

where X = IF, Y~mF, Z=7iF are the components of F 
parallel to the axes. 

Exactly as before we .sec that if Xd.r-\- Ydy + Zdz is the 
complete differential of a .single-valued function f{x, y, z) 

dW=df and W =f(x, y, z) — f((i, b, c) 

where A is the point (a, h, c). In this case W is independ- 
ent of the paiticular path fi-om A to P. 

If however Xdx+ Ydij + Zdz is not a complete differential 
it will be necessary to u,se the equations of the path and W 
will depend not merely on the coordinates of A and P but 
also on the particular path from A to P. 

When Xdx+ Ydy + Zdz is a complete differential the 
force F is said to be conservative ; the components are 
the derivatives of a force function u or a potential — V, 

dV 
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Ex. ]. If F—mjr~ where r^=j;^+?/‘^ + 3^= and tlje direction 
of F is from 0 to P, then A" is a conservative force. 

mz 


For 


,, .r 711.V 

A= - F=-^, 
r F 








and d ir= A’rZ.r + Tdt/ + Z^z = {^vd.r + yd)/ + :d: j 

or rZJ)^— -.*i:Zr=(Z^ — .since .td.f-‘i-)/(h/ + zdz = rdr. 

Hence ir= — ^a/r + oonst, and if V=ii)jr, 

A'= - 3 173.r, J'= - 3 1 Dy, ^=-31 73i'. 

The work from position P to po.sition Q is 

7nlOP—ml()Q, 

and is independent of the path }>ctween /' and Q. 


Ex. 2. Let A^= F=.r/r7 where »“=.r-+y'. 

In this case, y',c = tan 0, 

d W={.i dy -7/d.r)lr- = d . tan"‘(.y/''’) = ''^6*, 
and therefore ir= (Z+constant. 

If tlie point P .set.s out from A and, aftei- descri)>ii)f' a cJosed curve 
within which the origin lies, returns to A, the angle 0 and therefore 
ir will increase by ^tt. The work done is not Z(‘r(i, although tZH’ is 
a complete dilf'ereatial d0 ; the function 0 is niultiple-valuod. 

If, however, the path is a closed cui’vc within which the origin does 
not lie, the work done over that path will bo zero. 

Ex. 3. Let A’’= -y, J^=.r. In this case .ivZy is not a complete 
differential. Let A coincide with the origin 0, and let the path be 
the parabola ?/ = c.r^. Then, by (!'), 

dW={ — cx^ + .V . 1c.r)dx = cAIx ; W— Ic.r'* = kty. 

If the path is y — cx^, we find IL^— = the work being 
different for different paths. 


§ 96. Applications to Thermodynamics. The condition of 
a given mass of thermodynamic suKstance, say unit mass, is 
completely defined by three variables p, v, 6 the intensity of 
pressure, the volume and the absolute tempiu-ature. p, v, 6 
are connected by an equation, the characteristic equation 
of the substance, f(p, v, 0) — 0 ; for a perfect gas the equa- 
tion is pv = kO, k being a constant. Of the three variables, 
therefore, only two are independent. 

Since /(ZL 6 ) = 0 its total differential is zero; therefore 

%<lp+Z'i')+%‘‘0=o 0) 
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If j) be constant, and v, 6 vary, then dp = 0 and we lia\’e 
'dv_ 

W~ dO ■ dv’ 


Forming in the same way ?0/3p, 'dji/do and multiplying 


we get 

dr dO dp ^ 

dO dp dv 

(2) 

Clearly 

dvdO 

dOdv 

(3) 


It must be rememlx'tfd that in all these expre.ssions the 
derivative of one of the variables p, v, $ with T'espect to a 
second is hn'iiied on the supposition that the third variable 
is constant. 

If a small (piantity oQ of heat be comnmnicated to the 
substance and chaivge p, v, 0 by Sp, Sr, SO respectively, 
then SQ can be cxpre.ssed in terms of any two of these 
increments. To the ilr.st ordci- of intinitesinials we may 
wi'ite, with 6, v as the va7‘iablcs, 

<IQ = 31(10 O-Ndr (4) 

Tt is to be most carefully noticed that dO, dn aia- ai>// fubitrai^' 
small changes of tempeiatuiv and volume. Tlic three differentials 
dO, dv, dp are subject inorely to the restriction expressed in equation 
(1), and any two (jf them may have values chosen at will. 

The .specific heat at conslant volume (K^) is the limit for 
f5d = 0 of (^QI<W on the supposition that the volume does not 
change when 0 inciea.ses by SO, that is, on the supposition 
that dv = 0. But if dv = 0 equation (4) gives dQjd6 — 3I so 
that K„ = 3I. 

The specific heat at constant pressure (Kp) is the limit 
for S0 = 0 of SQ/SO on the .suppo.sition that p is constant, 
that is, that dp = 0. To find /vj, equation (4) must be trans- 
formed so that 0 and p shall be the independent variables. 
Since v is a function of d and /> we have 


and (4) becomes 
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Therefore + (6) 

The elasticity of the substance is —vd^/dv (§ 70). Let 
denote the elasticity when the substance expands at 
constant temperature; 

therefore, Ee~ —v 

ov 

where 'dpj'dv is taken subject to the condition that 6 is 
constant. 

Let denote the ela.sticity when the substance expands 
adiabatically, that is, so that heat neithei' enters nor escapes. 
We must distinguish the v-derivative of p in the two cases. 
For the present denote the y-derivative of /j for adiabatic 
expansion by and let 'dpl'do retain its previous 

meaning. Therefore, 



To find (dpldv),j, we must transform (4) so that p and v 
shall be independent variables. Now 

de = '^dp+^dv; 
dp ^ ov 

and therefore dQ = M^^dp + (j\I^ + Nyiu (b) 

{dpjdv)^, is the value deduced from (8) on the supposition 
that(f$ = 0. Therefore 




- 


M- + N 
dv 


M+N: 


dv 

w 


M 


dO 

dp 


M, 


dO dv 
dp W 


by (3). 


The numerator last written is Kj, and M = K^ 


therefore 




Ee~K, 


Hence 


( 9 ) 
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For a perfect ga.s KpjK^ is a constant, y; also for a 
perfect gas pv = kd, and thcrefoi-e 

dpfdv= —plv. 

Hence for adiabatic expansion, by (7) and (9), 

that i s, = constant. 

The results (1)...(3), (5). ..(9), arc meivly formal con- 
sequences of the definitions and the two equations 

f{'p, V, d) = 0 and <lQ = MdQ-\-Ndv. 

§ 97. Four Thermodynamic Relations. dQ in the previous 
article is not a complete difierential ; wo cannot express Q 
in the form F{B, v) — F(B^, without assuming some further 
relation between B and v. Physically, Q is not a function 
of $ and v; heat may be given to the substance and B, 
V go through a range of values and return to their initial 
values, while the heat absorbed in the process is not equal 
to that given out. Compare 95 when d.W is a complete 
differential ; when x, y return to their initial values a, h, 
TF = 0, that is, the work done by the force F is equal to 
that done against it. 

It is shown in treatises on thermodynamics that if we 
put dQ = Bd^ where ^ is the entropy we can replace. (4) by 

dE = Bd<f) — fdv (10) 

E is the intrinsic energy and pdv the woi’k done in the 
infinitesimal expansion dt\ dE is a complete differential; 
that is, E is a function of the variables thaif define the state 
of the substance. 

There are now four variables p, v, B, (p, but of these only 
two are independemt. If v, B are chosen as independent 
the symbol 3/;/30 is now not sufficiently clear; it means the 
0-derivative of p when v is con.stant. But if B were the 
independent variables, 'dpj'dB wmuld mean the 6- derivative 
when <p is constant. To avoid confusion we will, when 
there is doubt, enclose the derivative in a bracket and affix 
the independent variable which is supposed to be constant. 
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Thus {dpjd6\ means that v, 6 are the independent variables, 
itnd that v is constant in rormiiifr 'dpj'dO. 

Since dE is a complete differentia] we have 94 (3)) 
from equation (10) 



Let now v, 0 be the independent variables, then since 






(10) becomes 




di:, 


and therefore 


or 




'dejt 


dOV 



d»d6 dv dO 


that is, 



(3') 


sinci' tlie two deri\ atives of second ordei’ ai e equal. 

In tlie same way, by taking ^as independent variables, 


we get 



and by taking p, 6 as independent variables 


( 2 ') 



Equations (1'), (2'), (3'), (4') are those numbered (1), (2), 
(3), (4) in Maxwell’s FIcat, j). 109. 

In effecting the differentiations it must be borne in mind 
that for example when v, 0 are the indepcunlent variables 
c>9/dv is zero. The careful working out of these four rela- 
tions will give much information as to the meaning of 
partial dei’ivatives ; it is necessary at each step to attend 
to the meaning of the operations rather than to the notation. 
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Ex. 1. d4>=dQie=iMdO+JVdi>)l9. 

For a peifec t gas A'j„ A„ are con.stant, and by § 96, K„ = }I and 
Kj,~ K, = A\c)i'i'd6)p. But for a peifect gas (dvl'dO)j,— I'jO- lleiiM- 
Njd={Kjp~ K^jv and 

= K,^ll + K,. - K, y^'' - J . log f)"" i>S- '' ^ 

as may be te.sted by differentiation. Tlierefoie 
c/>=: log **)+C011,st. 

For adiabatic expansion and d4)~^ 'we tbercfoie have 

5)*,.i>'n.-J^., = const. or ^aVi^eonsl., 

as in § 96. 

Ex. 2. The gain in enei'gy dE due to a suj)pl> dQ of beat is given 

by dE—dQ- pdv — {E- pyh + Mdf). 

Show that if dE is a eoni)>leto deferential, dQ is not. 

Since dE Ls a cniuplelc ditferontial, we ha\c 

l){N-p)_dM . 'dp 

cW ~ Of 'dd ~ c oH' 

that is, dEldO. are not etjual and the lesult follows. 

Ex. 3. Prove that 

'dp 'df Zp dr_ ?</) _ 30 3(/> _ ^ 

Dd Di/> d</> df) ’ Z}p Of Dc "Op 

Ex. 4. Show that e<niatioii (10) may be written in the fonn.s 
dE - d(d4>) - 4x9) pdf : i/A’= - <){pv)+ Od4>+ vdp ; 
dE^^(/(04>) - '/(/"’) - 'Md+rdp, 

and then prove (F), (2'), (3'). 

Ex. It i.s .shown in woik.s <>n Tliei’inodynamies that d<j> is a 
complete diifereutial. I’rove that 



§ 98. Change of Variable. Differentials of Higher Orders. 

When the inde}iendent variahlc x of a function y is changed 
by a substitution, x = 4>{t) say, to a nety independent 
variable t the .'^-derivatives of y, D^y, Pxy---i must be 
expressed in terms of tlie f-dcrivatives oi y, y, y.... We 
liave found (§ 68, ex. 2) that 


( 1 ) 
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and it is easy to find D^y, D*y... when these are required. 
Since is supposed to he given, the vahies of x, x..., can 
be calculated, and the substitution of for x and the 
above values for Dy, D^y changes any expression containing 
X, y, Dy, D'^y... into one containing t, y, y, ij... . 

If we wish to make y the independent variable and x the 
dependent, then 



and so on. 

Again if we change from rectangular to polar coordinates, 
an equation f(x, y) = 0 becomes an equation between r and 
Q and we may express D^y, D^y..., in terms of D^r, DgV, 
...6 being the independent variable. For a; = rcosd, 
y=i' sin 6 and we can difierentiate the products r cos d, 
r sin 6 with respect to d, r being a function of 6, 


dx ^dr . . 

^, = cosd-T 7 i — rsin d 

dO do 


d^x f,dh' 


■2 sin cos 9, 


(3) 


with similar expressions for dyfdO, d-yjdB'^. In equations 
(1) we may suppose i replaxjed by 9, since of course t may 
represent any variable ; x would be I'eplaced by dxjd9, 
X by (DxjdB- and so on. We should thus express Dy, D’^y 
in terms of r, 0, drjdB, d^rjdO^. 

In geometry and mechanics differentials of order higher 
than the first are often required. When x is the inde- 
pendent variable, dy = y'dx (§ GO). The second differential 
of y is denoted by dj^y and is defined by the equation 


dhy = y''dx^ = (D^y)dx^, 


and in general the nth differential of y is denoted by d'^y 
and is defined by the equation 

(£”y — = {D^'y)dx'^ 

where dx" means (dx)". 

If dx is an infinitesimal of the first order d"y is, in 
general, of the nth order. 
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In the second of e(][uations (1) multiply the numerator 
and denominator of the fraction on the right by df?. Since 
t is the independent variable we hav^e 

dx = xdt, d^x — xdf, dy = ydt, d^y = ydt^, 
and therefore D^y = {dxdhj — d.yd^x)ldx^ (4) 

D^y is thus expressed as a (quotient of differentials; the 
independent variable for the differentials is not x but t 
(or any other variable of which x and y are functions). If 
X is the independent variable, then hy definition 

d‘^x = (D^x)dx^ = 0 X dx~ = 0, 

and similarly we see that di^x, d^x, . . . are zero. In other 
words, the differential of the independent variable is 
constant. 

From (4) we may easily derive (2). Take y as the 
independent variable; then d-y = 0, dx = {D,,x)dy, d^x 
= {DyX)dy^ and (4) becomes 

-dy{Dpx)d'ifl{D,jxfdy^= -DyXfDyxf. 

For more than one indopcndi'iit variable the trans- 
formations are complicated. We will consider only one 
case that is of great importance in mathematical physics. 


§ 99. Transformation of VHi. L(*t a be a function of two 

independent variables x, y, and let x, y be changed to polar 

coordinates r, 0; we wish to express in terms of 

Ur, u„ Of course a derivative implies that x, y have 

been replaced in the function ii by r cos 0, r sin 0. 

dujdr is the rate of variation of a in the direction in 

which r increases, 0 being constant. In §92 put 0 = 0, 

s = r and we find 3^ 3„ 3^^ 

— = COS0 d-sm0-~- (1> 

dr dx dy 

du/ds' ill § 92 is the rate of variation of a in the direction 
0-l-7r/2. Let 0 = 0 so that PT is perpendicular to OP and 
Ss' — PT = r tan ^0 

Su .r Su 1 du 


du _ y ^ i.# M/ 

'ds ss'-o^^ 59=0'^’ fftn (50 


1 du . da 
- ^ - sin 0 — -f cos 0— 

r 00 dx dy 


r 00 

du 


Hence 


( 2 ) 
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The element ds' is replaced by ; rdO is the element 
in the direction perpendicular to r just as dr is that in the 
direction of r. 

Equations (1), (2) are so important that we give another 
proof of them. By § 90 (a), taking x and y as functions 
of r, 6 being kept constant, we get by putting r for t 


du _?)u dx du dy 
dr dx dr dy dr 


(10 


Here dufdx means (dufdxjy and dx/dr means {dxjdr)g in 
the notation of § 97. Also 



3(?’Cos d) 
dr 


= cos 6 ; 



= sind, 


and the substitution of these valvies in (!') gives (1). 
In the same way 

dti _da/dx\ du/dy\ 

do “ ^ KddJr dyKte), 


and 




P») = 


r cos 0 


from which equation (2) follows. 

Solving (1) and (2) for dujdx, dujdy we get 


du 

dx 


= cos 



sin 0 du 
r W 


(20 


.(3) 


du 


= sin 


dr 


cos 0 dll 
r dO' 


(4) 


The function 


dHh d“U d~u 
dx^ dy" dz^ 


is of very frequent occinrence in Physics ajid is usually 
denoted by V'^u. It is often necessary to tivaiisform 
so that other variables .shall be the independent variables. 

First, let u be a function of the two \'ariables x, y so that 
the third term is absent, and transform it so that r, 0, polar 
coordinates, shall be independent variables. 

Denote dujdx, dujdy by u^., Uy ; then we can find d^ujdx^ 
in terms of r, 0 by writing Ux in place of u in (3). 
We must calculate dUxjdr, dUxjdd. Now, 
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d f ^du sin 9 'du\ 

D/'- 30 r 'drW ’ 

„ 'd“u, . ^dii sin 0 3 ^m cos 0 3w 

= cos 0 ^ - sm 0 ^a-< 

drdO dr r 30“ r 30 


du^ „ dUx sin 0 dti~ 

= ^ = cos 0 > 

dx dr r 30 

he above values of 3aj,/3r, 3;fa-/30 are substituted 
ir an easy i-eduction, 

„ , d-u 2 sin 0 cos 0 3% , sin^ 0 dHh 

— cos- 0 - ^ 

dr- r 37-30 r‘‘ 30- 

sin- 0 3a 2 sin 0 cos 0 3u /-\ 

;-"'3c"'‘ r^ " 30 ^ 

liar way wc find 

•, . >, ^d-i> 2 sin 0 cos 0 3-(6 cos-0 3-a 

j = sin-0,^-,.,+ - 

, cos^ 0 dll 2 sin 0 cos 0 dn 

'r‘^~ 30 ^ 

'5) and (0) we tjet 

d-u d^ii d-ii 1 dll 1 d-ii 
ih y 9'r; — r, = -,-^-r ^ -r .. v*' 

3.r- c If- dr- r dr r- 30- 
n.'^form V-m from .r, y,z to cylindrical coordinates 
{ X — poor. <f), 7/ = psin(/), z = z. 


not changed ; wc have merely to write p, ^ for 
sio that 

j 3% 1 3w 1 3% , 3^u 

<*> 


Lastly, t/ransform to s^ihericiil polar coordinates 

Cf 4= r sin cos r/- a— i-sio '^,si;vy . 'w^rmay lissume 
■ = /(^) = 0, /'(*) must vanish in 
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The transformation may be effected in two steps Firs 
transform to cylindrical coordinates p, <j>, z where p = 
r sin 6 ; this change gives (8). Next transform from z, p 
to r, e where ^ ^ ^ ^ ^ q 

This change gives by writing z for x and p for y in (7), 

(9) 


d^u 0% 0% 1 9it 1 d“ii 
dz'^'^dp^ dr^ T dr dd^ 


.( 10 ) 


Also by (4) replacing y by p, 

du . , du eo.s 0 du 

Substitute from (9) and (10) in (8) and put p = r sin 0 
and we get 

= . ni) 

dr^^ r dr^ r'^ dd^ 7''^ m\^0 d(f>^"" ^ 

It is sometimes useful to write the fii’st two terms of (11) 
in the equivalent forms 

dr\ dr) r dr^ ’ 
and we may transform ( 1 1 ) to 

] 0^(m)l 


V^u 


_ 1 ' 


d ^(ru) d^Jrj^ dj^ru) 

0r2 dff'^ de ^sin^a d^ J 


...( 12 ) 


since 


d\ru) _ 


EXEBCISES XIX. 

1. If x=rcos6, y—rsinO, show that 




dx Jv 

The equation (i) is not in conflict with the theorem that when is a 
function of the single variable r, the product of dxldr a^nd dr\dx is 
unity. The student should prove the equations by using a diagram, 

in terms of oy ‘ * 

We must calculate dUgldr, dUxjdO. l^ow, 



THEORY OF EQUATIONS. 


243 


r>l the .i'-axis will be a tangent at the point {«, 0), since in 
that case /'(«) will Ix' zero. 

Ex. 1. Show that 2 is a ti i|)le root of ttie e(iiiatioii 
3/'- J(:.t3 + 21.f--l« = 0. 

/(2), f\2), f"(i) ai'o zei'o, but /"'(-) is >>"t zero ; /(i,) is (.>' - 2)'’(3.'' + 2) 
•so that 2 is a triple root, and —2 3 is the leuiaining root. 

Ex. 2. Find what relation must hold between </ and r that the 
equation .?■* + + /■ = 0 should have a double root. 

If the root be a, then/((«) = 0, f'{a) = 0, f"{a)~\r0 ; therefore 
a’ + I/a + /■ = 0 (i) ; 3a- + i/ = 0 (li) ; (!«=|=0 (iii). 

From (ii) a^~ and theicfoie by (i) 2(/u,3 + r = 0. Ileme 

(/"= — (/ 3, and a' - 9/’' liy, 
so that 27'/'"' + -l(/' = 0 is the loqiiired relation. 


§ 101. Any Continuous Function. We will now suppose 
/(a) to be any continuous function : it has always to be 
reuieiiibeved that theorems proved on the assumption of tlie 
continuity of the function may cease to be true if the 
function lie discontinuous. 

lf/(a), /(?/) are of opposite signs, then (S 45, Th. II.) there 
is at least one root of /(.<■) = 0 in the intei val (ci,h)-, when it 
is said that a root Hex in the interval (a, h), what is meant 
is that the root is greatci- tlian one of the numbers a, h and 
less than the other. 

If /'(,r) is continuous and does not vanish for any value 
of X in the interval (a, h), then /(.c) is either an increasing 
or else a decreasing function in the interval (n, h), and 
thei'eforii “when /(u) and f{h) are of opposite signs, f{x) 
vanishes once only; that is, tliere is only one j’oot in the 
intei'val. 

If f(x) and f'(x) are continuous, then between every two 
consecutive roots of /(.r) = 0 there is at least one root of 
— 0 and conversely, lietween two consecutive roots of 
tliere cannot be more than one root of f{x) = {) and 
there may be none. 

The first part of this proposition is Holies Theorem (g 72). 
prove the converse, let a and /3 be the two roots of 
y'(.r) = (), and suppose if possible that there are two roots of 
/(,»') = (), say a and h, in the interval (a, /3); we may assume 
a<a <h < Since /(«.) = 0, f{b) = 1), /'(x) must vanish in 
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the interval {a, b), contmry to tlie hyprithesis that a, j3 are 
consecuti ve roots of f'{.r) — 0. It has already been pointed 
out that f'{x) may vanish more than once between two 
consecutive roots of f{x) = 0 , and therefore it may happen 
that there is no root of /(.c) = 0 between two consecuti \^e 
roots of f'{x) — 0 (§ 72). 

§ 102. Newton’s Method of Approximating to the Roots of 
an Equation. Throughout the chapter we consider real 
roots alone, and we suppose that f(x) and its first two ^ 
derivatives are continuous within the ran^e considered. 
When f{x) is a rational int‘><rral function we will suppose 
that the multiple roots, if any, of f(x) = i) have been 
determined by the method of the G.c.M., and tliat the cor- 
responding factors have been removed; hence /’(r) and/'(.r) 
will not vanish for the same value of x. (Of coTU'se it may 
(juite well happen that the zt‘ro(‘s of the G.C.M. have to be 
determined by one of the methods about to be given for 
approximating to tlie roots of an (spiation. ) 

'The following method of approximating to the roots is 
known as Newton’s Method. 

Suppose it has been found that /'(a) is numerically small; 
we can generally get a closer approximation than a as 
follows ; Let a Ik; the root to which a is an approximation, 
so that_/(«) = 0. By the Mean Value Theoi-em, 

./’( u )=./’('0 + («-< 0 / V ) + ( 1 ) 

where x-^ lies in the interval («, a). If we neglect "((/ — u,)- in 
comparison with (a — u), eipiatiou (1) becomes, since /(a) = 0, 

/(a)-|-(ai-(O.A") = 0, giving -f{a)lf\a) 

where Uj is the approximate value of a. 

We may now use Uj as we have ju.st used a, and get 
another approximati(jn a., where 

and so on. This process, however, does not show that Oj is 
really closer to « than a is, and gives no criterion of the 
closeness of the approximation. We therefore investigate 
the conditions for the closeness. 
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§ 103. Tests for Degree of Approximation. Let us suppose 
(i) that f{a), f(l)) are of opi)osite .si^ns, (ii) that /'(x) does 
not vanish in the interAal (a, b), (iii) that f"{;x) does not 
vanish in the interval. 

Conditions (i), (ii) show that there is one and only one 
root, a saj^, in the intei’val («, h)\ condition (iii) shows that 
the graph of f{x) is either convex upwards or else concave 
upwards in the interval, that is, it has no point of inflexion. 

Let a be that end of the interval at whicli /(.r) has the 
same sign as f"{x ) : this choice of the end of the interval is 
essential, a may lx* either greater or less than h. 

The figUT'os (a), (h) show the graph when f"{x) is nega- 
tive, (c), {(i) when f"{x) is positive. The abscissae of A, B 
are a, h. 



The graphs show that the tangent at A will cross the 
if-axis at a point between u and « ; will therefore be 
a better approximation than o. Now the equation of the 
tangent at A is 

■/=/('C + (.^’-a)/'(a), 
and when y = 0, x — Hence 

a^ = a-f{a)/f(a) (1) 

Let the line through B parallel to the tangent at A cut 
the aj-axis at the point /q ; the equation of the line is 


Hence 


( 1 ') 
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and lies between b and a, so that is a better approxi- 
mation than b, though not necessarily better than a. 

Now b^-<(^= - {f{b)-f{(i)-ib-a)f'i<i)]lf{a), 
which by the Mean Value Theorem may be written 
6i - 1 (/> - a)Y'{x^ )//■'(«) 

where lies in the interval («, b). 

Let d be the mnuerical value of {b — <t), that of {^j — ('j), 
and let 0 denote the greatest valiui of f"{x), g the smallest 
value o£/'(.r) in the interval (<(, b) ; then 

dY<l''Crl-2g, or r/,- (i% l-=Gj-lg. 

Since a — Oj is numerically less than — o,, we have u — a, 
numerically less tlian d^ oi- dH\ so that the error in taking 

instead of the root a is less than (Gl\ Similarly the error 
in is less than ddc. 

We may repeat the process with a^, b^ instead of a, b ; 
wo should find, using a similar notation, 

-/t^hVA'h) ; h K -/(^i )//bb ) 

d^'^dY', that is, d.,- 'dd~", 

and the eiTor in taking (t, oi- h.^ is less than d.y or d'k'^. 

The process may be repeal'd. As soon as a, h are such 
that dk is less than 1, the approximation to a becomes very 
rapid. There is, as a rule, no nei'd to calculate, fej, b.^.. 

The student will see by examining tiguri'S that if a is not 
chosen as stated, the value of Oj or may be further from 
a than a or b. 

^ 104 Examples. 

Ex. 1. If /(.r) = 3..i'^ — 4.r + r), find the loots of 

/'(.r) = 9(.r 4- g) (x - §) ; f"{.r) = 1 8.r ; = J 8. 

/(- g) = fi?I is a maxiinnm value of f{r) ; = is a mininiuni. The 

point (0, 5) is a point of inflexion. 

It is easy to see that the of f{.r) crosses the .r-axis once only, 

so that there is only one real i-oot. 

/(-2)=-l], /(-l)=+6, HO that the root lies between -2 and 
— 1 ; as /'(-2) and /'( — i) arc large, we seek a elo.ser approximation 
befoT’e choo.sing «, b. N ow /( — 1 -6) = - '888, /( - 1 '!’>) = 4- "STr). Since 
is negative when .v is negative, we take « = — 1 ’6, 5 = — 1 T). 
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G' = imiaerical]y greatest value of in interval (-1'6, - 1 ■5) = 28'8. 
(jr = nuuierieally smallest value of /'(r) in intci'\al = 16'25. 
k=a %7=14-4/Hi-25 < 1 ; f/^-l : d'-k < (il. 

0j = 0 —/(«);/''(")= — |■(>+•()t“ — I’OC, 
and o, differs from a l)y less tlian '01. 

i-r.d + 'OOH;?.^ - i-nniT, 

and differs from a by less than or -(HKil. 

The values Ol and '(KtHd are of eourse approximations. Care must 
be taken that we do not go beyond the root. Thus 

P-lfh.., 

but if we take '05 as the \'ahie, thus making «j - I'.oo, we find 
f{ - 1 '.-).■)) to be positin'. The reasoning, howevei', dejjends oii having 
, /(Uj) of the same sign as J"{.r). that is in this ease negati^■e. 

A clo.ser ajjju'oximatiou i.s 

- i -.mj 60H 12, 

and the erroi is less than a unit of the last de<'imal jdac'e. 

Kx. 2. Solx’e the equation ,<- + sin.r-^=i0. 

If .1 is a jtoiiit on the eirimmferonee of a eircle, and if J />’, ..If' are 
two ehoi'ds whieh trisect the area of the < ireli“, then the angle between 
dyj and the diameter thiough d is l,.r radians. 

/(.r) = ,r-|-.sin ^ : /'(■>■)- l-t-eos.r; /"{.)■)--- sin.f. 

ft is easily found that .c lies between .'kb and .31°, oi' in radians 
•523f!, and -.Vll 1. 

/'(■r)23(l)-= - -OdSt; : I -HOtJO ; 

/(■.■idl 1 )= + -OOHt) ; /■'(•:)4 I I ) = 1 ; 

d= -01 7.-) < ■02 ; /•=(/’ '2<J < dH- < ■t)0008. 

Since /'"(.r) is negative, we take (( — ■.'>23(1, 

((j — (/ - ■."i23(! + ■0]2(i = ■.')362, 

and tfie error is less tlian a unit of the fourth place. 

The next ay)])roximation gives 

= <h -./'("i) 7"("t)="- •o3(i2+ ■OtXlOflTt = -.hdOdfu l, 

and the error is less than a unit of the la.st liguie. In degree.s the 
angle is .'JO'" 43' 33" '0. 

S 105. Successive Approximations. SiippoHc the equation 
to be of the form a; = </>(.(•); let a be a rotff and a an 
approximation to a, a — a+h say. Now 

u = (^>(a) = <p{(i + lt) = (j>{Lt) + h(p'{(( + 0Ji); 
and therefore n — (p(a) = h<l>'{a + 9lt). 
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Using the terms “ greater ” and “ less ” to mean nuvieri- 
cally “ greater ” and “ less,” we see that if, for every value 
of X that is nearer to a than a is, <p'{x) is less than a propel* 
fr^tion m,, the difference between a and ^(a) is le>s.s than 
'mh ; that is, the difference between a and <p{a) is less than 
that between a and a. Hence is a closer approxima- 
tion than a. 


Denote 0((/,) by mid let whore is equal to 

(^a Bh) and therefore less than mh. We find in the 
same way 


« - -f jia < }/ ni\ ^ 

So that = is a closer approximation than m. The 9 
upper limits of the errors hn, hn'^ usually decrease pretty ^ 
rapidly as vi is, in the cases to which the method applies^fc 
often a small fraction. We may proceed, of course, with a„^" 
and so on. ^ 

It is essential for the success of the method that (h'(x) be 
near the vocit, a proper fraction. It may be proved that 
Newtons method is a particular case of that of Successive 
Apjmoxiuiations, and unh'ss m be pretty small the latter 
method has no advantage over Newton’s. 

Ex. Solve the equation 

Take logarithms to the ba.se 10, and we get 


•r = I log .r + .3 •.-,38 .-,737 - 

flJ! n we see that 

they intersect tor a value of .r near 4 and also for a very small value 
of a-, lake hrst a=4, now 




M 

±r 


d.343 
Hr ’ 


.<V=logjDP, 


so that when .r i.s nearly 4, (/>'(.>;) i.s a proper fiaetioii. 
lake 4-figure lugai'ithins for the first approximations, 
a, =- ^,(4) = 3-.'j386 + SU 1 0 = 3-839G ; 


«2 = S^(«,) = 3'.h38G + -2921 =3 8.307 ; 
“3 = '/jfaj) = •3-.'>38G + -H!)! G = 3'8302. 
When r = ,r = -OOOS, so that a., i.s a fairly 
tion. Take now /-figure logarithiii.s, and wc find 


close 


approxiina- 


a4 — (^(a3) = 3-.G38 ,’■,737 -aOl G107 — .3-830 1844 ; 
«(. = </>(«,) = 3-830 18.35; 

«(i=<i>(«6) = 3-830 1835; 
to 7 decimals is correct. 



SUCCESSIVE APPROXIMATIONS. EXPANSIONS. 2d9 


For the other root tlie method is iiiappliciible, since near 0 is 
greater than 1. But since .r is very small wc get a good approxima- 
tion by taking the value '>f .r, which satisfies (/)(.c)=0. Therefore 

log.r= - 7-077 ]474=8-92-2 8.726 ; 
and '000 0000 837 2 45. 


§ 106. Expansion of a Root in a Series. Reversion of Series. 

Let tlie equation x=<p{x) be 

x = Ay + Bx^ + Gxy -f Dy^ + + Fx‘’y + Gxy^ + i///-* + . . . , 
or ar = yl a3-f . . ., 


I 


where tt. 


u. 


j,. . . 


are of the 2ii(t, .‘Ird... de^r('e in x and y. 


If y is a .small quantity one root will be approxijiiately 
Ay, for this value of x makes n., of the second order in 
y, ttg of the third... . Call this approximation a. Clearly 
J||[|I‘or small values of x we may suppose (p'{x) a pr-oper fraction. 
The next approximation is <i^ = (j){a) = (j,{A y). To the 
2nd order in y we may neglect 7<.^, a^... and take 

«i = = Ay + B{A yf + i;{Ay)y -h Dy- 

= Ay + B^y- say. 


The next approximation is a., = (f>ia^, and in forming 
^(Uj) we need only retain terms of the third order in //. 
Hence in Wj we need only .sulrstitute the first approximation 
a ox Ay, since if we put Ay + B-yj- all terms except those 
which come fron\ Ay alone would be of ti higher order 
than the third. In u., we substitute rq or Ay-\-Byj^ but 
reject the term B{B^y-)- which is of the fourth order. We 
thus get <(2 = Ay + Byj^ + Cyj'^, 

and we proceed in a similar way to find 

The practical rule then may be .stated as follows : 

For the first approximation neglect u.,, we get 

Ay = a. 

For the second approximation neglect Wg, fq... and sub- 
stitute a in Wgi we get Ay + Byj^ — ay 

For the third approximation neglect u^, substitute 

a in Ug, Uj in it.^, and i-eject terms above the third order; 
we get Ay + Byy ^ -f Cyf = a.,. 

For the fourth approximation neglect Uj, n^..., substitute 
a in u^, (\ in u^, in xjl^, and reject terms above the fourth 
order; we get Ay + Byf'-^Cyf-yDyi^ — a^ and so on. 
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Ex. 1. .);=2y+.r" — .r//+.r* — .rL 

IstApp. .r = 2y ; 

2ii(l Apj). .)• = 2y + (2//)- “ (2//)// — 2_// + 2?/- ; 

3rd App. = 2 )/ + ( 2// + 2//'-)- - (2_y + 2_;/-)_y + (2//)-‘ 2// + 2//" + 1 4 //^ ; 

4th App. .r = 2// + (2y + 23/-+ 1 4//)--(2y 4-2//-+ 14y’)// + (2// + 2y”)^-(2/y)'' 

= 2// + 2//“+ 14y^ + .')4 

Ex. 2. </>(./■) may he an infinite .series, tJie usual coiidition.s as to 

convergency being supposed sati.sfied. Thus if we put (’’'=^1 +y, then 

.r+.lr2 + ,L/'‘ + .V''' + : 

fir x~y — ?../■“ - jh/"’ — ", 

and the student will readily find that to tlie fourtli order 

' ■'■ = .'/ - + i'C - i.'/‘ : -i 

that is h)g(l +_//) -.//-A/" +;)//■’- ).//'■ 

This is an examjile of Reversion of Series ; the full discussion, how- 
ever, nf the subject of this article lies beyontl our limits. 4'lie student^i 
is referred to Chrystal’s Jltyhi-ii, vol. ii., cha]i. 30, foj’ an adeijiiate 
treatment. 

E.x. 3. Kx]iand // in ixiwers of ./■ foi large values of .r when 
_//■' +.(■-— 3(/./7/. 

Wlien .f and // ;ii'e both lai'ge tlie ju’odiii’t ./',// may Im' negl(‘cted in 
eompai’isoii with j ‘and//, hein'e a (ii’st a])pro.\imatiou gives //■" + . 
that is y-- To get a second a]i))ro\imation write 

'/ = - ./■ + 3<f.e// /(.c- - ./■_// +;//-), 
and on tlie right side put —.>■ f<>i' y. We thus get 

2nd Ajiji. y— -.)- + 3</.)'(-./')/(./'-+.f-+./'-)=- -,/■-//. 

To get a third appro-vimation (Uit -(/■+//) for y and e.xpand in 
powers of l/.r, wdiich by hyjxithesis is small since x is large. Idien 



The line y= — .c — o is an asymptote of the curve ; tlu‘ term c/'*/3./’^ 
show's that at both ends fif the asymptote the curve, is above the 
asymptote. (See Ex. 13, p. G2.) 

The iiietfiod of tlti.s ai-ticle i.s of o-j-eat .service in findino' 
the .shape of a curve near any jKiint on it. If the point is 
not the origin, tv'c may .shift the origin to the point, and 
then the equation will be of tlio form given at the beginning 
of the article. We may, of course, when we wish to expand 
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y in powers of x, write the equation in tlie form y = \lr(y). 
For the application of the method to the finding of asymp- 
totes and generally to the investigation of the shape of the 
curve at a great distance from the origin, example, 3 may 
serve as an illustr'ation. The student is refei'red to the 
admirable treatise on (Jurre Tracivy by Frost (London: 
Macmillan) for a systematic exposition of the method in its 
applications to geometry; that Iwoh is, in the words of 
Professor Chjystal, “a work whicli should be in the hands 
of every one who aims at becoming a mathematician, either 
practical or' scientitic.” 

^ 107. The Equation x = tanx. Equations of the form 
'//)„/■ = tan ,<■ occur in the Theory of the Conduction of Heat 
and in the Theory of Vibrating I’lates. For simplicity vim 
take m = 1 , but the discussion goes on similar lines when 
m is ditfer'cnt from 1. 

Obviously zero is a root, and the negative roots are erpial 
in numerical value to the positiv<' I’oots, so that we consider 
only the positive roots. 

By drawing the gi-aphs of tan x and of ./■ we see that tliey 
inter'sc'ct once and once only in the intervals (tt, 3 7r'2), 
( 27 r, 57r/2) and iit general (r/Tr, irTr + 'Tr, 2) where rt is any 
positive irrteger'. 'Jhere is therefor'e one, and only one, root 
of the erpratioit in ertclt interxal; (here is no r'oot brdween 
0 and irl'l. 

Let x — tan X — f{x) and calculate by Newton’s nrethod 
the root in the irrter-x'al (tt, 37r/2). 

f\x)= — tart'.r ; f"(x)= — 2 tan x sec-a'. 

An inspection of tin' tables shows that the angle lies 
between l!S0“-t-77‘ and 180° + 78 '. Expr'essing these angles 
in radians, we have to three decitrrals 

,r = 4-485; /(,/') = ■] 54; 

.r:=4'5()3; /(.r)=- 202; /(.r)=-22'l. 

Since /'"(a') is negative wm take u = 4 503, /r = 4'485, so 
that d= 018 < 02 and it is easily found that /• is less than 5. 

o j = a — f{a)/f'(a) = 4' 503 — 009 = 4'494, 
and the error is less than d^- or- less than '002. 
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In seeking a cloKer appi'oximation care must be taken 
not to go beyond the root ; if we do so /(a.^) will be positive. 
Owing to the rapidity with whicli tlie tangent changes 
there i.s danger of doing so when using 4-figui'e tables ; 
besides the ne:!d approximation will have an error less than 
or 2x10"% so that we may use the ordinary 7-figure 
tables. 

rtj is not beyond the root, for/(rtj)= — 'Oil 9542. 
Again, 

«2 = ),'/'(<' i) = - 'dOO 5SSS = 4 4984 1 1 2, 

so that if we take the root as 4‘49841 tlv' error is less than 
2 units in the last place. A clo.ser approximation is 

4 498 4095. 

To get the other roots let x= )nr + Trj2, — 6, then B is an 
acute angle and 

tan X = tan = 1 /tan B : 

and since x = tan x. we have tan 0 = -> 0 = tan * ’ 0 \ Hence 

X \xJ 

putting c for iitt + ttI'I we liavc 

x — c — tan " ’ 



It is shown in a later chapter tliat 




1 


X 


1 


1 

lx? 




so that 


;T, = C h.j-3 

X dir 



1 

lx’ 


The equation may be solved by the method of last article, 
since x is, even for n = 2, greater than 7'5, and therefore 
Ijx fairly small. 

1st. App. x = c, 

2nd. App. a: = c — 


3rd. App. 



2 

3c3’ 
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4th. Ap]). x — c — 



1_ 2 _ 13 

(• I ' 


5th. App. x = c 


1 2 13 146 

c 15</' 105c7' 


For n = 2, 3, 4,..., tliis last approximation is amply 
sufficient for all practical purposes. 'I'he stadent may 
show that xjir has the values 1'43()3, 2'4.590, 3‘47()9, 4’4747. 
5'4818, 6'4844, for ?t = l, 2, 3, 4, 5, C. [Itayleiij^h’s Sound, 
I , p. 334 (2nd Ed.).] 

Many equations involving trij^onometric and exponential 
functions were diseussial by Failcr, and the general solution 
of the equation ,c = tan,r is due to him. 


EXERCISES XX. 

In the folio-wins; examples it will nsniilly he sufficient to calculate 
the root to 3 or 4 decimal places ; in some ea.ses the results are given 
to more figin'es. 

1 . Find the real root of 3.r-‘ + u.f — 40=0. 

2. A sphere of radius 1 is divided hy a plane into two parts whose 
volumes ai e in the ratio of ] to i! ; the dustance ./ of the plane from 
the centre of the sjdieic is a root of the eipiation 3.r^ — 9a; + 2 = 0. 
Find a'. 

3. Find the root of .r'- t,i--7.r4-24 = o that lies between 2 and 3. 

4 . If (1 + j)"= 27-34, find a-. 

5. If lfF = 20.r, find .r. 

6. The chord A B of a circle, centre C, bisects the .sectoi- A CB ; if the 
angle AGE is r radians, show that .r = 2.sin.c and find x. 

7. Solve the ecjuation .■^•=cosJ'. 

8. The equation 2.r = tan.c lias one root between 0 and 5r/2 and 
another between tv and 3a-'2 ; find both roots. 

9. Show how to solve the ecpiation 



for a when I and c are given, J being not much greater than c ; for 
example, c=100, 7=105. The value of a deterniine.s the catenary 
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assumed by a .string of length / hanging from two ])oiiits in a liori- 
zontal line distaid e from each othei-. 

10 . Find the least roots of 

(i) (r' + e ')eos.r- 2 = 0 ; (ii) (e' + e ■')cos.r + 2 = 0. 

Obviously zero is a root of (i) ; find (he next .smallest root. 

11 . Solve .r~«sin.'- h 

where <7 = •‘245316, /( = 5‘75.5067. 

12 . Show that the approximations to the r<iot a of ,r = r^)(.r) given 
by the method of 1(15 are alternately greater and less than a if (/)'(“) 
is negative. 

13 . If f{x, ,y) = 0 and F(.i\ i/)-0 have as an ajiproximate paii' r)f 
solutions .r = o, = t show that in general the values (( + /(, h-fl will 
bo closer apyu'oximatious if /(, k satisfy the equations 

f{a, h) + h A’(„, h) + h ^^\-k '-'^.0 

Of O// Oil 

where in the dorivatises .r, // are rejihieed by o, h. 

If /(.'•, y)=.e‘ + 3.;v'-! - !/ - 12, F{ r, y) .= 2.>'7/ +y'' - S, 
find closer approximations to the roots neai' .r = 2. 

14 . If (y - .1 )(y - 2.r) == + 2.ey/ + .i-y-' 

show that when ./• is .small there arc two value.s of y given, as far as 
terms of the third order in c, by the ecpiations 

y = .r - . 1 - - .F and y = 2.r+ c- + .Tr'l 

Show that the eune given by the e(p(ati<in has two bianehes that 
jiass tVirongh the origin and that the tangents at the origin ai'ey=.r 
and !y = 2,r. Sketch the curve for small values of i. 

[Write i/ = .c+ — ,-4 — ^ •, -(--4— ■ and pioceed as in ^ 100 ; then 

1 / -’2r // — 2.r // - 2./’ 

write y = 2.r + .r[(y — ,(■)+', etc.] 

15 . If .show that for .small values of ,r there are 

turn values of y given by 

y=.t +.r'nF and y= — — .c" 

Show also that near (o, ti) the shafic of the curve is given by' 

.r-q-2o(y — !/) = (). 

Graph the emwe. 

16 . If (y -.t)'‘* = .c^ + .r 7 / + .i’' .show that for small values of .r 

y = .r± . .1--. 

Graph the curve near the oi igin. 
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§ 108. Proportional Parts. In the u.st* nf Looarithaiic a.id ' 
similar Tables it is often necessary to tind the value of tlie 
function for a value of the argument not given exactly iir 
the Tables. It becomes necessary, therefore, to interpolate, 
and the ordinary rule is based on the assumption that the 
difference in the function is pro])oitiona1 to the difference 
in the argiiment. We will now examine the assumption. \ 
Let h and c be small cpiantities hav'ing the same sign,', 
but z being numerically less than h ; then by the Mean ' 
/Value Theorem, /(,r), /'(.r), being assumed continuous, 

^ the following equatit)nK are apju'oximately correct. 


f{a-\-li)-f{a) = hf\a)+ \h'f\a) (1) 

f{(i + 0 ) -/'(rt) = zf{ u ) + 1 z~f"{ (!) ( 2 ) 


Let D = f(a + and eliminate /'(n ) ; therefore 


{(i) ( 3 ) 

E(|Uation (31 is a]»pro\im,il<‘, but l)y tollowing the lines of 
the proof of the Mean Value Theormn \M‘ can show it to be 
exact if in place of /"{<() we w'rite /"(n + dh) W'heiv d is a 
pro])er fiuction. 

/(u + c)-/(u) = i7t+l.c(:-//)7^ (A) 

and lei F{x)=f{x)— f{(i) — ~^ ' D—l{x — <(){j—a — h)P. 

Now' F(a) = () identically. 7'\u + r) = 0 by (a): F{a + k) = 0 
identically, reuiemberiug tlu* \alue of J>. lleiice F'{.c) must 
vanish for a \'alue of > betw'ecai a and a+:, and again for 
a vahm of .r bet warn <i + z and <(-{-/> , therefore F"{./') must 
vanish for a value of .c betwaam these two values, and 
thei'eforc' between a and (( + //. Rut 


F\.)^f\x)-P, 

and therefore 1’ = f\a + Oh). 

Hence, instead of (.3) w'e get the exact ecpuition, 


f{a + c ) -fi<i) = lD+\z{z-h )f"{a +eh) (41 


Jj=f\a+h)-f{a). 


wdiei'c 
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•h 

In the figure (Fig. 53), 

OA=a, AG=z, AB = li. 

RQ = f(^a + li) — /(«) = D. 
lTS=f(a + z)-f{a}. 
UT=zD/h. 

_ ST= lz{h - z)f\a + eh). 

^ 'I'lie error committed in replacing 
the arc. PBQ l)y the chord PTQ is 
measured hy ST. z is hj^ hypothesis less than h, and the 
numerically greatest value of z(li — z) is j//-. Hence, if G 
be the numerically greatest value of /"(;«') in the interval 
(tt, u + /i), the numericaily greaU'st value of ST or of 


H 

I 

IHI 

il 


C B 
Fig. 53 . 


|0(/t — z)f"(a + &h) 

will be Ik-G. 

Suppose now that /(.r) is tabulated for a s(U'ies of equi- 
distant values of ;r, the difference l>etvveen successive values 
being /(.. Lot u + z be a value of .c between a and a + h, 
and therefore not given in the Table. The ordinary rule is 
to calculate /(u-f c) from (4), negh'cting the second term 
on the right ; that is, 

/{a -h ,c) =/( (( ) 4- j-1). 


'For a given value of a, the amount by which is in- 
creased to find f\(i + z), mimAy zD/h, is therefore proportional 
,to z ; the error in following the rule is therefore not greater 
' than /(.“G/8. 

Exceptions to the application of the rule occur in the 
' following cases : 

.j I. G may he such that h^GjH can vat he neylected in 
comparison ivith. zDjk; in this case the difference D is said 
.to be irregular. 


. II. D may be so small that if vanishes to the. number of 
]figures in tltc Table: in this case the difference is said to be 
insensible. The difference will be insensible when f'{a) is 
very small, since 


D =f{a + h)-f{a) = hf'{a) + Ihffffa -h Qh ). 


EXCEPTIONS TO RULE. 
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Example, f (x) ~ x. 

Let M — e — ‘434 2945 ; 

then f’{x)-=MitoiiX', /"(a;)= — ifcosec"*. 

If X is small, fix') is larjje, and the differences arc 
irregular ; since cot x is not laige the differences are not 
insensible. 

If ,T. is nearly 90°, cot x is small, and the differences are 
insensible ; though f\x) is not large the ratio /"{x)if'(x) 
= — 2/sin 2fl3 is numerically large and therefore /rO 'S can 
not be neglected in comparison with zE/h. Near 90° 
therefore the differences are both insensible and ii-regnlar. 

For tables that pf'ocecd at differences of V, h is 1' or in 
radians ^ 2909, 

and jm^^-OOG 000004G. 

To find when iTl/Z/^eosec-a: would aft'eot the seventh figure 
we may put iM/t^cosec^a; = 5 x lO-®, 

and we find from this equation that x is about 18°. Hence, 
apart altogether from errors due to negh'cted figures in 
carrying out the numerical work which may easily amount 
to more than a unit in the seventh placts the error due to 
neglecting the term h^G/8 will amount to half a unit in the 
seventh place for angles less than 18°. 

If k is e<jual to 10" the student may show that the 
seventh figure will not be affected by the neglect of h^GjS 
till the angle is about 3°. 

The student may w-ith advantage consult Hobnuu’s 
Trigonometry, Chap. 9. The advanced student will find 
a thorough discussion of all the principles invo ved in 
numerical approximations and the use of tables in uuroth’s 
Yorlesungen vher nurmrisches Rechnen (Leinzig: Teubner, 
1900). 

Ex. 1. Show that for logcosx the differences are insrnsible and 
irregular when ,v is small, and irregular when ,r is near 90t 

Ex. 2, Show that for log tan r the differences are irregular when 
X is small and when x is neai' 90°. Show also that the maximum 
error is least when x is near 45°. 

Q.c. 


K 
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Ex. 3. In a 7-flgui'e table of tlie logarithm^i of numbers, show that 
the term h'^01% is most important when the number is lOOOt), and that 
the greatest erioi aiising fioin the neglect of that term is about 
I 6'5 V 10““’, and is therefore negligible foi the.se tables. 

1 § 109. Small Corrections, In practice all measurements 

, are subject to errors, and it is therefore of importance to 
s determine the influiuice on the result of a calculation when 
I the argument or ai'gumc'nts of th(‘ calculated function aiv 
( given by measurements whose errors are approximately 

I I known. 

Let a quantity .r be determined by measurement and let 
^ be a function f{,t) of x Suppose that the value x given 
by the measurement differs from the true value by 8x, then 
the true value of y is /(.r + d.r) and the error d// is 

Sy =f(x + &) — f(.i ) —fix + 6 Sx)6x 
or Sy = fix)ox approximately. 

The relative error Syjy is, approximately, 

t (\>/_fU) , 

i y /(')'*■' 

I As a rule it is the relative ei’ror that is important, of 
I the two factors 8x and fix)jfix) the first depends solely 
I on the accuracy of the measiirements while the second is 
conditioned by the gencial arrangements of the inves- 
tigation 

If there are two or more variables, x, y, z say, then the 
' error da in the function ({,=/((, y, :) is 

Of Of Of 

i, as far as quantities of the first order in da’, 8y, 6z. Since 
,the value of da is of the first degree in 6x, Sy, 8z the joint 
effect of the individual errors 8x, etc , is obtained by 
addition of the effects due to each separately. This 
principle of “ the superposition of small errors ” is of great 
■j importance in practice. 

^ Ex. 1. The side a and the angles B, C of a triangle ABC are 
measured ; if these be liable to the errors 8a, 8B, 6(7, to find the error 
in the calculated value of the area S. 
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Denote by (SS)a the eiTor in iS due to the error Sa taken by itself, 
and use a similai' notation for the other eirors. In finding the 
derivative of A' it is nnwt i onvenient to difi'erentiate logarithmically. 

A'=ia- sin JJ sin Cjiiin{B + ('), 

{8S)„/S= 28(110, 

{8S)t,IS={coi: n - c(.t(7?+ C) 1 Si/, 

(8s)cis={wt o- cot {ji + cy, 8C. 


The total error fi.S’ is got by adiling these separate en ors. 
As an e.xample, lot « — (feet), 71 = 27° 12', ('=45° 18', 
S/l=10', 8t'—20'. The })ercent;igc errois in a, B, 7’ are 


1 00— = -1 ; 1 00^^' = •() ; 1 00‘'\f = ‘7. 

a B (' 


8a = -26, 


It is sufficient therefore to use 5-figure logarithni.s We find 
8S 

=-002 + -00474 + -00392='010G6. 

6' = ]064(!; <SA=113'49; 1 '1. 

n 


The calculation of A' from the values a + So, B + 8B, ('’4- SC' gives, if 
A” be the new c aluc of S, 

■5' 10760; A''-A'=114. 


Since 5 = « ain ZJ/ sin {D + C), we have for the error in h 

81>ib = 8aj(( + {B+C))8B - cot (71+ (-') 6(7, 

so that S5/i= 00390, lOuS5/(»='4, (% = 'r> neai'ly, 

and in the same way 

Sc/c = '0040, 1 0<}6(’,V = '4, Sc = ■ 7 5. 


E.\. 2. The .sides o, h, <• of a triangle ABC are measured ; to find 
the ei'i'or S.l in d due to eiTor.s So, 8h, Sc in a, b. c. 

We may take the value of cos. I given by 

cos . I = (5- + c- - a")/2()(‘ 

and differentiate ; but the re.snlt may be obtained moie quickly, thus : 
a = b cos C-^c cos B ; 

therefore Si/ = cos C 8h + cos B8c~(h sin C 8C + c sin B 571) 

= co.s C 8h + cos 71 Sc - h sin (7(8(7+ 571) 

= cos (^ S6 + cos 71 Sc + 6 sin C SA , 

since b sin C=c sin 7? and A + B+ C= 180°, so that S.-l + S71 + 8C is zero. 
Hence S.l = (5a - cos CSb — cos 7? Sc)/?/ sin C, 

and the trigonometrical functions may easily be expressed in terms of 
the sides if required. 
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EXERCISES XXI. 


1. The area N of a triangle ABC ia determined by a,b,C; 
that the relative error in the area is given by 


a 


= -+^+cot CSC. 
a 0 


show 


Show that the error in the side c is given by 

Sc = cos B Sa + co.s A Sb+ a sin B SC. 

2. At a di.stance of 120 feet from the foot of a tower the elevation 
of its top is 40° 16' ; if the distance and the elevation are measured to 
within 1 inch and 1 minute, lind the greatest error in the calculated 
height. 

3. If the density (p) of a body be inferred from its weights W, w in 
air and in water respectively, show that the relative error in p due 
to errors S 1)’, Sw in 11', w is 

Sp _ —w Sir St(> 
p W— w ir II’- w 

4. The side a and the opposite angle A of a triangle ABC remain 
constant ; show that when the other' sides and angles are slightly 
varied, 

“ />■! 

COS IS cos C 


5. If a triangle A BC be slightly var'ied but so as to remain inscribed 
in the same circle, show that 

3a Sh Sc _ 

COS A cos B cos C 

6. In a tangent galvanometer the tangent of the deflection of the 
needle is proportional to the current ; show that the I'elative error 
in the value of the current due to an ei-ror in the reading of the 
deflection is least when the deflection is 45“. 

7. If ordinates which differ by less than one-hundredth of the unit 
line are considered to be equal, show that the parabola y = :r -t- will 
coincide with the graph of 

ar -p 2.t^ -t- -h 4x* -1- 

f 

for values of x between - '14 and -f '14. 

8. Show that the curve xP+ii‘=3a.vy has two branches which pass 
through the origin and that the equations of these branches near the 

u;2=3ay, / = 3cw. 

Show that closer approximations are given by 

y = / 3a + x-’’/ 8 1 a^, x —y^l3a + 1 aK 
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9 . Show that, near the points stated, the curve = is 

given by the respective equations, a being positive. 

Near (o, o) = ; near (2ff, 0) — ia) ; 

At infinity >/= - j:'+2«/3 + 4(»V9.r. 

Show that ^ is a maximum when x—Aaj^ and graph the curve. 

10 . Show that for the curve xy^ -x^- Gx‘‘ + xy+y^ = 0 the following 
approximations hold : — 

Near (o, o) _?/ -= 2.r - and y= — 3.r+|.r-*. 

At infinity ,r+ 1 = 1///, ?/=.r + 2 - 5/.r, »/ = — .r - 3 + 6/.i’. 

Show that the asymj)tote .r + l=0 crosses the curv^e at (-1, —5), 
the asymptote y=x + 2 cros.scs at ( - f’, J) and the asymptote y= - x-‘S 
crosses at ( — 2) ~ D- firaph the curve, 

11 . Show that the curves 

(i) (y — x"y — .r*, (ii) (y - x^y — xf‘ 

have each a cusp at the origin but that hath branches of (ii) lie above 
the ,r-axis near the origin. Graph the curves. 

In ca.se (ii) the cusp is called a cn.sp of thf second kind or a ramphoid 
cusp while the ordinary cu.sp is called foi' distinction a cusp of the first 
kind or a ceratoid cusp. 



CHAPTEr. XI] 1. 


INTE(UiATION. 


§ 110 . Integration. In g 82 the ^eneiul problem of the 
Integral Calculu.s }ia.s been statc'd, namely (liven a con- 
tinuous function F{,r), to find anotlnu- function vvliich 
(i) has F(x) as its derivative and (ii) takes a given value A 
when X takv^s a given value (t. 

When condition (i) alone is given tliere is an indefinite 
number of solutions. Tht‘sc solutions, however, difier only 
by a constant; any one of tliem is called an indefinite 
integral of F{x) and the constant is called tlie constant of 
integration. This constant is sometimes called an arbitrary 
constant since it may have any value whatever. If f(x) 
is an indefinite integral, f{x) + G is called the general in- 
tegral, G being an arbi(.rary constant. 

Instead of the notation of inverse functions F(x) it 
is customary to denote the indefinite integi'al of Fyx) by 
the .symbol r 

i^(.r)d,r; (1) 


read, “the integral of F{.v) with T-c.spect to x," or “integral 
of F(x) dx.” The difFcrential d.r indicates the variable of 

integration, namely x, and tlie joint symbol j"... dx means 

“integral of ...with respect to .r.” F{,r) is called the 

integrand. 

What was in § 82 denoted by F{x)f^ is now denoted 
by ri, 

F(x)dx: (2) 

read, “ the integral from a to 6 of F(x) dx.” The function 
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denoted by the symbol is called a ilefinite inte^'al, and a, b 
are called the limits of tlie inte^r-al, a bein^ the lower limit 
and h the upper. (The word “ limit ” in this use of it means 
merely “ value of the variable of integration at om; tuid of 
its range,” “ end- value ” ; this use of the word must not be 
confused with the technical sense employed in other con- 
nections.) The interval (b — <i,) is called the range of 
integration. 

Geometrically, tin' symlx)! (2) denotes the area, in sign 
and in magnitude, swept out by an ordinate of the graph 
of F(jc) as X varies from the lower limit a to the upper 
limit h. If /(./') is an indefinite integral of F(x) then as 
in § 82 

dx = [71-1 =f{h)~f(a) (3), 

W(‘ may, if we please, use the gener;d integ}’al f{x)-\-C 
instead of /(,'■): the result will b(‘ the same since (7, being a 
constant, will disappear in the subtraction. 

It follows at once from the geometrical meaning or from 

(3) that f F(x) dx= — f F(.f) dx= /(a) — f{h) (4) 

J J a 

that is, the limits a, h may be intei-changed if at the same 
time the sign of tlu^ integral is changed. 

Again, the form /'(6)— /(a), or the geometrical meaning, 
shows that tlm definite integral is a function of its limits, 

f'' 

not of the variable of integration. Thus 1 F{u)dib has 
precisely the same value as j F{.r)dx. 

From the point of view of a rate, F(:r) when it is the 
derivative of /'(./;) measures the rate at which /(.r) increases 
with respect to x; the amount, po.sitive or negative, by 
which f{x) increases as x varies from rt to b is f{b)—f(a). 
Hence the detinite integral (3) measuri"^ the amount by 
which a function f{x) inci'oases for a gi^a'n change (6 — <i) of 
its argument when the rate of change, F{x), of the function 
is known. 

The function which has F(x) as its derivative, and which 
is equal to A when x is equal to a, is (§ 82) 

D-^F{x)-[B-^F{x.)], + A, 
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and is, in the present notation, represented by 

f F{x)dx + A or by j F{ii)du-\-A (5) 

Ja ja 

Here the upper limit x denotes the particular value of the 
argument for which the function i.s calculated. In the 
geometrical representation of § 82 the upper limit x is 
the abscissa OM of the point P. From the point of view 
of rates the symbol (5) denotes the function which is 
equal to A when its argument is equal to a and which 
increases at the rate F(x). 

The subject of definite integrals will be more fully con- 
sidered in Chapter XIV. ; enough, however, has been given 
,in this article and in Chapter X. to enable the student to 
solve the .simple examples on areas, etc., which are given 
in the exercises of this chapter. 

111. Standard Forms. Integration from the point of 
view from which it is now being considered is simply the 
inverse of differentiation and the first requisite for the 
calculation of an integral, definite or indefinite, is a table 
of known integrals ; the table will be formed from an 
examination of the known results of differentiation. 
Various methods will then be given for reducing, if 
po.ssible, an integrand not found in the table to a form 
that may be integrated by means of the standard forms. 
In all cases of indefinite integrals the test to be applied 
is that the derivative of the integral must be equal to the 
integrand. 

In symbols 

f{x) = ^F{x)dx if '^{if = F{x) 
so that the equation that defines an integral is 

Considered as symbols of operation djdx and |...cfx are 
inverse to each other. J 

In the language of differentials F{x)dx is the differential 
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of f{x) when f(x) is the integral of F{x)-, f(x) is often 
called the integral of the differential F(x)dx. Since 

F{x)dx = df(x) = d 

the operators d and J are inverse to each other. 

The following table contains what may be called the 
fundamental standard forms; other important forms will 
be given later. Most of the forms ai-o given twice ; the 
argument occurs so often in the combination ax + h that 
the student should from the outset make himself familiar 
with the corresponding integral. The results sliould of 
course be tested by differentiation. 


1. If a=|--]. 


2 


If n = 


V+1 ’ 
- 1 . 



(aa. + h)n+i 

('a 1 fn 


:j. 


4. 

5. 

6 . 

7. 

8 . 


[ — ^ — j dx= ^ log(mt;4-^>)- 
J a.r + 0 a 


a 


dj' = log.x; 

^<i^dx = e^-, I' 

Jsin X dx — — cos x . Jsin {ax + h) dx = ~ 

Jcos X dx = si n x ; Jcc® {ax + b) dx = sin {ax + b). 

J.sec^a;(fo=:tan iT ; j'sec^(aic+6)d,x = ^ tan(aa: + l»). 

I cosec^a: dx = — cot x ; 

J j. J 

j cosec^(rt.x + 6) dx — cot {ax + b). 


1 


dx 






dx 


^{a'‘ — x'‘) 


= sin' 


D- 


or = — cos“^ir ; 
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9. 


10 . 


11 . 


f dx _ , „ _1 „ . f _ 1 -1 ('A . 

Jl+*2-“’^ ]a^+x^ (t U’ 

or = — ^ 

ft Vft/ 


or = — cot 




= :sr- loLM - 


2ft 


(1 + 


-) 

X/ 


if A < A. 


Since sin"V-(-c(is~tr) is equal to jr/2, both sirrU' and -cos“^a^ 
are integrals of W(1 -•>'“) ; a similar observation holds for the integral 
of 1/(1 +.(■■). An indefinite integral may often be exjjressed in 
different forms, any two of which must however differ only by a 
con.starit. Particular care is I'equired in dealing with the inverse 
trigonometric function.s since these are luany-vahied ; the restriction 
on the range of the angle (S5i 2ft, 64) must always be attended to. 

If X is negative, the integral of !/a' is not log.r but log( -.r) ; if ,r is 
less than «, the integral of l/(.r — a) is log(o-.r). Form 11 is inserted 
for the sake of coinparis{)n with 10 ; fora siniihu' reason forms 8 and 9 
are brought together. 

Again, if x is negative, it may be verified that the integral of 
l/v'(a“ + /{-) is -log(-.r + v''(.rH^-)i- 


Instead of the loj^arithms in form 9 inverse hyperbolic 
functions may be used (§ 66). 


9a. 


[ dx . , ./a"\ f dx , 


and it should bo remembered that cosh'br is two- valued. 
The forms tanh~^ x, coth'^x, are of less i7jiportance. 


Ex. 1. Integrate with respect to .»• 


/r- 

' ’ v/,P ’ 

s/(3a-4); 

) 

^/(.Tr-4)' 

1 

Evaluate 




/ sin X dx ; 

Jo 

/ COS ,r dx ; 

JQ 

A dx 

Jo cor''*x ’ 

f^'dx . f' 
■i* X ’ J-. 


Ex. 2. 



ALGEBRAIC AND TRIGONOMETRIC TRANSFORMATIONS. 267 


§ 112. Algebraic and Trigonometric Transformations. By 

applying the definition of an integral and Theorems II., III. 
of § 58 the following theorems are easily 2 ')roved : 


(i) 


Jc F(x) dx = c 


if c is a constant. 



(»,— «+ ... +a)dx~ 




where u, v, ... z are functions of .r or constants. 

Thus the derivative of the integral on the left of (ii) is 
by definition 

11-V+ ... -i-z; 

by Theorem TIT., § 58, the derivative of the sum on the 
right of (ii) is the sum of the deri\atives of the terms, and 
that sum is by the; definition of an integral i( — -\-z. 

Hence, a^^art from constants of integration, which are not 
considered, equation (ii) is seen to he true. 

Ex. J (3.r< - !'u'-+ L)</.r= j + J by (ii) 

= 3 j .r‘</.r- I i/x by (i) 


Integration is essentially a tentative process, and it often 
happens that among the known functions there is none of 
which a given function is the derivative (see K 82). Two 
general methods of integration will he given (§§ 113, 118) 
which are of great use in the search for integrals ; but 
usually some simple algebraic or trigonometric transforma- 
tion of the integrand will he of great assistance in reducing 
it to a sum of tc'rms each of which is a standard form. 
Some of the rc.sults are so important as to he included 
among the standard forms, hut the student should rather 
try to seize the spirit of the ti'ansformations than burden 
his memory wdth a mass of isolated results. (See the 
remarks in ,§ 123.) 

We now take one or two examples of such transforma- 
tions. 
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Ex. 1. Integrate {ia? 

By division, 

{%a^ - 7 .r 2 + 1 )/( 2 j- - 1 ) - 3 j,' - f - ll{2x - 1 ). 

Hence the integral is 

Jx’ — 3 a;* - f ~ i log ( 2 .r — 1 ). 

Any fraction in which the numerator is a rational iidegi'al function 
of X and the denominator a linear function may be integrated in the 
same way. 

Ex. 2. Integrate 1 /(.»•* — a*). 

Resolve the fiaction into partial fi-actions : 


] 



-- ) 

'2.a\x — u x + o/ 

(•*■—“) - log(.r + o)") 


1 

2« 


log 


x — a 
x-\-d 


This is the proper foiru if ,r* > because then, and only then, is 
(.*;-«)/(.<;+ a) positive ; if a;* < a? the integral is 


i 

2n 


, iX-X 

log 1 


becau.se in that case the integral of 1 /(,r - d) is log (a - x). 

The transformation is a particular case of the method of partial 
fractions, and the student should refei- to some text-book of algebra 
for an account of the method ; see also § 1 20. 


Since 
we find 


2 ] 

{x - 1 ){x - 2) “,r - 1 ■*'.r - 2’ 

/ (.r - ]')(.r - 2)"^ '■ = 2 log (.r - 1 ) + log {x ~ 2). 


Ex. .3. The forms —j, - - - 

a + bx^ ^f{a+bx^) 

If a, b are both positive, we have 


f dx 1 f dx 1 ^ _ 

J n + &J a ^ VP) 



If a is negative, h positive, we reduce the integrand to the form of 

PY • tprinQ 

{ ^ = 1 {Jl. = log f V6/V3\ 

j3x*-5 ,3.1 2.,yi5 '=\xd^b\^V 

In a similar way \l^J{ix-^bx‘^') may be treated ; thus 

f dx I f dx 1 . d x^/2\ 

J V(^ 25o~V2 ■ J V(t-^“)~V2^‘" \V^ / 
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With a little practice the .situclent should he able to do many of the 
steps mentally ; the full process for the first case is 
] f f/.r 1 1 , .j/ .V \ 1 - 

sfh Xjbf 

Ex. 4. sin"r, cos^.r, sin »i.r cos «j.. 

When n is a small positive integer, sin”.?-, cos”.r may, without any 
difficulty, he expressed in terms of sines or cosines of multiples of ,r ; 
for other values of v it is best to take the method of successive reduc- 
tion (§ 119) or the method of ex. 4, 1 14, 

sin2x = .}(l — cos2.i ) ; sin®u-=5 sin.r — J sinS.r ; 

Jnin-.i'dj'=hv— } .sin2.»’ ; jsin^.vdx= — cos -f- jh cos 3.)- ; 

If w 

_[ sinWr=^; jT sinW.r=0-[-f-|-,h] = fs. 

In the Same way powers of cosj- may be treated. 

Again, a i)i'o(luct of a sine and a cosine, oi’ of two sines or of two 
cosines, may be expressed as a sum or a difference of sines or cosines 
and then integrated. Thus 

sin III rcos«.r'=i{sin(/;i,-|-/i)''’ + ^”K'’'*-~fO'^’} 1 

hence, if 


but if m = ri, then the integral is 

cos2»m:’. 

Am 


fsin M.r cos +«).r_ eos(«^ 


/■ 




'2(m -It) 


EXERCISES XXII. 

Integrate, with lespect to x, examples 1-15. 
3.r^ - 4.r'' -f 2.9 - - 3 . „ 2xj-_ 1 . 

2a- -1 ’ 

1 

1 

^I{ZA-Ax^) 

12. .sin-'j"; 


1 . 

4 . 

7. 


.r-3 

3^-- 7 

(.?--l)(.i--2)(.r-3)’ 

1 


^/(3 - 4.r2) ’ 

11. cos-(o.r’-|- J) ; 

14. sin (3.r 4- 2) cos (4.r -f 3) ; 


2.r-3 


3. 

6 . 

9. cos-a; ; 


— 3x-l'2 ’ 

1_ 

7 -h 3a'‘^ ’ 


10. cos^.c; 


13. sin Sj- .sin Ax ; 

15, cos X cos 2x cos 3.r. 


Find the value of the integrals in examples 10-21. 

16. 

19 . 


f cos^ X dx ; 

17. [ sin- 2x dx ; 

18. f 

Jo 

Jo 

Jo 

r' dx 

„„ f* dx 

r 

Jo 


21. 

Jq 


2 dx 

AA-x^’ 
vs 


dx 


■oFj 
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22. If m, n arc UDecjual positive integers, prove that 

I cos M.r cos //.f dx = 0 = j sin inx sin n.r d.v, 

Jo Jo 

and find the value of each integ)-al when m, n arc equal positive 
integers. 

23. Show Ly considering the graifiis of the integrands that the 
following e(piations are true : 

■tt ft 

(i) I / sin’'.rr/./- where is positive, 

Jo Jo 

(ii) I / .sin”.rc?.r where n is positive, 

'o Jo 

ir 

f'" f' 

(iii) / cos’'.r cfo’— 2 / co.s".iv/.r if « is an even integer, 

Jo Jo 

but =0 if w is an odd integer. 

24. The area bounded by the pai’abola i/- = 4:U.v, and the double 
ordinate through the ])oint (h, o) on it is fj)r. 

25. If <t, h are positive and o</>, the area between the hyperbola 
xi/ = c'\ the .?'-axis and the ordinates at a, !> is c^log(^</«). 

If instead of a hypei'bola the curve is that given by i/ = ,r'‘/c“~^, 
then the area is ‘ (i-. m + ly.-, ^ 


26. The area between the .r-axis and one ai eh of the harmonic curve 
y = Z)sin(.r/u) is 2ali. 

27. An ellipse revolves about its major axis ; .show that the volume 
of the spheroid generated by a complete r(!volution is .^Trab'i 

If the axis of revolution be the minor axi.s, the volume is ^Tra~h. 


28. The area of the section of certain surfaces made by a jilane 
through the point whose alrscissa is x perj)endiculai’ to the .r-axis 
is A+Bx+Cx’^ whei'e A, B, 0 are constants. Show tlmt the volume 
intercepted between two jfianes pci’j)endiculai- to the .r-axis is 

A (b-a)+ hB{IA - a2) -t- - a'>) 

where a, b are the absci.ssae of the points where the planes cut the 
a^-axis, (a < b). 

Apply the result to find (i) the volume of a cone ; (ii) the volume of 
a segment of a sphere ; (iii) the volume of the ellipsoid whose eejuation 

x-/a^A-i/^lb^ + :J‘lc-=l. 


29. If in ex. 28 S^, AI are the areas of the sections through a, b 
and the point midway between a and h, and if b~a = 2k, show that 
the volume is 

(Nj -I- B., -f 4 J/). 
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- § 113. Change of Variable. The rule for differentiating a 
function of a function (§ .59) lead.s to one of the two general 
'methods of integration referred to in the preceding aj'ticle, 
nam(dy, that of changing the variahle of integration. 

Take first the siinple example 

_ f (,/.<• dy _ 1 

Ja'^ +-■?■ + 2 dx .T- + 2.'r + 2 

Let y be made a function of u by the .substitution x — u—l ; 
by 59, dy _dy dx _ 1 _ 1 

du (Ix (I'll .r^+2;r-t-2 i;^ + l 


■fence, considered as a function of u, the integral is 




da 


= tan ’ u, that is, y = tan ' ^ (./' + 1 ). 


dive change of varialdc has enabled us to reduce the 


'itegrand to a known form, and thus to integrate it. 

Take now the genei'al ease in which the inti'grand is F{x). 
et y be made a function of u by the substitution x = (f){a) ; 


len 


'ly^dydx dx 

da dxdu ^ 


i (1) let dxjdu be found from the evjuation a" = ^(u) and 
en express the new integrand F{x) dxjdu in terms of u 
T iJieans of tin' same equation. Equation (1) will now be 
ee from X and we shall have 


?/ = 




( 2 ) 


It may happen that the new integrand is, as in the above 
cample, a standard form; if not, it may perhaps be more 
isily reduced to one than the old integrand F{x). 
Expressing y as an integral with respect to x, and equating 
"4^ to the value given by (2), we have 




y = ^F{x)dx = ^F{x)~^du (3) 

I The simple rule then for changing the variable is : 
wplace dx by {dxjdu) du arid by means of the equation 
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between x and u express the new integrand F{x) dxldu .<* 
terms of u ; the integral will then he a function ^ the new 
variable u. 

When the integi'ation has been elFected the integral 
should be expressed in terms of the old variable. 

If when x = a, u = a, and when x~b, u=^, the relation 
being such that as x varies continuously from a %o b,u also 
varies continiiously from a to j8, then 

J F(x)dx = ^ F(x) j^du (4) 

In this case, of course, there is no need for returning to the 
old variable. 

In applying the transformations (3) and (4) it is essential 
that to each value of x there should correspond one and 
only one value of u, and to each value of a one and only 
one value of x, within the ranges h — a, /?— « of integration. 
When the equation between x and u gives u as a multiple- 
valued function of x, or x as a multiple-valued function of 
u, care must be taken to choose the proper value. (See 
§ 117, Ex. 3, § 123.) 


§ 114. Examples of Change of Variable. 

Ex. 1. F(.r) of the form yjr{a.v+h). 

Let M~a.r-t-h; du = adx, dx—^du 


J (ax -t- f))d.r — du. 


This type constantly occurs. Thus if v=x— 1/4, 

so that the integral is 


/: 


4 , ( 4w\ 2 / 4.r- 1\ 


dx 


) J2J . 


dr 


= -15 log {x- 




A constant factor, like 2, can he taken outside the integral sign 
when necessary ; similarly a constant factor may be introduced, as in 
ex. 3. 
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Ex. 2. F{j;) of the form ^(.r 

Let M=.r*; du = ii.r”~^ </.r, ‘<f.) —-dii 


Thus, if 


= .,■2, 

I J{a.c'^ + h).fd.r = ]^ I J{a>i + l>)(/u = ^-(au + hy, 


and the given integral is (<i r^ + hy-,'ii</. 

The integral may also l)e fi>und hy jmttiiig i/- «.'“ + ?>, oi- by putting 
■id = (Li'--\-h. The last suhstitnf ion gives 

.r<l.r=\/ (lu \ f J(a.i‘‘^ + h).i'(l.r- 

a J aJ ,iu 

leading to the same value as hefori'. 

Ex. 3. F{.r) (if the form 

Let !< — T/i-(r) ; dv ~ \lf' {.l■)d.r ; F{.r)</.t-—v"dv. 

Sind the integral is a power or a logarithm aceijrding as n is different 
from or e(|ual to — 1. VVe have 

(3-0 »1-1. 

From (3//) we see that when the integrand is a fraetion whose 
numerator is the deiivative of the denominator, the integral is the 
logarithm of the denominator. 

The introduetion of a factor is sometimes needed to make the 
integrand of the form 3. I'hus 

(in) /tan.rrf.r= — j — — '~(/.r= -logeos.r. 

.' eos.r 

(i v) J tan^.r d.r = ^ tatt .r (sec".r - I )</.f - j tan .r soc'-.r d.r - j tan .r dx, 

and therefore = 1, tan^.r + log cos x. 
o.c. " S 
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Ex. 4. 7?’(T) = sin”‘.rcos”^. 

(i) When either ni oi' n is an odd positive integer the integration 
can be effected by substituting n for cos.r when m is odd, liut u for 

sin.r when « is odd. For example, take F'(x)=sin^.r cos^.r. 

Let M = sin .r ; du = cos .r dx ; co.s'* ,r = ( 1 — 


j »u\\r cos^ X dr — j (u^ — 'Zu^ + u'^)du 


„ 4 , i , V- 

= n?<“ — iu~ + j-yM ■ 


= sin^.r(5 — i sin^.)'+ sin‘'.r). 

r2 1 4 n , c ' 

/ sin^.r cos^'.r (7.r= / (?/- — 2?«- +?«*)(7?^ = 5 -^ + = o'|/]- 

Ju JO 

Again, if u = cos .r, du = — sin x dx 

j iriin^'xdx— ~ j (1 —u~}~du— - (« - ji?F + J?F^), 

and ^ siir'’,c dx= - cos .r + s co.s'*.r - I cos'’.r. 

(ii) When m + ii is an even negative integer, let M — tan.r (or cot.r) ; 
the new integrand can be e.Njranded by the Binomial Theoi'em. Thus, 

J sin''.r cos'b’ J ir' I +u^ j \ m** id ic / 
and the integral is readily found in terms of x. 


Ex. 5. If /'Xi') i« a rational function of .<• and of ^(ax + b), the sub- 
stitution ax + b — )d will make the new integrand a ratifuial function 
of 11 . Thus, if .r-t-1 -u'-, 

^.rV(a' + l)(7.t'=2 ^ (id- ])hddu — 2(ln' - ^id + ^/d), 

and after a little reduction we get for the integral 
2 v'(.r + 1 ) ( 1 -f- 'S-d — 4,r -I- 8)/ 1 0.'r. 


The forms just given include many of the most important 
cases in elementary work, and tlie student should at once 
try the earlier examples in Exercises XXIII. Only through 
practice will he gain facility in making the transformations. 


§ 116. Quadratic Functions. If ii = ax^ + fjx + c and if /(x) 
is rational and integral, the fraction f{x)jR can be expressed 
as the sum of an integi'al function and a proper fraction 
(Ax + B)jR. We will now consider the forms (Ax + B)IR 
and {Ax + B)l ^ R. 
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For beginners the simplest method is to write R in the 


form 


R 


=“(='+2!) 




+ 


4a 


when a is positive wc may take it as equal to +1, and 
when negative as equal to — 1 : there is no loss of generality 
in so doing since a constant factor may always he taken 
outside the integral sign. 

If ■iac — Jr is po.sitive the faetoi-s of R are imaginary; 


R is then of the form 

I^ = (a‘ + (i )“ + /?“ (i) 

If 4(m — 6^ is negative* the hxetors of R are real, and 

fora=+], it=:(.r+a)’-/3- (ii) 

for a= — 1, R = — + (hi) 

I (Ax + B)/R. 


(i) If the factors of R are real resolve the fraction into 
partial fractions as in Ml-, Ex. 2. 

(ii ) If the factors of 7i! are imaginary then 12 = (x + a)~ + 
and we can transform the fraction so that the .substitutions 
(jf Ex. 3 and Ex. 1 of M 14 can he used. Choo.se X and fx 

so that X = hA, /ui^B-aA. 


Hence 


H 


2x + 2a . 

(.r + cx )- + (:!“ ^ (.T + + 


and 


j(h,r + i?)r/,r^^ + +^,tan-i ^ 






the first integral heiiig a case of §11 4, Ex. 3, the second 
of § 114, 5x. 1. 


II. (Ax + B)/JR. 

(i) Let R he either (ir-fu)^+/3“ or {.'>,• + a Make 
the same transformation of Ax + B then 


+ f {2x-\-2a)dx f dx 

JR ^ J j{Tx+ar± (^»' + «7±F} 

=:^ 2X + /“ log {(^' + « ) + + a)- ± /3^. 
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(ii) Let jS = /3^ — (,c + a)‘’ ; then 
f(^ X + 5) ^ I - ( 2x + 2a ) dx 


J ■ JR 


\JW^-{.r + uy} 


+fl 


1; 


dx 


/{fy-{x-\-ay} 


= - 2X JR + fi sin ' 1 


when J. = 0, X = 0 and the intof^rand is of the typo § 114, 
Ex. 1. 

In workinj^ nnmerical cxaiuplcs it is best to find first the 
derivative of R-, it is then easy to write Ax + B in the 
required foriii, 

(3.e+l)'(2.r2+.r+.‘?). 


Ex. 1. 


— 4.t'+l ; ,3./ + 1 - |(4.?'+1) + | ; 

2.'-- + .-+3 = 2{(<-+l)-+Ti;S. 


1 * 1 3r(1..-+l>/. /■ (/r 

'”<"S™'*4J2,»+,+3 + J(„+iyTil! 


=J I.." 


■Ci')- 


Ex. 2. (3.r+l)^/(-2/'^ + .>+3). 

I? / + 1 = — J( — 4.1 + 1 ) + ^ ; 

^/(_2,,^+,. + 3) = ^2.v/{t^ (.'•-])-}• 

Integral — -- f 


The types 


7_ f dr 


2/“+.'-)-3) V:’ 


xjiitx^ + hx + !■) {mx + 'n )J( ax- + bx + c ) 

can be reduced to tlie cases just di.scussed by the substitu- 
tions x = llu, mx + a = '1 lx respectively. Tliese j^ive by 
logaiuthinic differentiation 

dx_ du dx _ \ dx 

X u ' mx d- II m x 

The substitution of l/u for x is effective in other cases; 

thus 


f ri!x _ f 

J(a2 + ,T2)^~ J(n-’ 


udx 




which, expressed in terms of x, is xja\d-->tx^y\ 
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The more general form lj{ax^-{-hx+cY can be treated in 
a .similar way after expre.ssing the quadratic in the form 
given at the beginning of this article. 

§116. Trigonometric and H 3 rperbolic Substitutions. Another 
method of treating the (juadratic function i.s to transform 
it by a ti'igonometi'ic or hyperbolic .substitution. The 
particular transformation is suggested by the form of the 
quadratic. 

— x^, — ar ) \ x = a sin Q ov x — a cos B ; 

o6' + y/{x‘‘‘ + a^) \ x — a tan B or x — a sinli B ; 

-\/(*“ — ; a' = « sec B or x = a cosh B ; 

{/3" — ( X + «)“}; « + n = /? sin d ; etc. 

Ex. 1. If .r = ((. Hill fy ; dj' — ii v()nO(W. 

j" sj ^ .d)il.r = idj ws-() cW= + si ii 0 cus 0 ^ , 

and therefore 

Ex. 2. if .r = «Hinli d : '/.»• = « cnsli 

J\^(x“ + <i-)dr=</-j (.•osh-fyo'd — '^^d + siiih fyeush 6''^, 
and therefore. 

j J{y- + 'f")il.r= },j\f (.'■" + o'q + -b sinli"' 

By jnitting ,r — ai-osli 0 've find 

I VC*'-- - «-) o'.'- = i xj {■>- - o-’) - r. '«h - ' 


Ex. 3. If a.’ + 2 = ^^3 tan d ; (h-=y/'i»ed-0(l0. 

f <ir ^'3 /■ ,n 

I (7'^ + 4r+7y = i 9 J 

IP, inteFra.l is 


and the 


1 a.’+2 

G,r" + 4.r+7 


+^|tan-' 



For definite integrals trigonometric substitutions are of 
great importance. 
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§ 117. Some Trigonometric Integrands. Tlie integration 
of powers and products of sines and cosines can often be 
effected by the methods of § 112, Ex. 4, S 114, Ex. 4, and 
§ 119, Ex. 2, 3. There is another method, however, that is 
frequently useful. When the integrand is a rational 
function of sin.T and of co.s.r. the substitution u^tanlcc 
will reduce the integnil to that of a rational algebraic 
function of u, for 


sin X — 


2« 


cos x = 


l-vr 


dx = 


2du 
1 q- u" 


Examples 1-3 may almost be reckoned among the 
standard forms; the .substitution is for each it = tanj «. 


Ex. 1. 
Ex. 2. 


:)()(r n - Joi; tanl.c. 


r d.i ^ jib 
.'siu.v J n 

f d.r f 2d)i. , 1-1- a , l-l-tiiiii)’ 

J cd.s.r J I - a- ■ 1 - a ” ] — tan 4.t 


The integral can he pxit in several forms as 

log tan Q + or -i l‘>g j 1 ' 


The substitution i> = ^-x or e— .c-^ will reduce the integial of 
]/cos.r to that of 1/sin .r. 

du 


Ex. 3. 


f dx _ 


J // + b cos X .1 

' «(1 -1- 1 - (t-) J( 


{a + b) + (<i - b) id' 


Let a + b he positive; tlieii there are three eases according as b 
is numerically less than oi' greater than oi- equal to a. 


(i) b~<a'^ and therefore b<a, numerically 
/, "" 


, / rr •< rvf'Ol'M u 

a -f u coa .r ~ (>-) \ 

(ii) h'^>(d and therefore h — <t positive, 






tan Lr. 


/, 


dx 1 d b u d h — ix 

a + 6cosa; dh^-vd ^ dh-^-a—ndb — a 


(iii) b^=d^, 

J a-pacoa.r a “ J a — a 

Case (ii) ia of less importance than (i). A more easily remembered 
form of the integral (i) is obtained by writing 


= — cot i.r. 
cos ,r a 
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whence cos f) = (a cos j- + h)/(<i + 1> cos .r), 

or (a — /> co.s ^)(a + f> cos .?•) = a'^ - 

.r is tiie ti'ue ajifl Q the eccentric anomaly in an ellij)se of eccentricity 
i/a (Godfray’s Astroncmi/, § 18C; Gray’s l’lu/sic.% ^ 520.) 

n + icoa.r goes throngii its complete range of values if .r varie.s from 
0 to TT or again if .c vaiies fiom — a- through negative values to 0. If 
X lies between 0 and tt, ^ is ])ositive and lies between 0 and tt ; but if 
X lies between -tt and 0, 0 is negative and lies between -it and 0. 
Hence bearing in mind the restiiction on the in\ ei.se cosine 28, (it). 


but 


.lo + ico.sr \rt + ieos.JV 

— eos I ‘'■'^’■'’•''+^■''1 

>/(<!- — 6') \a + icosav 


if 

if — tt'^",) —0. 


There is no ambiguity when the integial is expj essed in terms of the 
inverse tangent. See also Examples 11, 12, p. 135. 


FiX. 4. 


L 


dr 
' 4-/>sin .<•’ 


a po.sitive. 


T 




’I’he integral = / - 

^ J o + 2hii-i ,i/d 

If b'^<a‘, the substitution x=ir/2-r or .r=7r/2 + r will reduce it to 
Ex. 3 (i) ; the student should make both of the latter substitutions, 
lie will thus see that it is not suhieient to comsider only the one value 
of 6 as determined by cos 0. The substitution furnishes a good 
instance of the care needed in dealing with inverse functions. There 
is no ambiguity if the integral of Ex. 3 (i) in terms of the inver.se 
tangent is used. 

Ex. 5. I : — , a positive. 

J a + o cos. r + c sin .r 

If b'^ + c^=k- we may write 

a + 6 cosai + csin.c = a + I'Cos(a'- a) 
and the integral reduces to Ex. 3. For the integral i.s 

cos-’ ( 

J{d^-b'^ — c~) \a + 6cos(.r- a)/’ 

the sign being + or - according as .r-a lies between 0 and tt or 
between — tt and 0. 
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EXERCISES XXIII. 


Integrate with respect to .r examples I -22. 

1 I . Q JL ^ • 3 I . 


4. 


'J {x - a){b ~ .r) ' 


5. 


d^ + a? ’ 


6. 


J{a'^+x^) ' 


7. ■ 

O . 

■ V(rH2,r-3)’ 

10. cot X ; 

11. ; 

1 -4- sill ./• 

1 + cos ,r . 

X -h .sin X ’ 

13. tali'*, r ; 

14. eot''’.r ; 

15. „ 

16. sin",!' ; 

17. siiF.i'cos*/' ; 

18- ■ ./ ; 

snr/;c()s^r 

19. — ; 

eoR'tf 

20. x^(a-x); 

21. xl^!(a-x)-, 

22. ? . 

i+VC'-i) 



23. Find the value of the integials 


(i) j .sin''’.r(f,(' ; 

V 

(ii) / ; 

JO 

(iii) / ; 

Jo a-cos-.r + rrsm-.t' 

(iv) f\qoHxdx . 
Jo 4-sin-.r 

w 

(v) / iauj c/j*; 

Jo 




dr 

-x + x- ’ 


(viii) / 
Jo 


' sill . 1 ' dx 
1 -|-COS“,l’’ 


Integrate with resjiect to x examples 24-4] . 


24. 


25. 

,r“-l . 

X-+1 ’ 


26. 

,f* -1- 7 
,i'--f2x+3 

27. 

.'d + X 

.r‘-4’ 

28. 

(•'•+1F. 


29. 

1 -h 

30. 

ve;)‘ 

31. 

V("-?) 

f 

32. 


33. 

1 

34. 

1 


35. 

1 

.rV(8,r2 + 2.f-l) ’ 

lx+l)J{x^ 

~1)’ 


36. 

1 

37. 

1 


38. 

1 

(.r+lX/Cl-a''-*)’ 

(.i;-l)^/(l- 


,r(.r”-t- 1) ’ 

39. 

1 

a ’ 

(.r^-f 2x4-3)“ 

40. 

1 

1 -1- tan X ’ 


41. 

cos .r-t-.siux 
sin X -t- 2 cos x 
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42. Find the value of the integrals 

(i) r ; (ii) f" ; (lii) r 

^Wo5 + 3cos.r ^ 'Jo 5 + 3eos..-’ ^ M- 


» 5 + 3 sin X 




+ COS a cos a; 


(( I <r « < tt) ; 


43. Find the value of f sina^./ 

J- 1 1 — 2.r cos a + x^ 

(i) \vhen0<a<7r; (it) when tt < a < 27r. 

44. If n is positive, and h nunieiically less than «, pro’, e, liy the 
substitution cos d = ('t cos .«■ + /))'(<( + ?> cos .c), that 

I 7 = i f {ti-hcosOy 'dO. 

Jo (o + () cos ./•) ' ((»- — t»-)""-Vo 

v^5. Trace the etirve given by nt/-=x-{a - .r), «>(), atid find the area 
of the loop. 

Trace the curve given by ah/-— ,r-((/- -,r-), and find the area of 
Tioth loops. 

47. Trace tlie curve wdiose pohir etptatioii i.s r=o + ?tcos 0, a>h>0, 
and lind the urea enclosed by it. 

'^48. TSy transferring to polar eoojdinate.s, lind the area of the ellipse 
whose equation is (ix" + 2hxi/ + bj/- = l. 

The area is 


2 j_h-d0 = j_ 


^ a eos'd + 2/t sin ft cos 0 + h siird v/(«h - /i')' 


§ 118. Integration by Parts. The .socoiid of tin' general 
methods of Integration is that called “ Integration by 
Parts”; it corresponds to the theorem for the difi’erentia- 
tion of a product. 

For the moment denote integration by a suffix and 
difl’erentiation by an accent ; thus 




By the rule for differentiating a product we have 
d(u,v) da, dv 

J f ... 


dx •dx 


V + Ui 


that is, 


d{iL^v) \ , * . du, 

- — = wy + U{v , .since ~=u. 

dx ^ dx 
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Hence 


and therefore 


u {0 = ^{uv+ Uyv) dx ( 1 ) 

j" ilvdx + 1"*' iV'dx ; 

= u^v — j" u-yv'dx (2) 

Equation (2) gives tlie theorem in question. It may happen 
that the integral of can he more easily determined 
than that of uv. 

For a definite integral, lowc'r limit a upper limit b, we 
get instead of ( 1 ) 

f’ 

\ii{vY —1 {'itv+ ii.if)dx (3) 

“ Ja 

and instead of (2) 

f" P 

I iivd .r. = — I ii.r'dx (4) 

J(i Lin Ja 

where the symlxd means as usual that is to he first 

replaced by then by a, and the second result subtracted 
from the first. 

The examples will show the gi-eat power of the theorem. 
Ex. 1. Find y, V cos ./• dr. 

Here both .v and cos a' can be iinuiediately integrated ; but we take 
since then <;' = ]. 


J.v con .r dx~.v . sin .r — j I . n 


sin .r d.r = .r sin .r + cos ,r. 


Ex. 2. Find 




dx. 


Again we put ?;=.r^ since F = 2.r, and the new integrand will 
therefore be simpler than the old. 

j con. vdx=.r^ . sin x — j 2.r . sin .rd.r. 

I’he theorem may be again apj)lied 

^ 2.r . .sin ,v dx — 2,r ( — cos .r) — ^2( — cos x)dx ~ —2x cos r + 2 sin x. 

Hen ce j cos ,r dx = sin a; + 2x cos x — 2 sin x. 
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Ex. 3. Find j e“co.4(fc.r+(')rii; and ^e'“.sii)(6.r + f)fZ.r. 

In finding one of tlie.st integrals we aLso find the other. 

Let je"'^mH(b^' + G)d.v, Q= + 

In this case it docs inst inattei' which fac tor is taken for v. 

n n , \ r i n , \l i c"^cos(fi.) +c) , b(^ 

a <( a 

Hence o P ~ h(f - <^'^‘-v{M!.{b.v + c) (i) 

In the same way liy <i|)c>r:iting on (^> we find 

bP+<iQ~ c“^siii(f).>' + c) (ii) 

Solving (i) and (ii) for /‘ and Q we find 

1>^ /c'"cos(/rr+c)c6' = "->'"''"^<''-' ^ + 

V = f C-Sin {hr + C) ./.r = t(d!> (A'- + CW' -'K''.'- + '•)]_ 

Tlieso two integrals are of great ini)3ortam'e in matlieinatical 
jiliysic.s. 

Ex. 4. I'itid I - .‘■")d.r and j i 

Hero tile integrand has hut one factor ; hut we may take unity as a 
factor and juit a — 1. Hence 

Jv/(c<--a2)dr-=.cV(<c2-.r-)- / ^ 


We now write 




- (a~-.t-)-a‘‘ ,, , a'^ 

J[a- .r'O - \>{a- - .r-^) ' '' ■’ 

The first term on the right is the given integrand while the integral 
of the second term is - <c- sin~'(r/rt). 

Substitute in (1), tiansfei' the integral to the left side, and divide 
by 2 ; we thus get 

jj{<d - r^)d.r - ~ .r^) + la? sin-' 

the same result as in 1^ 116, ex. 1. 

In the same way it may he shown that 

[ + a°)dx = ixyf{.r ^ ± cc") ± la" log (.r + J.v'^ ± a"). 


Compare H6, ex. 2. 

The algebraic transformation used above, is often useful ; a similar 
. transformation occurs in integrating circular functions (!( 119, 2, 3). 
The quadratic J(a.v^+bx+c) can be integi’ated by expre.ssing it as 
in § 115, and putting a' + a=M. 
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Ex. 5. Find 


:dx. 


J log x ( 

J log X dx—x log X - =^x]og X- X. 

§ 119. Successive Reduction. 

Ex. 1. Let M„ = j xVdx ; then, integrating by parts, 

u„ = j x”e‘dx=r”e^ — j 7ix’'~^e’^dx=xV — n Jx’’~^<fdx, 

that is, ti„ = x"<f — 

Writing w - 1 in place of n, we find 

that is, u„=xV - + n{n - 

Proceeding in this way, we .see that if n is a positive integer, m„ may 

be made to depend on Jt,,, that is, ^ e’dx or If n i.s not a positive 

integer but is still positive, it,, may be made to depend on an integral 
in -vraich the integrand contains .r with a ]iositive projjer fraction as 
index. The integral cannot in that case be e.vjnes.sed in finite terms 
by means of known functions, but it is reduced to the most convenient 
form for studying. 

The above method of making an integial (k'j)end on another of the 
same form is called that of <S'»ccm/iv Iteductinn. 

The integrals of x" sin .r, x" cos x may be treated in the same way. 


Ex. 2. 


Now 
Hence 

and therefore u 


sinVefa*. 

i(„ = J sin".rcf.r= sin’‘~tr , sin xdx 

= sin"“*.c( — cos .r) — j (it — l)sin’*“^,r ( - cos^.r) dx 
= — sin’'"‘.r cos .>• + (/> — 1) 1^ sin’'"‘",r cos'.r . d.r. 
cosV = 1 - sin^.r ; sin’'“",r cos"j" = sin""*".c — sin".r. 

u„~ — sin"~'.r cos .r + (n - 1) «„_2 - (a - 1 ) u„, 
ain”~’i’ cos x , n — 1 
n 


+ «,.-!■ 

n 


•(i) 


The index n has thus been reduced by 2. Wi iting ?i - 2 in place of v, 
sin"-% cos .r n — Z 

Un-i— a 1 

»~2 'll — 2 

and therefore 

sin"~'ar cos x n — \ .sin"~^.c cos x (?! — !)(?»- 3) 
n n w - 2 n{n — 2) 

If m is a positive integer, we can repeat the reduction until the 
index is 1 if n be odd, or 0 if « be even ; %= -cosar and u^^—x, since 
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sin®.a?=l. If n is positive but not integral, may be reduced to 
depend on an integral in wiiicli tlie index is either a positive or a 
negative propei' fraction. For negative vahies of n see ex. 4. 

The moat useful ease of the fi>nnula (i) is that in vhich w is a 
positive integer and the integi’al is taken between the limits 0 and 7r/2. 
In this ease (i) becomes 

r r sin" U’cos.r'I- u-lP 

= ’* siii"--,rrf.r, 

V Jo 

since the integrated term vanishes at both limits. 

When II is odd, the last term of u„ is 


but when n is even, 


Hence 


ii(ii-:i) ...0.3 [ 

(n-])(ii-:i) ...3.1 
ji(n-2)..:4,2 


If r, 


r ■ „ , -3)...4.2 , , . 

ain".r i/.r= ^ . 1 (u odd integer) ; 

/■- . , (>i - l)(i/-3) ... 3 . 1 IT , . 

i «in".r <fa-= - ^ 2^- — 2 ^ (n even integer). 

„ = jeos".!- dr, then 


cos” "hr sin r » — 1 
I',,- ^ 


and it is easy to ])rove from the formula or, better, directly from the 


meaning of the definite integral that 


1 L‘Os'‘.rd.r= / sin’'.r(f,r. 

• 0 .^0 

A .simple in.spection of the gjaphs of .sin’'.r and co.sV will .show that 

^TT 

I sin’'a (f.r = 2 / sin".r<f.c. 

Jo Jo 

w 

/ cosV cf.r = 2 / cos'trof.r (ji even integer), 

VO Jo 

but =0 (« odd integei). 

In a similar way such results as 

I sin^.r cfj' = 0 ; / cos*"'.?- <f.r = 4 I cofJ^.rdx 

Jo Jo -0 

are readily proved. See also the rule given in ex. 3. 
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Ex. 3. /(m, 71 ) = j sin'’'.r eos”z- da:. 

Ill f(>n, m) the fir, 'll letter is the index of sin.r, tlie second that of 
cos.r. For hrevity denote sin .r by cos.r by 7'. Then 

/(m, 77 ) = J.i"‘c"d.r = j .^"c . c" ^d.r. 


Since c is the derivative of s, the integral of s™r i.s + 


Thus, 




f f^m + i 


But 


717+1 711+1. 

s“+v--=,7’’'(i -c^y 



g’"C‘ 


"(Iv 


(i) 


The first term is tlie integrand of /(?», »-2), and the second that of 
f{m, 71 ). Sulwtitute in (i), transfer f{m, n) to the left side, and then 
luultiyily by (?n + l),(7)i + 77). Therefore 


f{m, 11 )— 


+1^.W 
111 + H 


+ 


11-1 
111 + 17 


f{vi, n - 2). 


(A) 


The integral thus depends on another of the same form with 7n 
unchanged but the other index reduced by 2. 

Had we begun by writing n”‘“’ . .<c'' and integrating the cosine, we 
should have gof, 


,111 l,,M + l ] 

/■(' 111 , 77 )= - - -— + /(711 - 2, 77 ), 

• ' ' 717 + 77 111 +71- 


.(rO 


and now m i.s reduced by 2, n nnehangod. 

We will continue the reduction for the case in whieli w, n are 
positive integers, so as to obtain the dejiiiite integral frmit 0 to 7r/2. 

If 77 is odd, (A) makes /(iii, 17 ) dejiend on f{w, 1) ; (/f) then makes 
/(??!, 1) depend on /(I, 1) or on /(O, 1) according as 111 is odd or even. 

If 77 is even, (J) make.s 17 ) depend 011 /( 711 , 0) ; but f{m, 0) is the 
integral of ex. 2, with 111 in place of n. Thu.s, by ex. 2 (i), f{m, 0) 
depends on /(I, 0) or on /(O, 0) according as ?« is odd or even. 

Thus, /(ill, ii) may be reduced to depend on one of the four 

/(I, 1)= |".?ci/.r= I sin-.r ; /(O, 1)= |'(■rf.r = sin .r ; 

/(], 0)= l^sd.r— —cos.r ; /(O, 0)= ^ ld.r = .r\ 

When the integral is taken between 0 and 7r/2 the values of these 
fire 1/2, ], 1, 7r/2 respectively. 

Tire student may now show that the following nile is correct : 



r cos” .rcfj’= 


(m - l)(77i -3) ... X (71 - 1 )(7? - .3) ... 
(771 +?l)(wi +71 - 2) ... 


X a, 
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/■■ff 

THE INTEGRAL / sin”' r cos’' a- 
Jo 


where a = l except when m and n are hoth even integers, in which case 
a = 7r/2 ; each of the three series of factors is to be continned so long 
as the factors are posit ivi . 

It will be noticed that the factors of each seiies decrease by 2. 
The rule includes tlie integi-al of ex. 2, putting 7n (or >/) zero and 
omitting ncffative factors. 


f- . , 1 X . 1 TT 7r 

sinbrc...sbrJ.r= 4 3 

[' ■ r 4 7 5.x. 1x3.1 TT XtT 

I Sin" .rco.s^ ./■«(.(■= - - 

Jo 10.8.0.4.2 2 512 

() . 4 . 2 X 4 . 2 


r 


sin". cos’*. ri/.c 


12. 10. 8.0. 4. 2 


X 1 = 


^ - , 7.5.3.] 17 3577 


1 

120 ■ 


The great inijiortance of the re.snlbs of ex. 2 and 3 arises from 
the fact that many integrals are, by a pro})(r substitution, easily 
reduced to tliese forms, t'or example, if we put ./■=((sinti, so that 
w'hen .r = 0, 0 = 0, and when .<■ — o, 0=Trl2, W'’ get 

I .r-(n'^- .r-)-' rf.r = o'’ / sin- (yens'* 0 (W = ^\ ■ 

.'0 Jo o:: 

If ■sva' put .r = (i sin- 0, then 

0 

/ i •" 1 fifj ^ 

/ y-(rr —./■)- </.'■= 2a- sin’’ yy Cos'd (70— • 

.'(I .'0 3 to 


Kx. 4. If /( is negative the index of is numerically greater 
than that of n. In ex. 2 (i) let 7 / -- -7a, where 7Ji is positive ; then 
f(lr_ (' ni + 1 I d.r 
s’” irt.s’'*'"' w 

(lx r, 711 fd '(• 

,«Ta= “(m+l).s”‘ + >'*’«r4-l J 

Now put /;)-!- 2 -71, w'here 71 is positive, and W’e get 
f dx _ cos.r 71 — 2 f d.c 

.* sin".!- (a — l)sin" 71 — li sin" -.t 
I n many eases the integration will be simplilied by -w’riting 
1 _sin-x-f cos-.r 1 cos .7' ^ 

sin”.j' Bin''.r sin" -a' sin“.7' 

But these integrals are of small importance for elementary work. 
The key to the transformations is that after one integration by parts 
the new and the old indices differ by 2 ; when an index is negative it 
is simpler to begin by integrating the integrand with the reduced 
index. 


therefoi'i 
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Ex. 5. 


so tlillt 


tan” ;}’ die, 

, = y tan”' - .r (sec^ - 1 ) dx~ J ta n” " .r . .r dx ~ u„-n, 


= r tan” ’ x - v,, 

H - 1 


Othei' i‘xaiiip]es of it'd notion formulae will Le found in the Exercises, 
but in many cases a ti igononietric siiUstitution will i educe the in- 
tegral to one of the forms ju.st di.scu.s.sed. 


EXERCISES XXIV. 

Integrate with resjK'ct to x exanijiles 1-24. 


1. 

■re-* ; 

2. .'-V 

3. 

.rsin .'/• ; 

4. 

X cos .r ; 

5. .rsin .ecos.r 

; 6. 

.r‘- sill ,r ; 

7. 

log,r()/ l“-l) 

; 8. ^ log.r; 

9. 

r sin-.r ; 

10. 

xd 

O+xf’ 

11. .ec-'; 

12. 

.siir ',r : 

CO 

tan“'.r ; 

14. .' sill ; 

15. 

./'tan ; 

16. 


17. VOi + i'-h.' 

00 

s,/(2iix-x-) 

19. 

J{2<u' + X') : 


21. 

,)’-l-.sin X 

1 -f- C( *s ./■ 

22. 

cos 4 r ; 

23. <*osh .r uos ./■ 

; 24. 

siuh ./'sin X. 

25. 

Find the valu<' o 

f the ihtogials 




(i) [ cos”.. 

• V 

■</x; (ii) 

/ sin''./'((.r 
Jo 



(iii) / (/.u ; (ii) 

. y 

1 .siirlrcos' 
Jo 

'xdx ; 


(v) j .sin^ 

.r co,s'',(' (/./• ; (\i) 

j tan''.r d.r. 
J(t 



26. Find by a trigonometric .sub.stiliition the value of 

(>) / x\/{id-x-)dx ; (ii) / xj('2ax~x-)dx; 

- *1 Ji) 

(iii) f .i\l{'2ttx~x-)dx. 

Jet 


27. Integrate. I bv the substitution .r‘-‘ = f/ ‘■’cos 20. 

Jo y/'(a'’-l-.r-) 
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28. If f{m, n)— l^.c”‘(l — ,r)"rf.f’ show thiit 

IleiR'P, or by tbo s\ibstit\ili(m .r — siir'y, find Ibe v;ibir of 

m, 'll being positive integers. 

29. If v„— j d.r/(id+ f-)", prove tlinf 

"" ~(i?i - + ./•-)" ' ■^( 2 /; - 2 ) a'^ 

30. If «„ = ^".(”^( 0 - — piov(‘ tliat 


y, 


=- — + 


+ 2 


It 'f 2 

31. If «„ = J .r\/(*2<U‘ -.(■-) (f.r, show tbiit 

(2«,r -.r'i)" 2// + 1 

«„= — — ^ — .. h , 

n+2 «+2 ' 


Write M„= j y‘-^{<i — {a — x)\/i'-dr~aii„ 1 — | 
where R=-2a.r — x^, and then integrate by parts. 

32. If u„ = j y‘ -.r”), show that 

20 ., 2)i-l 

«„== •'+ - 

II ii 

33. If m, n aie jKisitive integers find fhe value of 

I '(] ~a-^’“d.r. 

Jo 

34. Find the value of 

(i) f 7-^) d.r ; (ii) [ r\/(2a.r - .r") dr. 

Jo Jo 

35. OM is the absei.s.sa and MP the ordinate at tlie point P (f, ti) on 

the hypei'bola .v^ja^ — f, v being both positive. If A is tlie 

vertex nearest P show that the aica AM!' is erpuil to 

and that the area of the .sector OAPis 

36. Trace the curve given by l)(.r — 3)- and find the area of 

the loop. 

G.c. T 
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37. Trace the curve given by a-y^=ofi{2a — .r\ a being positive; 
find the whole area enclosed by it. 

i sr 

38. Find the length of an arc of the catenary y — + e ») measured 

from the point G wlici’e ./■=(). Show that the aiea between the two 
axc.s, the curve and the ordinate at a point P i.s a times the ai'c CP. 

39. Find the length of an ai c of the cardioid r = «(l — cos $), the arc 
being measured from the origin. 

40. Find the length of an arc of the spiral r = (t0, taking .s- = 0, when 
r=0. 

41. Find the length of an arc of the spiral taking s = 0, 

when 6 = 0. 


§ 120. Partial Fractions. I'lic Tiiethod of resolving a 
rational fraction into partial fraction.s i.s now found in 
most text-books of Algebra. Wo will therefore refer the 
student to Chrystal’s Aifjehra, Vol. I., Cliap. viii., for a full 
discussion of the theory, .and will merely work out a few 
examples. "Jlie fraction will be .supposed to be a proper 
fraction, that is to have tlie degi-ee of its numerator in the 
variable x le.ss than tliat of its denominator, and to be at 
its lowest terms. 


Let the fraction be F(x)[f(.r) where F(.f) and f{x) are rational 
integral functions of ,r. /(.>■) (?iin be ivsolved into a product. of rfal 

prirne factors, each of which’ "is Tt Ai'JTCar Or'^sc a quadratic function 
ofa^j but a factor, linear or quadratic, may be repeated several times. 

P{.r)lf[x) can be lesolved in one and in only one way into a sum of 
proper }i.artial fractions ; tlic.se jxir'tial fractions are of the following 
types ; 

(i) To every non-repeated linear factoi- x-a of /(.*) corresponds 
a partial fraction of the form Afx — a). 

(ii) To cvei'y r-fold linear factor (.c— /J)’’ of f(.r) conespond r partial 
fractions of the form 


Pr 


(,c-/i)2 

(iii) To every non-repeated quadratic factor' + + h of f(x) 

corresponds a pai'tial fraction of the foiin (Cir-f /))/(.r^-|-ya^-|-S). 

(iv) To every r'-fold quadratic factor (a---(-'y.r-|-6)’' of j\x) correspond 
r partial fractions of the foi-ni 


Br. 


--1 + ...+7 


B, 


i.+ 




■H' 


CyX -p Or—lX -p Pr-\ . , “h 

(.r'‘‘-P'j'.r-p8)’’ (.r^-Pyr-pS)’^"* .r^-Py-r-pS 

The method of determining the coefficients A, B, ... will be learned 
from the examples. 
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Ex. 1. a^/(.r* — 1 )(t — 2). 

No factor of the denominator is repeated ; therefore 

Clear of fiactions ; thei-efoi-e 


r^ = A{ r - l)(.r - 2) + Zl( r + !)(., - 2) + C{.r + 1 ){x - 1). 

This equation heing an identity, we may give to x any value we 
please. Put x+ 1 =0, that is,a'= — 1, and the terms in B and G vanish, 
and we get i =A(_ ] - l)(_ i -2) or ,1=1/0. 

Similarly, by putting .r = ] we get B= - 1/2, and by putting x=2 
we get (7=4/3 and 

.r2 1 1 _1 1 

(.r'^-l)(.r-2)~G ‘ .r+] 2 ' .r-1 "^3 ' .r-2‘ 

Or, to find A, multiply both .side.s by its denomijiator .r + 1 and then 
put .('+1=0; 

"" [(.r-l)(.r-2)l— r 


In the same way, if x-a i.s a non-repeated factor of f{x) and 
Aj{,v-o.) the coiTesponding partial fraction 


J = 


r(,r-a)/d:.r)l 

L. /*(.? ) • 3x-^a 


If /(.'(’) = (.r - a)(/)(.r), then 


BO that 


f{x) = <t>{.r)+{x-ayp\x) and /(a) = (/)(a), 
r{x-a)F{x)A 

L(.r- a)<^a')Ji«a (^(a) /'(«)' 


Ex. 2. (.r- + X + 2)/(.r - 1 - .r + 1 ). 

The repeated f'actor (.r-l)^ gives two fractions, and the factor 
.r2-.r+l, since it has no real linear factore, gives a fraction of the 
type (iii) ; hence 

.r^ + .r + 2 A B Cx+D 

(x— l)%r*-x+ l)~(.r — ly^x— 1^ x^ — x+1 

Clearing of fraction.s, we get 

x^+x + 2 = A (x- - a; + 1) + B{x — 1 )(.r^ — .r + 1) + {Cx + 1)) (x - 1)^, 

Putting .r=l, we get A— 4. Now bring the term in A to the left 
side and reduce after putting 4 for A. The right side will contain 
(,r- 1) as a factor, and therefore, since the equation is an identity, the 
left side must also contain (.r- 1) as a factor. If it does not, there is 
an error in the work. We get 

- (3x - 2)(.r - 1) = - 1 )(a'* — . ir+ 1) +((7r + i))(:r - 1)*. 
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Divide by (.x- 1), and then by putting ^=1 we find B— - 1. Now 
take the term in B to the left, and again divide by {x— 1). Then 

x-3=Cx+D 

ao that, since the equation is an identity, C=l, D— —3, and tlierefore 

.r^ + .r + 2 _ 4 1 x - 3 

(.?•— l)%H-.r+l) (r— ])- x—\ x‘^-x + 1 

Ex. 3. (. 1 '^- 2)/(.r2+x+2)''^(r^ + .5'+ 1). 

By (iv) and (iii), since there are no real linear factors of the 
denominator, 

x^ — 2 Ax+B Cx+D Ex + F 

(.?“+.r+2)%f2+.r+ 1) (x^+x+2'f'^ x^+x+2 x^+x+1 

Clearing yf fractions, 

.<■ * - 2 = ( d .r + + .(’ 4- 1 ) + ( C.r + />)( + .r + 2)(.r^ + .?• + 1 ) 

+ (Fx+F)(x^ + x + 2f. 

Put a’2 + ,r + 2=0 andneduce and jf’ to linear functions by means 
of this equation. It gives 

.r- + <■ + 1 = - 1 ; - —.v-2, x^= - x~-2.r= - x + 2, 

and therefore — ,/•= - d.r- B, 

so that d = l, B = 0. Take the term in A and B to the left and 
divide by a’'^+.i +2 which must be a factor. Hence 

- 1 = (Ur + D) (a^2 + a-+ 1 ) + (£■*•+ F){x^ + .r +2). 

Put .r^ + a'+2=0 and proceed as before. We get (7=0, D = ]. 

Hence, after dividing by x‘^+x+2, 

-l=Ex+F-, E=-0,F=-l, 
and the fraction is equal to 

.r \ _1 

(a'“ + .r + 2)* + r + 2 .r^ 4- a’ + 1 

These examples show sufficiently the method of deter- 
mining the coefficients ; other methods will suggest them- 
selves to the student, and he will find full details in the 
chapter of Chrystal’s Algebra referred to above. 

§ 121. Integration of Rational Functions. If F(x)lf(x) is 
not a proper fraction it nmy by division be expressed as 
the sum of a rational integral function and of a rational 
proper fraction. 

The integral of a rational integral function is a rational 
integral function. 
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The integral of A j(x — a) is log (x — a). 

The integral of Bj{x — 0y where r is clitferent from unity 
is — 5/(r — !)(* — /Sy-h 

The integral of (Ca:-}-i))/(x^+'ya' + ^) has been discussed 
in § 115 and is of the form 

X log (*2 + y.r + ^) + /X tan - 1 

We have, therefore, only to consider {Cx + D)l{x^ + yx+6y. 
Writing the quadratic in the form R = {xAaf+ ft" the 
integral is 

In practice it is usually simplest to integrate 1 / Ji’" by the 
substitution .r + a = /3 tan 0 , but it is of some theoretical 
interest to get a formula of reduction. If we differentiate 
{x + a)l E'~'^ we find 

d /x + a\_ 1 2{r^\){x + <ty 

dx\R^ W~Rr-^ Hr 


-(2r-3) , 2{r-l)ft^ 
ii’-i ^ R’- ’ 


by putting (x + af = R — ftr. Integrating and rearranging 
r(Z.r_ x+a 2r — 3 f cZ* 

we get ]Rr-2(r-l) ft‘^R--^'^2{r^l)ft'4R^^' 

Hence the integral of {Cx + D) j R’^ esm be made to depend 
on that of 1/iZ, which is an inverse trigonometric function. 

Thus the integral of any Kational Function of x can be 
expressed in terms of rational functions, logarithms and 
inverse circular functions. 

There is always a considerable amount of labour in inte- 
grating by the method of partial fractions. The student 
should, before I'esolving into partial fractions, examine 
whether the integral may be simplified by a substitution. 


Thus 


f x^dx _-{■ u> 

]x* — x^ + l~ "JU^ — 


udu 


U-i-1 


u = x^, 


and the fraction in u is easier to handle than that in x. 
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§ 122. Irrational Functions. Wc consider one or two cases 
in which the integrand i.s an irrational function. 

(i) When the integrand contains only fractional powers 
of X let n be the l.c.d. of the fractions ; then the substitu- 
tion x = u^ will make the new integrand rational in u. 


Thus, if 



= 6 ( + tan ) 

= 6 ( }x^ — — .p*’ + tan-' 

(ii) When the integrand contains ^{(ix + b) })ut no other 
irrationality tlie substitution ax + b = u^ will make the new 
integrand rational in u. 

(iii) When the integrand contains ^{ax^-\-hx + c) but no 
other irrationality the integral may be reduced to that of a 
rational function as follows : 

First, let a be positive and write the root in the form 

y = Ja +px-]rq), f = bja, q = c/rt. 

Let y/(x^ + px-\-q) = u — x .so that, squaring and .solving 
„ u~ — q dx ‘l{a~+pu + q) 

^=iu+i; a=-(2j+jr 

The new integrand will clearly be rational in u. 

Second, let a be negative. In order that y may be real 
the linear factors of ax^-^bx-{-c must be real ; if they were 
not real the quadratic would be negative for every real 
value of X and therefore y would be imaginary. We may 
therefore write, since ( — a) is positive, 

y = sj{ — a) Jix- a){f-i - x). 

For definitene.sH .siipp<).se /3>a (algebraically) and let 
u= +>y{(x-a)/(/3 — x)}. 

Then, = — a)/(/3 — x); 

Q a!_EL±^- 

** 1 , O > A-' T • O ? 1 , O J 

1 -t-'U*- 1 


,, s, ,o \ u dx 2(/3 — a)w 
The new integrand will clearly be rational in u. 
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In (ii), (iii) we may suppose all the roots to be positive. 
(Sec § 123, end.) 

The above analysis shows that if y be either ^{ax-\-h) 
or <y(ft«^+6« + c), and if the intcgi’and be a rational func- 
tion f{x, y) of X and of y, the integi-ation of f{x, y) can 
always be reduced to that of a rational function, and 
therefore (§ 121) requii’es for its integi’ation only rational 
functions, logarithum, or inverse circular functions. 

(iv) Let the integrand Ix' + 

(«) If ^ is a positive integer expand {a + hx")!’. 

(h) Try the substitution u = o which gives 


1 > d.v (k— nV‘ 

nh" 


and the integral becomes 


1 

, m4 1 

no 



"‘do , 


so that if (w.-|- 1 is a positi\ e integer tin- Isnomial may 
be expanded and the integral obtained in hnite terms. 

(c) If (?n -H l)/n is not a positive integer let x = l/v and 
the integral becomes 




Instead of m we have now —{ni + yip + 2) and therefore 
by {()) if —{ni + n'p + l)/n be a positive integer, that is, if 
{ni+l)/n + p be a negative integei' the integral may be got 
in finite terms. The substitution is 


n, = 6 + (t e" = 6 -|- o.r ~ 


§ 123. General Remarks. From the discussion now given 
it will be seen that integration is a somewhat haphazard 
process, d’he only general results obtaiiied are those of 
§§ 121, 122 ; in most eases the integration, wdien it is 
possible at all, has to be effi'cted by jeducing the given 
integrand by various methods to a few standard forms. 
Even for the cases discussed in § 122 it is frequently simpler 
to take a special method for a given case than to apply the 
general theorem. 
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Much of the difficulty beginners find in integration is 
due to a deficiency in power of algebraic and trigonometric 
manipulations. When the standard forms have been com- 
mitted to memory the next .step is to master the two 
principles of change of variable and of integration by 
parts ; but the student who has not a thorough masteiy of 
elementary algebraic and trigonometric transformations 
will often fail to see the reasons that suggest the particular 
devices adopted and will have to struggle with difficulties 
that are due, not to the natuiH' of the calculus but to his 
own deficient algebraic ti-aining. 

Integral dependcMt on the range of the ■variable. Another 
source of difficulty requires special notice, namely that the 
integi'al may have one ffum for one range of the variable 
and a different form for anotlu'r ranm^. Thus the integral 
of l/x is log® or log( — ®) according as x is positive or 
negative ; in this case tin* integral may be written ^log(®^), 
a form which cov(*rs bfjth ca,ses. See § 117, Ex. 3, for 
another cas(*. 

Again, difficulty may ari.sc* from the ambiguity of the 
square root ; in that ambiguity the explanation of the two 
forms for the integral of I /(((-)-/> cos®) is to be found when 
the inver.se cosine is derived from the inverse tangent. 
Thus, if it be agreed that tin* root is always to be taken 
with the positive sign, the transformation Py/Q = 
would only be correct if P were positix e; if P were 
negative we should have P,>/Q= — ^{P~Q)- 


EXERCISES XXV. 


Integrate with respect to .r exaniples 1 -24. 
— — A . _ SO./" 


(2.r-|-l)(.r-t-2)(.3.r-f-2) ’ 
.r- 


2 . 


(.<■■- 4)’ 


(a; — a)(.r — /))(.r — c) ’ 

-1--- ; 6 

1)’ ”• (.r^— l)s 


Cr-f ])%(■- 1) ’ 




9. 




7, 

10 . 


.t^ + X+1 _ 

a^-x+l ’ 
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— 2 ’ 

12. 

1 

[.r^+d^j^j^+P) ’ 

13. 

(.r2+a2)(.r2 4.{,2)’ 


15. 

1 

16. 

1 


(.r-l)(.r2+l)2’ 

J'“+l ’ 


18. 

1 

19. 

COS ,t' 

(.»'■* + 2.r + 5)2 ’ 

j’*{cuc + b) ’ 

16 + 9siii2.r’ 

1 

21. 

.r+1 

22. 

.r2-a2 

3 sin .r + sin^.r ’ 

(x2 + 4.?- + G)2 ’ 

.i^ + a'^x^ + a' ’ 

1 

(l-+l)(4.rHl7.r2+4) ’ 

24- ^(iT 




25. TranHfoi'iii the integral 

f d>- 
.1 

by the snb.stitiitien u—(.r-a),{.T-b) ; line! its value when — )i—2. 


Integrate witli respect to .v exain 5 )los 2t)-.37. 


26. 

\/ X . 

27. 

1 

28. 


TTr ’ 

>/.r+ i/x 

1 

29. 

(a. + bxy'‘-‘ ’ 

30. 

1 

(r+.*5)V(r-..-’) ' 

31. 

1 

(1 -V2)V(1 +.r2) 

32. 

1 

,1' + - - u) 

33. 

•rVO +«>•'•-) ; 

34. 

.h(] 

35. 

1 

.rV(l+"f-) ’ 

36. 

^±£j(^IrA ; 

u+x \ \a+x/ 

; 37. 

v^tau.r. 



ClIAPTEll XIV. 

DEFINITE INTEGRALS. GEOMETRICAL 
APPLICATIONS. 

§ 124. Definite Integrals. In this and tlie two followinjj; 
articles we will .state a few of the more iinpoitant theorems 
respectinjT definite integrals. 

Theorem I. A definite integral is a function of its 
limits, not of the 'variable of integration. 

This theorem is obvious from the geometrical meaning of 
the integral ; so lojig as the symbol F denotes the same 
function the graph of F{.e) with x for abscissa is the same 
as that of F{u) with u foi’ abseissii, and therefoi'e 

f F(x)dx— f F{ii)d.u. 

Ja Ja 

Or, again, if F(x) = Drf(x), then F{u)== D„f{u) and each 
symbol represents f{b)—f{a). 

Theorem II. |^i^(x)dr= F{x)dx. See g 110. 

Theorem III. If a<b and if F{x) is pos'itive for every 
value of X ■within the range of integration, the integral 

I F{x) da- 
is positive, not zero; if F{x) is negative, the integral is 
negative. 

For the area represented by the_ integral is positive in the 
first case, negative in the socopd. Obviously the theorem 
will stdl be true if F{x) is zero for some but not all of the 



definite INTEGKALS. general theorems. 299 


values of x in the interval (a, h), and a similar observation 
IS true in Theorems V., VI, VII. 


Thus such an equation as 

Jo (.r-]F L?'— iJo 


= -2 


(.r-lF 

is absurd. Tlie contradiction aiiaes fi-oni tlic fact that the positive 
integrand l/(a;-l)^ is discontinuous -when .r=l, the value 1 lying in 
the interval (0, 2). 


Theorem IV. f F(x)dx= f F{x)(h'.+ f F(x)dx. 

Ja Ja Jc 

For the area represented by the int(*p al on the left, si^ as 
well as magnitude of the areas beino; taken into account, is 
equal to the sum of the areas represented by the integrals 
on the right. In the same way, 


•b r, [!, n, 

F{x)dx= \ F{,r)Jx + l F{x)d.r+ \ F{x)dx, 

a J a Jc J II 


and so on for any number of subdivisions of the' interval 
{a, h). Of course oiu' or more of the numbers o, ry, ... , may 
be greater than the greater or less than the smaller of the 
two numbers a, h, provided F{x) is continuous for all the 
values considered. 


Theorem V. If a <b and if 0 is the {ahjehraically) 
greatest and L the (algebraically) least value of F{x) in the 

interval (a,h), t/iew | F(x)dx<G{b — a) hut>L(h — a). 

For G~-F(x) and F{x) — L are positive ; hence by Th. III. 
the integrals 

I [(r — F(a’)] and 1 [F(x) — L]dx, 

Ja Ja 

rb p p p 

that is I Gdx—\ F{x)d,xand 1 F(x)dx—\ Ldx, 

Ja Ja Ja Ja 

or 6^(6 — a) — I 7^(0;) cZx and j" F(x)dx-~ L{b — a), 


are both positive, so that the integi'al is less than G(b — n) 
but greater than L(b — a). 

The integi-al will be equal to H(b — a) where IT is a 
number less than 0 but greater than L ; but since F(x) is 
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continuous it luUHt, for at least one value Xj of x between 
a and h, be equal to II. The value is of the fonii 
a + Oib — a) where 0 < 0 < 1 (§ 73). Hence, 

J F{x) dx = Fix.,) (b — a) = F {a+ 9 (b — a)} (b — a). 

The theorem is evident from the figure; for the area 
ABDEC is less than the rectangle G.AB, greater tlian the 
I'ectangle L . AB, equal to the rectangle H . AB oi' AIF . AB 
where MP is an ordinate le.ss tlian 0 but greater than L. 

The v'alue H or is sometimes called the Mean Value 
or the Averarje Vnltie of the function F{x) over the range 
(b — a). fSce§134.) 



Theorem VI. If a<b and if for every value of x In the 
interval (ci, b), F(x) is (algebraically) less than ^(.r) but 
(algebraically) greater than then 

I F(x)dx<^ <f)(.r)d.v Imt >| \lr{x)dx. 

Proved in the same way as Th. V. since <l)(x)—F(.e) and 
F(t) — \1/(x) are positive. For geometrical proof see the 
figure (Fig. 55). 

Theorem VII. If a < h and if F(x) is the product of two 
functions <^(x), ■\f(x), one of which, 0 (x), is positive for 
every value of x in the interval (a, b), then 

I (^(a:)\/^(x)cZx<(?| <f>(x)dx but >L^J)(x)dx, 
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where G, L are the (algebraically) gi^eatest and least values 
of \p-{x) in the intev'cal (a, b). 

Proved in ihe same way as Tli. V., since (r — 
\lr(x)~L, and therefore — and (\h{x) — L)(l){x) 

are positive. 

If (/)(.r) is negative for every value of ,r in tlic interval 
(a, h) we sliall have 

f <p(.e)\h{x)dj>G{ </}(.>■) (l.r but <l\ <j>(-c)dx. 

J a J <» ft 

In both cases, tlie function bein^^ continuous, we 

may as in Th. \h write 

f <ti{x)\h(x)dx = \fA,x^)[ (p(.r)d.r (A) 

where a < .Cj < h. 

The theorem expressed in ecpiation (a) is called The First 
(Integral) llieorein of Mean Value. (See Exercises XXVI., 
20-31.) 

Ex, Show that if n > 2, the integral 


r~_dx 

h V(l-.r’') 


ia greater than '5 but less than •.'i24. 

For every value of .r within the range of integiation, the value 0 
exeopted, 

.r2>a’‘>0 ; \-F-< 1 -.(’*< 1 ; 1 V(1 -.»-T> l-VCl -•>-’')> h 

so that the integial is less than 


but greater than 


I 

\ 

fd<f.r = -r>. 


§ 125. Belated Integrals. 

fa fa 

Theorem I. F(.e)dx=\ F(a—x)dx. 

Jo 

Let x = a — u; then dx = —da, and when x = 0,u = a, when 
x — a, u = 0, so that 

[■(I 1*0 j*a 

1 F(x)dx = — \ F(a — u)du=\ F(a — ii)du, 

Jo J « J u 
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anti in the integral last written we may put x for m (§ 124 
Th. 1). 

A useful case is 


TT jr TT 

I /(sin x)(ie = | /(sin[J— a;])fZa; = | f(cosx)dx. 
Theorem II. f F(x)dx=[ {F{—x} + F{x)}dx. 

J -a Jo 

For f F(x)dx=\ F(x)dx-\-\ F(x)dx. 

In the first integral let x = —ti and it becomes 

— \f{ — u) dll =1 F{ — u)du= \ F{— x) dx, 
ja Jo Jo 


from whicli the result follow's. Hence 


f F{x) t/ic = 2 f F(x) dx, F{-x) = F( x), 

J -a Jo 

= 0, if F(-.r)=-A(.f). 




The la.st results are evident geometrically from the figures. 

Theorem III. \ F{x)dx=[ {F{x)+F{a-x)} dx, 

Jo Jo 

I/. 

fa fl2“ 

so that 1 F{x) d* = 2 1 F{x) dx, if F{a — x) = F(x). 

Jo Jo 


= 0, if F{a—x)= —F{x). 

The proof is the same as for Th. II. ; divide the interval 
into (0, ^a) and (|a, a), and in the second integral put 
x = a — u. 
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As a particular case 

n 

I /(.sin a;) ciLc = 2 1 /(sin «) cZ.r. 

Jo Jo 

Theorem IV. If F(x) is 'periodic, with the period a, that 
is, if F(x + na) is equal to ¥(x) for every integral value ofn 

Cpa Ca 

I F{x) dor =p I F(or) doc, 

Jo Jo 

where p is any positive integer. 


y 



Eig. 57. 


If OA=a — AB = BC= ...then from the nature of the 
graph the areas OAKH, ABLK, BGML, .. are all equal, so 
that if 00=2) ■ OCMH is p times OAKH. 

Or divide the range pa into p parts each equal to a, then 

1 F{x) d.v = 1 F{x) dx + . . . 4- 1 F(x) dx 

Jo Jo J 

-1-...+ F(x)dx. 

In the integral having ha, (/^+l)a for limits let x = u + ka; 
then dx = du, and when x = ka, u = 0, when x = {k-\-l)a 
u = a, so that 

(/£+l)u Ca Ca ra 

F{x)dx= \ F(u-\-lm)du= \ F{u)da= \ F{x)dx, 
ka Jo Jo Jo 

since F{u-i-ka) = F{u). Thus each of the p integrals has 
the same value and the result follows. 

Similar reasoning shows that the theorem is also true 
when p is a negative integer. 
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As a particular case 

n.jn _ pTT 

I /(sin.z;)^i.r=pl f{fmi'x)dx. 

Jo Jo ‘ 

These theorems are of great service in tl\e evaluation of 
integrals. 


§ 126. Infinite Limits. Infinite Integrand. Up to this 
point the limits of the integral have been assumed to be 
finite, and the integrand has been supposed continuous and 
therefore finite for every value of the variable within the 
x-ange of integration. It is, however, possible in certain 
cases to remove these restrictions by the use of limits. 

A. Infinite Liniifs. An integral witli one of its limits 
infinite is defined as follows : 


F{x)dx— L F{x)d,e\ f F{x)dx= L [ F{x)dx, 


provided the limits for />=oo and for a — —oo are definite 
quantities. 


Ex. j. 

Jl b--r\ 0/ 

Ex. 2. L /--= L Ir 

vl $ 7 ^ A_oc> 


log/!.. 

In this case the limit of log 6 is not a deliriite munher, and the 
integral is therefore a meaningless svnihol. 


Ex. .3. j cos X (/.r. 

By § 118, ex. .3, the indefinite integral is - cos .r + .sin .r), and 
we have to find the limit for 6 = 00 of 


A + Ae''’( — CO.S & + .sin b). 

Now co,s&, sin 6 are each never greater than 1, and the limit of 
is zero so that the integral is eiinal to 

The limit for x=oc of where x is ])ositive, i.s often needed in 

dealing with these integrals. It is easy, l»y ^ 49, to see that 

L j-”e-“*=0. 


See also Exercises VII. ex. 9. 

B. Infinite Integrand'. If F{x) is continuous for aU 
values of £C between a and h except for x = a when it is 
infinite, then the integral of U(j;) between a and h is defined 
thus, a being less than h and e being positive. 
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L r F{x)clr, 

Ja 


provided the liuiit is h, definite quantity. 

If F{x) is continuous except at b then, e heinf^ positive, 

{’'F{x)dx= L 

j a * - 0 J " 

Ex. 1. L r L (2 - 2^/e) - 2. 

■V y.i" t=oA \'-i‘ f=o 

"■ “ K 0 ’ 

Jo sj{a--.r^) e-o.o - x-) \ <• ' 

the limit iw ohvioiisl}^ ?5in t>T‘ tt 

Ex. 3. r^^=L/‘'^',= L(^--iy 

.'0 .<■- e^o-€ •»■' c oV€ / 

In tliis caKP there is no detinitc limit ami the integi’iil therefore does 
not exist. 

If <( < <' < h and if /'(.i) is eonliiwKius except when x-c, then the 
iiiteg?'iil hotween <i and h is dolined thus, «, «' heing ])i),sitivc, 

fV(r)d.i=- ]. ['~'F(x)d.r+ L I'' F(<)dr, 

■'a . 0-« 

provided each limit is separately a delinito (juantitv. 

Ex. 4. P . L (-3 Ve4 3)+ L (3-3 ;/«')• 

•'-IV''" f 0 » -0 

Here the first limit is 3, the .second is also 3, and the integral is C. 

Ex. 5. 1] L + 

jo(.r— I)** t-cAe / e' <A «/ 

In this case theie is no delinite limit and tlie integral does not oxi.st. 

A chanjje of variable will often remove the difficulty of 
an infinite inteji^rand or an infinite limit; thus, in (‘x. 2, we 
might put x = a sin fi. The change of variable is specially 
useful for the forms given in § 1 1(5. 

These exceptional ca.se.s of 
integrals may be illmstratod by 
consideration of the graph of 
F(x). Let F{x) = llxA where -ii 
is positive; then the a>axis is 
an asymptote and the area 
ABBGis (u=|=l) 


[^dx 


1 


1 \ 
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Hence, if n>'\, the area ABDC tends to the value 
l/(w — as b tends to qo ; while if 0<'n<l the area 
tends to qo since that is, tends to oo . If 71 = 1 

the area ABDG is equal to \o^{bja) and therefore tends 
to oo with h. 

On the other hand, consider F{x) = 'lj(x — ay' where n is 
positive. If 0A=u, AE=e, 0B~b, then the area EBDF 
is equal to (17=1=1) 


f'' <lx 
Ja+e(!r — (()” 


1 

I — ii 




n 


”}■ 


Hence, if 0<ii<l the area tends 
to (6 — rt)i“"/(l — ii) as e tends to 
zero ; while if ii > 1 the area tends 
to 30 since that is, 1/e"'^ tends 
to infinity as e tends to zero. If 
» = 1 the area is log{(6 — a)/e} and 
tlierefore tends to oc as e tends to 
zero. 

It is ea.sy to sliow by the use of 
Til. VII., § 124, that if near a, F{x) 
is of the form (p{x)/(.r — (iy\ where 
(^{x) is continuous, the area EBDF 
and the corre.sponding integral tend to a finite limit if n is 
a positive proper fraction, but that ivhcn is not zero 
the limit is infinite if n is equal to or greater than 1. 

It is beyond the scope of this hook to enter further into 
these exceptional cases. 



EXERCISES XXVI. 


Evaluate the fnllewiufi; integrals ; 

1. f e "^cosih.vd.c{a>()); 2. ( e-"-' sin fc.r ((f > 0) ; 

•'O Jq 

3 r ■ A r 

g A.V x;d.r 

Jo — ■ Jo ,y(2a.r — 

fb 
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8. 


9. 


10. 

f' 

11. 

P J.v 

Jo cos-.r + //- sin-.r ’ 

Jo ((^“ cosvr + /.<" M iP.J )■ ’ 

12. 

^ir 

/'^coa^rsiii xclx 

13. 

Pco.sVsin rff.r 

Jo 1+ COKV' ^ 

./o ^/(l H-e** cos".^') ’ 

14. 

cl 

1 15. 

‘ “ 4 

/ 'Off 
•'0 

sd.v; 16. I .r^log.i'dr. 

.0 


17. Pi'ove that if m and v aie po.sitivn, 

/ '.r™(l -.rY‘<l,-= - ./ VV./’. 

Jo Jo 


18. Prove tliat if a is po.sitive, 

I e~*.r”(f.r= » / tr’.t" V.r. 

Jo Jv 

F'diid the value of the intcf^ral if v is a positive integer. 


19. If 

P.r.sin .>•(}.(■ 
i+cos-a’’ 

prove that 

and then find the 

/’it sin .r d.r 
u= 

.0 1 +co.s-.r 

value of ti. 

20. If 

f’’ X <tx . 

« = / _ , . where 0 < e <1 

Jo 1 +f Mn.( 

prove that 

f” TT d.r 

T", ' • 

Jo 1 + e sin a; 

and then fiml the value of w. 

21. Show that 

1 F{x)dr—- J F(a + h — x)dx. 


22. Prove that if 7i is a positive iiitegei 


I sin”.r> I sin”''^^a'(fa'. 

Jo Jo 

Hence, show that Trji lies between 

2. 3. 4. 4. 6. 6.... 2«.2w 

1 . 3 . 3 . .■). f) ; 7 . ... (2« - l)(2/i + 1) 

and the fraction obtained by omitting the last factor in numerator 
and denominator. (This is often ijuoted as Wallis’s value of tt.) 



308 AN ELEMENTARY TREATISE ON THE CALCULUS. 


23. Prove that, n being.a positive integer, 


/: 


-C^r = M„-Mj+l«.2 -J<3+ ... ... ±M„ 


where 




["mr 
Jo V, 


sin ?tc?M 
+ I'5r 


Show that Mj, Mj.-.are positive, and that if h is equal to or 
greater than 1, is less than l/£ Interpret these results by con- 
sidering the graph of sin x/je, and .show that the integral has a finite 
limit for »?.= oo . The limit is 3r/2 but the proof can not be given here. 

24. Prove f > s <Z- 

Jo \ 


25. Prove 


f 

Jo , 


— 2 fi 

cfa? , r* ds , , 

1 .7713^^ - 


;7(4-3.r-(-.r3) ^(4-3.r) 

that is, < f, but > 19/32. 

dx 


p3.r-|-8 , 

Jo 16 


I': 


->•573, but < '595. 


26. Prove , ,, . 

,y(4-3.r-l-.r*) 

Put ;r=l-l-M ; then replace «^-|-3w“-l-2 by 4u- + 2 and by 3!d + 2. 

27. If a and (J> are positive acute angles, prove 

f't> ^ ^ __ 

Jo ^(l -sin'‘‘asin'‘x) 

If a = </) = 7r/6, show that the integral lies between ‘523 and ’541. 
More accurate methods give -52943 as an appi'oximate value of the 
integral. 

28. Prove 


/ go fao rcf) 

e~^dx<j^ ; (ii) ^ 




29. Give a geometrical interpretation of Th. VII., § 124, by con- 
sidering the volume of the solid bounded by the cooidinate planes, the 
planes through x=a and .r=5 perpendicular' to the ,r-axis, and the 
cylinders y = ^(x) and z='\fr{x). 


30. If ^(x) is positive, and if is a positive decreasing function 
in the interval (a, b), show by considering the volume of the solid of 
ex. 29 that 


(i) f (j>{x)\lr(a‘)dx — <f>{a) f yjr(x)d.r, where a<^<b‘, 

Jd Ja 

but that if (fiix) is a positive increasing function, 

(ii) j (f){x)\l/{x)dx= (f>{b) ■\/r(r)dx where a<^<b. 


31. If </)(.r) increases (algebraically) as x increases from a to b, show 
that in ex. 30 (i) we may put </>(&)-</)(*•) in place of <j){x), while if 
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decreases (algebraically) we may in ex, 30 (ii) put <f>{a) — in 
place of Show that, when these substitutions are made, both (i) 

and (ii) become 

In this case <^(^) may be either positive or negative. The theorem 
expressed by the equation is called T/ie Second {Integral) Theorem, of 
Mean Valw ; it is true even if ^(.r) take both jjositive and negative 
values, though the illu.stration would require more careful elaboration 
to show this. 

Illustrate by an area when \/f(.^•)- 1. 


§ 127. Some Standard Areas and Volumes. In this article 
we collect some of the more important results already 
obtained or easily proved. 

1. The right Circular Cylinder. Ijet the radius of the base be a and 
the height h. 

volume =7ra-7t ; curved sui’face= Stto/c 


2. The right Circular Gone. Let the radius of tlie base be a, the 
height A, and the slant side I — f{cd-\-hi^). 

volume = j7raV/ ; curved surface = 7rM?. 

For a frustum of height slant side I, and with radii of ends a, 6, 
volume = jTr(a^ + a ; curved surface = Tr(«+ 6)?. 

Let A be the base, h the height, and X the .section parallel to the 
base at distance x from the vertex of any cone ; then 

: A 

since parallel .sections aic similar figures. Let 1' be the volume of the 
portion having A' for base and height x •, then to the first order of 
infinitesimals S A'Sa, and /i, V is equal to A^. Hence the volume of 
the whole cone is 

J Xdx=^ 2 j„ A~dx=\Ah. 


For a frustum of height h, the areas of its ends being A and B, the 
volume is l[A +^{AB)+B]h. 


3. The Sphere. Let the radius be R ; then, by § 85, ex. 2, the 
volume spherical cap of height h is 

TThVi-m 

and the curved surface of the cap is 2irRh. By putting h = '2R we 
get for the volume and the surface of the sphere and 47rif^ 

re^ectively. 

It will be noticed that the surface of the cap is equal to the curved 
surface of a cylinder of the same height whose base is equal to a great 
circle of the sphere. 
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To find the volume of a spherical sector, add to the volume of the 
cap that of the cone whose vei'tex is at the centre of the sphere and 
whose height is - h. The result is 

7rh\a - Ih) + - hF)(R - h) = l^lirR^h = ISR, 

where S is the surface of the cap. The i-esult is more easily obtained 
by supposing the surface of the cap divided into a large number 
of small areas ; the sector may then bo considered as made up of a 
large number of cones having the same height R, and the volume 
of the sector will therefore be \SR. 

4. The Ellipse. The area of an ellipse whose axes ai'e 2(/, 26 is 
[«■ 4b f" 

4 I ydx = — 1 J{a^ - .e-yix = irah. 

Jo' CC Jo 

The volume of the sj)hei'oid generated by the revolution of the 
ellipse about its major axis 2« is 

2 I" Try'hl.i‘=2Tr\,j (a“ — x^)(l.e= \ 7 rah-. 


This spheroid is called “prolate.” When the axis of revolution is 
the minor axis 26, the spheroid i.s called “oblate.” The volume of the 
oblate spheroid is 


2 ^ r.rWy = 2n-" 

The surface of the prolate spheroid is 


(- 6 . 


where 


/ (6.5 y- _ (dp _ ( t<-(tf2- 6'^) 
\ dx) \d,c) dHa'^ — j 


Let e be the eccentricity of the ellipse ; then aV = ct--6^, and the 
integral may be written, since 6=a,y(l 

47r>,/( 1 - €-) f dx, 

Jo 

and the value is easily found to be 




The limit of this expression for €=0 is which gives the surface 
of the sphere of radius a. 

For the oblate spheroid the student will readily prove that the 
surface is 

/*6 /7o 47r f 

2 / 2^x^J^dp=^-J ^/{a^(l-e^^y + ey}dp, 


= 2,ra=={l + ^^/logJ-^'}- 
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1 l+€ - -- 

Since e 1 — + + ~ '> 

we find L - log |-i^=lofi;e + log(’=2 ; (§ 48, Ooe.) 

e=o^ 

80 that the limit for e = 0 of this area is also 47ra". 

5. T/ie Ellipsoid + 

The traces of this surface on the coordinate planes are ellipses ; the 
section MPQ by a plane parallel to 
the plane YOZ is an ellipse. If 
OM—x then 

and the area of the qu.irter-ellip.so 
M/d^ in 

A" = q J/P . MQ - (a-' - .»••■!). 

If l”" is the volume bounded by 
the coordinate planes, the surface 
BOQP and the section M PQ-, then 
to the first older of infinitesimals 

S F= A’fia' and Dx r=A'. Ilencc the ^•ollllne of the octant UABC is 






iruhc 

~b~' 


SO that the volume of the ellipsoid is Airdhr^'d. 

The method of finding the volume illu.strated in examples 2 and 5 
is oliviously applicable whenever the aica of a section perpendicular 
to the .r-axis is a known function F{i) of .r ; the volume is simply the 
integral of F{.r) between proper limits. (See ex. 3, § 85.) The 
modification needed when the axes ai e not rectangular is plain. 


Ciirve Tracing. — Ilei'ore proceeding to the next set of 
Exercises the student should read over carefully the 
hints given in the earlier chapters for tracing curves; 
these, with the additional help furnished by the first and 
second derivatives, should enable him to graph the more 
elementary curves. In genei'al he should proceed in some 
such way as the following ; 

(i) Examine the equation for symmetry. 

(ii) Find where the curve crosses the axes. 

(iii) Find the finite values of x (or of y) that make y 
(or x) infinite ; these values usually show the a.symptotes 
that are parallel to the axes. Asymptotes inclined to the 
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axes may in the simpler cases be found as in § 24 or by the 
method of § 106; but such cases lie outside elementary work. 

(iv) Find the values of the one coordinate that make 
those of the other coordinate imaginary. 

(v) Find the gradient (see § 54) ; note the turning points. 

(vi) Find the second derivative ; it determines the con- 
vexity or concavity of the arc and the points of inflexion. 
It is often laborious, however, to find the second derivative, 
and general considerations will frequently show the course 
of the curve without its use. 

For polar coordinates the proceduri' is similar. It is 
often convenient, however, to suppose that the radius vector 
may take negative values; thus the point ( — 1, —1) in the 
third (juadrant may Ije given in polar- coordinates as 
(V2. 57r/4) or as ( — tt/I). In the second form 
( — ,^2, x/4), if L XOP is 7r/4 and OP equal to .^2, 
produce PO bey^id 0 to P' .so that 0P' = P0 and P' 
is the point ( — .^2, 7r/'4). Sec Exer. XXVII., ex. 2'.). 

The general course of the curve .should always be found 
^before attempting to find an area, or- arc, etc. In e\'aluating 
the integrals substitutions will usually be necessary, and 
the student will find that sometimes a considerable amount 
of labour will be saN-ed by choo,sing a good substitution. 

Even though the curve is given in rectangular coordinates 
a change to polars will .sometiiiK's .simplify the integrations. 

EXERCISES XXVII. 

1. 'Fhe parabola revolves about the .r-axis ; find the volume 

and the surface of the segnicut cut ofl' fioni the solid by a plane 
perpendicular to the .r-axis through the point where = 

2. Find the volume cut off from the jrarabokiid 

g^jb + z^jc = 2x, 

by a plane perpendicular to 
the x-axi.s through the point 
where x=li. 

3. Find the area enclosed 
by the curve (Fig. 61) 
fdy'-* f V. 

Fig. (il. Syinmetryabvcut both axes; 

; max. of ^ = 5/2. 

Find also the volume of the solid generated by the revolution of the 
curve about the a;-axis. 
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4. rind the area enclosed by the curve c^y^=a;^{x - a){h - x), where 
b>a>0. 

If X is less than a or gi eater than is imaginary except when .r = 0 
and then y = 0. The curve is therefoi’e a closed curve symmetrical 
about the x-axis ; the origin is called an isolated point because its 
coordinates satisfy the e(juation, while thei-e is no other point nearer 
the origin than (a, 0) which lie.s on the curve. 

5. Find the ai ea of the curve 

(lhange to polar coordinates. The 
origin is an isolated point. 

6. Trace the curve 

hip = ,*■ {x -a){2a — .r) 
where n and h are positive.. 

y is imaginaiy (i) if .'c>2a ; (ii) if 
0<.r<ct. 

The curve consists of an iidinite 
branch and an oval as in Fig. (>2. 

7. Find the area of the loop of th(! 
curve lGay = h-.t'''(a-2.T') where a, h 
are positive. 

8. Trace the curve h/-—(.>'-a)(.i'-b)(.r-c) where c>h>a>0, l->0. 
Consider the forms for which (i) a—h ; (ii) h~c ; (iii) a~h = c. 

The general form consists of an oval and an infinite branch like 
Ex. 6, only the oval lies to the loft of the infinite branch. When 
a — b the oval shrinks up to an isolated point, at {a, 0) ; when a = b = o 
the curve is the .scmi-cubical ptirabola, the j)oint {a, 0) being a cusp. 
The area of the oval in the general case, o, b, c unequal, cannot be 
expressed in tei ins of the elementary integials. 

9. Trace the cin ve y“(«-.r)^,r2(n4..r) ; find (i) the area of the loop, 
(ii) the area between the cui've and the asymptote (Fig. 63). 



Kig. 62. 



Here the gradient is zero when x is (1 ± ^5) a/2, but the value 
(1 +\/5) aji makes y imaginaiy. 
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10. The “cissoid” is the cnrve given by the equation y^(‘2a — x)=si^\ 
find the whole area between the curve and its asymptote (Fig. 64) 

Find also the volume of the solid generated 
by the revolution of the cissoid about its 
asymptote. 

If PM is perpendicular to the asymptote the 
volume is 

2 f ttPM- di/ = 277 f (2a - .r)“ dy. 

Jo Jo 

To integrate let .'■=2a sin'^ty, then 
y ----'la Rin‘®ty/cos 6, 

and the limits for 0 are 0 and 7r/2. 

11. Find the area between the curve 
xy^ = a\a — x) 

and its asymptote ; also the volume of the solid 
geiieiated by the reyolution of the curve about 
Fig. 64. its asymptote. 

12. Find the area of a loop of the curve y\a'^ .r'^)=x\a^ — x‘). 

13. The figure bounded by a (piadrant of a circle of l adius w, and 
the tangents at its ends revolves about one of the.se tangents ; find 
the volume of the .solid. 

V f 

i 14. An arc of a circle of radius a revolves about its chord ; if the 
length of the arc is 2aa show that the voluuie of the solid is 

27ra^(sin a — .\ sin 'a — a c<'>s u), 
and that the suiface of the solid is 

4a'a'^(sin a — a cos a). 

15. If s is an arc of the curve a"“’y=,r'' show that 

Show that the arc can be expressed by means of the elementary 
functions when m is of either of the forms (2/'+l)/2/: or 2^/(2/t— 1) 
where is any integer, positive or negative. 

16. Find the area between the grajdi of 4/(e* + e‘^'')' and the x-axis. 

17. Find the whole area enelosed by the eurve 

(.r/a)^+(///6)s = L 

Put :r = asin^ti, then y = h<x>!?d, and the area is 

aI ydx=\2abi svD?6<ion^Bdd = %77ah. 
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18. The cycloid is the curve given by tlie equations (§ 146) 

.V- a((y-sin G) ; .?/=«(! - cos G). 

Find (i) the area between the .r-axis and one arch of the curv'e ; 
(ii) the length of the arch from G=0 to d = a\ (iii) the volume of the 
solid generated by the revolution of the arch about the .r-axi.s ; (iv) the 
volume of the solid generated by the revolution of the arch abotit 
the tangent at the highest point (or vertex) of the ai’ch, namely, 
whei'e G = ir. 

Here d.r = a“ (1 - cos G)-dG : sin 


19. Find the volume of the tetrahedron formed by the coordinate 
planes and the plane 


.I'jll + ?/'/> + 1 . 


20. Find the volume of the cono-cuneu.s detei'minod by the equation 

which is contained between the ])tanes ,c=0 and ./•=«. 

21. Find the perimetei' of the curve 


If .r = rtsin'tl, 
meter is 


then y ---acciK'G and d^idG =Zn iAw G w^G \ 

^ir 

4 / .‘In sin G co.s 0 dG—da. 

Jo 


the peri- 


22. The polar (*(|Uation of a conic, tlio focus being the pole, is 
r( 1 -H e cos fl) = f . Find the area bounded by the initial lino, the curve 
and the radius vector' for vdiich G — a, where a < rr, (i) for the jrara- 
bola, (ii) for the ellipse. 


23. Show that the curve r = usin.36t conhi,sts of three loops of equal 
area lying within a circle of i-adius a, 

and find the area of a loop. 

As 0 increases from U to ir'S, the 
graphic point desctdics the hiop 
OABGO ; as G increases from irj'.i to 
23r/.3, r i.s negative and the graphic 
point describes the loop ODEFO ; as 
increases from to tt, r i.s again 

positive and the graphic point de- 
scribes the loop OGIIKO. A further 
increase of G gives no new ai'c. 

24. Find the area enclosed by all 
the loops of the cui've r — aamnG (i) 
when n is an odd integer, (ii) when n 
is an even integer. 



Fig. G5. 


25. Find the area of a loop of the curwe. r^cos G = a^sm3G. 

26. Find the area of the loop of the curve rcos G=a cos 2G. 
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§ 128. Closed Curves. Let CP-^DP^ be a curve that can 
not be cut by a straight line in more than two points, and 
let each ordinate be positive ; let A C, BD be the tangents 
parallel to the y-axis, OA =a, OB = h. 

The area enclosed by the curve is 
b n 

MP^dx-\ MP^dx (1) 

a Ja 

where Pj and Po move along CP^P and CP^D respectively 
as X increases from a to h. 

The integrals (1) may be written 

^ MP^dx-\-[ MP.^dx (2) 

a jb 

Suppose now that the coordinates x and y of a point on 
the curve can be expressed as functions’ of a variable, t say, 

such that as t increases from to 
^2 the point (x, tj) travels com- 
pletely round the curve. As t 
increases from to t' let the point 
(x, y) travel from C to P along 
the arc CP^ P ; as ^ inci'eases from 
/' to let the point (*, y) travel 
from I) to C along the arc DP,,G. 
Wi‘ might, for example, suppose t 
to be an arc of the curve measured 
from C\ then ^^ = 0, /.' = arc CP^D, 
^2 = whole perimeter. If we make t the variable of integra- 
tion, (2) becomes 

(•’) 

The second integral in (3) is negative, since MP^ is positive 
and dxjdt is negative as t increases from t' to i.,. When t 
represents an arc of the curve dxjdt is the cosine of the 
angle which the tangent at (x, y) makes with the a;-axis, 
the angle being measured as in § 92. We may combine the 
two integrals of (3) into one and write as the expression for 
the area of the closed curve 
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As an example, let Cl\DP, be the ellipse 

Put x = h - a cos t, >/ - Z' + ^sin ? ; as ^ varies fi'Oiii 0 to 27r, the point 
(.*, y) travels round tlie cuive in the dircetioii VP^DL'^. The area is 

C'i-r ^ ^ r2ir 

1 (k + p sin t) a sin t dt = aji I sin-i di — rrafi. 

-0 Jo 


The restriction that the curve is to be cut in not'inore 
than two points by a straight line is easily removed. 

Titus, when the point {x, y) travels in the direction 
shown by the arrows, the area swept out by the ordinate 
of the point is 

ACEM-NFEM+NFDB~ACGJ)B, 


which is clearly the area enclo.sed by the curve' 
arcs EF, DOC, dx/dt and the corre- 
sponding integrals are negative ; 
the areas NFEM, ACGDB arc 
therefore to be subtracted. 

We might have written (1) in 
the form 


Aletug the 


Cb (•« 

-1 MP.^dx-\MP^dx. 



F 


1 

D 

c 

Q 


/\ 




-G 




N M 
Kig. G7. 


If as i increases from to the 
point {x, y) travels completely 
I'ound the curve in the direction CP^DP^, the area will be 

dx 

.(4) 


'/ Tp/t' 
l( • dt 


The area, as given by (4) or (4') is a 'positive number ; if, 
however, we agree to give the area a sign, the integral 

dx. 


\y 


dt 


dt , 


( 5 ) 


taken round the curve, that is, the range of t being such 
that the point {x, y) travels completely round the curve, 
will always give the algebraical measure of the area. 

In exactly the same way as (4), (4') are established, it 
ttiay be proved that the integral 

!'*=§'** 
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taken round the curve will give the algebraical measure of 
the area. If, as t increases from to the point travels in 
the direction GP^DP,^, the integral (5) is positive and (6) is 
negative, and 


[v*‘= 


(It 


di 


if the point travel in the direction GP,,DP^ it is (5) that is 
negative and (0) that is positive. 

The direction of motion of the point {j‘, y) is of course 
arbitrary ; in mathematical physics it is customary to 
choose the number that measures the area to be positive 
when the area lies to the left of an observer who moves 
round the curve in the direction corresponding to in- 
creasing t. If we adopt this convention we find for the 
area A of a closed curve 






( 7 ) 


the integral being taken round the curve in the direction in 
which t increases. The integrals in (7) are often abbrevi- 
ated to 


A = |,wZ y = — I ydx = l^ixdy — ydx). 


There is no difficulty now in removing the restriction 
that the coordinates are to be positive : the expressions (7) 
always give the algebraical measure of the area. Of course 




it is understood that the point {x, y) travels round the curve 
in a direction determined once for all ; the sign of A given 
by (7) is positive for the direction CP^DP^\ if the direction 
be CP^DP^ the sign will be negative. 
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The theorem includes cases in which the curve cuts 
itself; thus, if the point travels round the figure of eight 
in the direction of the arrows, the integral (7) is equal to 

— For the other figure the integi'al gives the sum 
of the areas of the two loops ; for the inner area is taken 
twice. 

§ 129. Area swept out by a moving Line. Let d jB be a 
.straight line of length I, and let it be displaced to a close 
position A'B', sweeping out an area ABBA'; tliis area will 
be taken as positive, or negative according a.s it lies to 
the left or to the right of an observer moving round the 
boundary in the direction ABRA'. 

Draw A'G, BC parallel to AB and to the chord A A' 
respectively; let AX' be parallel to a 
fixed line and let the angles X'AB, 

CA'B' be a and Sa. To the first ordei- 
of infinitesimals the area ABB' A', Sz 
say, j.s eqaai to the .sum of tho paral- 
lelogram AC and the triangle A' OB'. 

The motion of AB may be resolved 
into (i) a translation to A '0, (ii) a rota- 
tion about .d'to the position A'B'. Let 
h be tho altitude of the parallelogram, then to the first 
order of infinitesimals 

dz — Ih -f- ll’da (1) 

Let P be a fixed point in AB ; AP = a — A'P.^ = A'P' , and 
consider the displacement of P notmial to AB. For the 
translation the normal displacement is (not PPj but) h ; for 
the rotation it is ada. The total normal displacement, ds 


say, of P is therefore 

dts-h+o-du (2) 

From (2) h = ds — ada', therefore (1) become^ 

dz = lds+{^l^ — al)da (3) 


If we suppose the variables to be functions of t, as 
in § 128, we have 
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Equation (4) is general, provided the variables are given 
the proper signs, ds and ds/dt will be taken positive when 
the motion of P is to the left of an observer looking along 
AB from A to P; positive rotation (a) is counter clockwise. 
The constant a will be positive when P lies in A B or in 
AB produced beyond B; negative when it lies in BA 
produced beyond A. 

As t increases from to the area swept out by AB is 

= ls + (U^-al)(a.,-a,) (5) 

where s is the total normal displacement of P during the 
motion and a^, a., are the initial and final values of a. s is 
not, in general, the same thing as the length of P’s path. 

Suppose now that B describes a closed curve C and let 
the area of the curve be also denoted by C. 

(i) When B makes a complete circuit of C let A move to 

and fro along an arc EF, 
returning to its initial posi- 
tion when B returns to its 
initial position; in (5) 00 = 01 
and c: is simply equal to G, 
so that 

C=ls (6) 

where s is the total normal dis- 
placement of P. For, clearly, 
the integi’al (.i) giv'es the area ABDGH diminished by the 
area ABKGH. In this case s is independent of a, that is 
of the position of P on A U. 


Fig. 71. Fio. 72. 

(ii) Suppose that while B makes a complete circuit of C 
A travels round a closed curve O', If C" is outside 0 
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(Fig. 71) a, and a., will be equal; (,5) will be Is but the area 
swept out hy A B will be (■ — (7, so that 

0-cr=h (7) 

If, however, C conipletel}^ encloses C*' (Fig. 72) then «2 — Uj 
will be 2x and we shall have 

C-C'^ls+2-7r{},P-,>]) (8) 

The signs of the nmnbei-s C, C are supposed to be deter- 
mined by the convention of § 128 (7). 

§ 130. Planimeters. The investigations in the last two 
articles contain the, theory of sevej-al instruments that, have 
been devised for mechanically evaluating the area of a closed 
curve ; the best known of the, sc is Amsler’s I'olar-Planimetei’. 

Essoitially the polar-planimetei- consists of two bars OA, 
AB freely Jointed at A, the bar OA rotating about a fixed 
point 0. If Jl is nuuh- to descilbe a clostnl curve, A will 
move along the circnnifereiice of a circle. When A merely 
oscillates along the eireumfereJice, not making a complete 
revolution, the area enclosed by the cni've wljich B describes 
is, by (()) of S 120, h In this case .s is independent of the 
position of P on the bar AB. 

To find s a wheel with axis parallel to A B is attached to 
AB\ the wheel, as B describes its 
curve, partly slides and partly rolls 
The sliding and the rolling motions 
are independent, and the sliding 
motion has no effect in the way of 
turning the wheel. The normal 
displacement of P is therefore equal 
to the circumference, 2x>’ say, of 
the wheel multiplied by n, the 
number of turns made by the wheel while B describes its 
curve ; that is, s = 2xra. A counter is provided that registers 
n ; n of course may be integral or fractional. 

If we suppose the curve C so lai-ge that the circle of 
radius OA lies wholly inside it then, by (8) of § 129, 

C — ttOA ^ = ls + —al), 

that is, C=2Trlrn + 2ir{lP — al) + TrOA^, 

G.C. X 
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since s = 'lirm. All the numbers except n are constants of 
the instrument. 

For infoi-mation on Planiiucters the student is referred 
to Hem ici’s “ Report on Planimeters,” Brit. Ass. Rep. 1^194. 
The method of proof followed in 128, 129, is essentially 
that giv'en by Appell in his Elements <V Analyse MatliA- 
matiqae. 


EXERCISES XXVIII 

1. Show that 111 ])olai lonulmates the aica of a closed curve i' 
given by the integial 



taken lound the cuive Pio\t‘ tlie lesiilt (i) by use of the polar 
formula for aiea , (ii) by ti ansfonnatioii of the last integral in (7), 

128, by putting i =rw^0, y = ?’Mii 0. (See E,\.(i. XII , ex. 15.) 

2. If the cooidmates of the veitices of the tiiangle OAD are, when 
taken in the oidei 0 , . 1 , B, (0,0), (<,//), ((+ d; ,;/ + dy) respectively, 
prov'e geometricallv that the aiea of the liiangle is i(iSi/-y6r), m sign 
and 111 magmtLido. Apply the result to establisli the theoiem of ex. 1. 

^'3. Enid the aiea coniiiion to the tuo paiabolas _y- = 4or, r^=^ai/. 

4. Eind the area between the asymptote // = «, the _y-axis and the 
blanch of the i iirv'e ,l/■("-^- 1 tliat lies in the tiist quadrant. 

The area is eipial to 

L f (c( - l/)(fr = «- + L «{5-^/(o- + /<')] 

h~Xi J 0 6~30 

Find the area by uitegiating with le.spect to y 

5. The “tore” oi the “ anchoi -iiiig ” is the solid formed by the 
revolution of a ciicle about a straight line in its plane Let a be the 
radius of the circle, the y-axis the axis of revolution, and let the centre 
of the circle be on the r-a\is at a distance < from the origin. Tlie 
cooidinatcs of .inv jioint on the circle may be taken as 

.f = c + (r cos t, y = <rHint 

If r IS the volume and N the suiface of the tore, then, when 
c ^ n, jirove 

(i) 1 '= TT I (c + a cos t)~a cos tdt = =AL-, 

'o 

(ii) N = 27r/ (c + a cos t)adt — 4ir-ac= CL, 

'o 

where A is the area and C the peiiiiietei of the circle, and L is the 
circumference 2rrc of the circle described by the centre of the revolving 
circle. 
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6. Tlie curve + 2 los consists of a single oval ; trace the curve 
aud fnd its area. 

7. The curve r = ^ + 3cos0 consists of two ovals (Fig, 74); if 
cos a = - g (0 < a < tt), show that the 
area of the large oval is 

4 = -V a + 1 2 sin tt + 11 sin a cos a, 
and of the small oval is 
I.’tt — A - 

Show also tliat the integral of ir^ 
from 0=0 to 0 = 27r gives the siim of 
these two areas. 

Examples 6, 7 show the nature of 
the curve r=a + f) cos 6 for a > b and 
a < h respectively. Eig. 74. 

8. How may tlie curve given hv the equation f{iiu, ny) — 0, where 
m and n are constants, be deduced from tliat given by /(x, _(/) = 0 ? If 
the second curve is closed, show that the first is also closed and that 
the area of /(m.r, 7M/)=0 is equal to that of /(a-, .y) = 0 divided by mn. 

Let »i.r =.J'', and therefore j'di/' = mnxd)/. Now apply (7), 

^ 128 ; the integral of .t'dy round the curve /(r', ?/) = !), (which is die 
same thing as the integi'al of .tdg round the curve /(.r, >/) = 0), will be 
equal to the integral of mnxdy round the cur\e f{mx, «y) = {), that is, 
to mn times the area enclo.sod by that curve (since mn is constant and 
the integral of xdy is the aiea). 

9. Apply the method of ex. ft to deduce fioni Exei'. XXVII., ex. 5, 
the area of the cur\ e {m'Kv^ + n\ii~)- = abr~+U-i/-. 

10. When AB {% 129) describe.s one complete revolution, .show that 
P descT'ibes a curve which enclo.ses an area C" given by 

(i) C" = {aC + hC’) ! {a + h) - Trah, 

where PB=h and a, C, C denote the same quantitie.s as in !( 129. 

Show also that if the ends A, B move on a closed oval cuive C 

(ii) C— C" = wab. (Holditch’s Theorem.) 

Use equation (8), § 129. Put f=a + b and we get C- C" ; then put 
f = and we get C" -C. The elimination of .s gives (i). To find (ii), 
consider the areas swept out by AJ’ and BP. 
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INTEGRAL AS LIMIT OF A SUM. 

DOUBLE INTEGRALS. 

§ 131. Integral as the Limit of a Sum. It is instructive 
and for some applications nece.ssary to consider an integral 
as the limit of a sum. F{.r) is, as usual, understood to be 
continuous. 

In the first place, suppose a<b and F(x) a positive 
increasing function ; these restrictions will afterwards be 
removed. Between a and b insert (« — 1) values in ascend- 
ing order of magnitude, x.,> x^, ..., .ra_], and form the 
differences (j;j — (t), (x.^ — x■^), (x.^ — X 2 ), ... , (6 — those n 
differences are all of the same sign, in this case positive, 
and their sum is b—ti. The interval b — a is thus divided 
into n sub-intervals. 

Now multiply each sub-interval by the value of F{x) at 
the beginning of that sub-intei’val and add the n products. 
We get the sum 

F(a){x.^ — a) -f F{x ^ )(;?., — -h F{x. 2 ){x.^ — x^-\-... 

+ F{Xn-]){h-Xn.]) ( 1 ) 

or, in the ordinary notation of differences 6a,, Sx^... 

F{a) 6a -f -t- F{x^6x., -f- . . . -h F{xn _ i)&„ _ i (!') 

The sum (!') may be more compactly written 

'^F{x)6x (2) 

x=a 

The symbol 'EF(x)6x means “ the sum of all the terms of 
the type F{x)6x” and is read “sigma F(x)6x.” In inter- 
preting the symbol, the manner in which the interval b — a 
has been divided has to be gathered from the context ; the 
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end of the interval from which the division begins is 
indicated by “«• = «,'’ the other end by “ x = h,” and each 
difference §x has the same sign as b — n, in this case positive. 

We wish to find the limit of the sum (1) or (2) for n 
increasing indefinitely, each difference So, Sj\, , at the 
same time diminishing indefinitely. To find the limit con- 
si<ler the graph of (Fig. 75). 

Let OA — OAj = jc^..., ()B—h\ then AG = F{a), 
A,0, = F(X,}..., = BD = F(h). CE„ 

..., Cn-\Eu are parallel to the a;-axis. Tlie sum (1) 
is clearly the area enclosed by the rectangles AE^, A^^E^, 
... , yl,, and differs from the area ABJDC by the sum 
of the curvilinear triangles GE^G.^, G.^Efi,, ... , G^.-^Enl). 



Draw CE parallel to AB to cut BD at E and produce 
CE to F so that EF may be equal to the greatest of the 
sub-intervals AA^, A.^A.„ ..., and complete the rectangle 
EFQD. Let z denote the area A BDG : then the difference 
between 3 and the sum (1) is le.ss than the sum of the n 
rectangles GE^.E/l.^, G.^E^.E^G.^, ..., G„..iEu.EnD, and 
therefore less than the rectangle 

EF{E,G, + EE,^+... + E„D) 
or the rectangle EF. ED, that is, EF[F{h)~ F{a)}. 



326 AN ELEMENTARV TREATISE ON THE CALCULUS. 


If n increases indefinitely and if at the same time each 
sub-interval diminishes indefinitely, the limit of EF will be 
zero and therefore the limit of (1) will be z. Hence 

L ^F{x)Sx = z = &Ye& ABDC. (3) 

H = CO — a 

We may, of course, write 

'^F{x)Sx = z, approximately. 

.r=a 

It is easy now to remove the restriction that F(x) should 
be positive and increasing or that a should be less than h. 

If a<b and F(x) positive and decreasing the only change 
is that z is less than the sum (1); if F(x) is sometimes 
increasing and sometimes decreasing we can combine the 
results for the cases of increasing anti of decreasing F(x). 

If a>b and F(x) positive, each of the differences (x^ — a), 
(Xg — ®i), •••is negative and the limit gives the area with 
negative sign. 

Lastly, if F(x) is negative the limit is still the area if the 
appropriate sign be chosen as in S 80. 

In regard to the sub-intervals we may if we please 
suppose thorn all equal, each therefore being (6 — a)/w ; the 
only restriction on the sub-intervals is that e((ch must have 
zero for limit when n tends to infinity as limit 

We have supposed F(x) in the .sum (1) to have its value 
at the beginning of each interx al ; but the limit will be the 
same if we take the value at the end or at any inter- 
mediate point of each interval, as may be proved by § 87, 
Th. II. For, restricting attention to the case a < b, F{x) 
positive, since the others can be ea.sily deduced from this, if 
a' , x[, .Tg' . . . are values of x within or at the end of the inter- 
vals (iCj — a), (x., — ajj), (.<3 — Xg)... respectively, we may take 

^x = F - « ), /Sg = F{x[ )(.7;.g - X, ), . . . 

yi = i^(n)(Xi-(/), yg = /’(Xi)(x 2 -Xi), ... 

and the conditions of that theorem apply since, Fix) being 
continuous, the limit for >t = oo of /Sg/yg-.. is unity. 

Having proved that the limit of ( 1 ) is the area z, we can 
now show, as in § 80, that the derivative of that limit with 
respect to h is BD, that is F(b), and therefore we can apply 
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all the theorems respecting integrals to tlie limit of tlie 
sum (1). The origin of the ordinary notation for integrals 

is also obvious, the f being a form of the initial letter of 


the word “ sum it will he remembcicd, however, that the 
integral is not a sum bat the limit of a sum. (See g 132, 
ex. 2). 


§ 132. Examples. 

Ex. 1. Evaluate j .rh/.r. 


Divide the interval h into ;< ‘'i/unt pai ts ; 
OA =0, OA^--^b!n, = ..., 

The .“lum (1) heeornes 


tl 




+...+ 


in the notation of ^ 131, 
OA„ i=(vt- l)h/t. 

\ n \ n 




lA («-l)/i(2/^ - 1) 


3 11 


and the limit i.^i clearly />"• 3. 

Ex. 2. Show that if in g 131, (2), ve ]>nt /''(■')—/(■*')> die limit 
will be f(b) -f(a). 

By the definition of a derivative, 

+ a3.r, (a) 


wdierc a vanishes with (Jive suceessivelv to ,r and S.r in (a) the 
values in g 131 ; a will not usually have the same value for all values 
of ,r, and avc therefore use suffixes. Hence 

-/('<) = /’'(")& + u,di« ; 

/(■r-j) -./’(■'’i ) )^r, + , ; 

/'(■’’s) -/(-'j) =f(-r,)6.i-, + afr.^ ; 


Add: /■(?>) -/(u) = 5/(.r)ar+/f, 

r—tf 

wdiere /f — UjS<f d" ii,,3.rj + . -j" u,i5.r„,.2. 

Let a' be the fi;reatest, numerically, of the quantitie.s a,, 04, ... ; 
then, numerically, 

/? n (on "t” S.Cj d” . . . 1) or u (6 — ft 

Since every a, and therefore u\ has zero for limit, R will have zero for 
limit and the result follows. 
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Ex. 3. 


Find the limit for m = qo of 


1 

n + l 


+ 


I 

w + 2 


+« + 3 + ‘" 



We may write this sum 
1 1 




+ 


1 


] 


2 n'^ \ , 3 
1 +- 1 +- 

71 n 


n 


1 

n 


or 



1 

M 


Consider the function /’(.r) = 1 /.r ; in § 131, let each difference be 
1/Vi, let a=l, h — % and tlie above sum will be the same as (1), § 131, 
if we suppose the values of F(.c) to be tliose at the ettd of each interval. 
Hence the required limit i.s 


§ 133. Approximations. Tlie method oi' evaluatiri^f an 
integral by first finding the funetion of which the integrand 
is the derivative would fail if we could not find such a 
function. An important case in wdiich that metliod can not 
be used is that in which the integrand is given only by its 
graph, as often happens in physical applications. Methods 
have therefore been devised for determining approximately 
the value of the integral Avhen only a limited nun)ber of 
values of the integrand are known ; it is assumed that the 
integrand may be treated as a continuous function, though 
if only a limited number of values of the integrand are 
known, the analytical expression for the function can not 
be given. The I'ules now to be stated can be applied even 
when the analytical form of the function is known, though 
in general more powerful methods are available in that 
case, in particular the method of expansion in series. 

Let AB be divided into ii eqval parts, each part being 
equal to h, and suppose the (?r + l) ordinates at A, B and 
the points of division to be known; let these be y-^^, y^, • 

The calculation of the integral 



is then equivalent to finding the area ABIJC (Fig. 76). 
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The most obvious metliod is to replace the graph by the 
inscribed polygon CC'jC'g.... The area of the first trapezium 
is + and this area may be assumed to differ but 
little from that of the corresponding strip of ABDC. 
Adding together all the trapeziums, we get, as an approxi- 
mation to the area, and therefore to the integral (1) 


= h/l (//i + ?/2)”b 1 / 3 )'^ ■ • ■ 4- + ?/ii-rl) 

= + ih<-3 1 + 2 ( i/o-b // 3 -I- ■ - • -f ?7)i) } 


•( 2 ) 


If the graph is, as in the figure, convex upwards through- 
out the value is 
in defect; if the 
graph is concave 
upwards, Aj is in 
excess. 

Through the 
ends of the even 
ordinates 1 / 0 , ... 

let tangents be 
drawn and pro- 
duced to meet the 
adjacent odd ordin- 
ates; if the number 
of ordinates is odd, 

2?i -b 1 say, we shall 
get n trapeziums 
whose sum exceeds 

ABDC in area when tlic graph is convex uj)wards through- 
out. The area of the first tra])ezium is of the second 
'^hy^, and so on. Hence we get another approximation 

A,, = ’lh{y.^Ayi + ■■■ + ,i/2») (3) 

The value of the iTitegral (1) always lies between A-^ and 
A 2 when there is no point of inflexion on the arc CD, 
and the difference ±(Aj — A,,) gives a measure of the error 
involved in either approximation. The formula (2) is 
usually referred to as the Trapezoidal Rule. 

A formula that is in practice more accurate than (2) or 
(3) is got as follows : By g 72 we may write 

F{x) = F{c) +{x- c)FXc) -f Ka; - eWix^). 



Fig. 76. 
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If x — c is small we may assume that differs but 

little from F”{c) ; if F{x) were of the second degree F'\x-^ 
would be simply F"{c). The ecjuation 

y = Fir) + {’>■- c)FXc) +}A^-c Y F\c ) (4) 

represents a parabola ; we therefore replace a short length 
of the graph of F{.t) by this parabola. 

Now consider the double strip AAfiJJ: for convenience 
let 0^j = c, 0A=c — h, OA.^ = c + li . tlien using (4) as the 
value of F{x) along the arc C(\C„ wc lind for the area of 
AA^C,G 

r F{x +c)(Ik' ='lhF(c)+\¥F''{c') (5) 

Jc-k J ~h 

where, to integrate, we put x = ./ + (’. We can now express 
(5) in terms of h and y,, y.^, y^, assuming F{,r) to be given 
by (4). For F(c;) = and 

y^^ F{e-h)=^ F{c)-hF'{r)+lPF'\c), 
y., = F{c + h) = F{c) + hF'{v)+\hW{o). 

By addition 

h ^F"(c) = + y^ - 2F{c ) = y, + - ^y^, 

and (o) becomes •i^'(.Vi + + (6) 

Suppose now ABDC divided into an even number, 2n, of 
strips by an odd number, 2n + l, of equidistant ordinates. 
The formula ((i) may be applied in succession to the 
n double strips ; the sum of the n expressions is, the terms 
being reari'anged, 

-ds - Vi- I y-i + + 2( //_j + + . . . + y^n - 1) 

+ ^i!h + yi + ---+lh.d\ (7) 

Formula (7) is known as Simpson’s Rule, which may be 
stated thus: Let the area be divided ivto an even number 
of strips by equidistant ordinates ; find (i) the sum of the 
extreme ordinates, (ii) Gvice the sum of the other odd 
ordinates, (iii) four times the sum of the even ordinates ; 
add the three sirnis thus obtained and multij)ly this total 
suni, by one-third of the common distance behveen the 
ordinates. 
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Let u = y^-\-yin+\ 

^ = 2/2 + 2/4+-” + .y^«; w = 2/3+3/£+... + ;Vin-i, 
then in terms of h, u, o, w, we find 

A^ = \h{u-\-’2iV + ^w)\ A^ — ^hv, A.^=lh{;ii-\-‘^v + 2w), 
and therefore A.^— rl-'l i+ 3^.2 S' (8) 

Suppose the graph convex upwards and the ordinates 
positive, so that A ^ < area ABD<J< A ^ ; then 


A^ A-^ — ^(-^2 -^ 1 ) > A., Ag ~’,(A.^ 


The error in the Simp.son Rule is tlicrcfore less than 


1{A,^—Aj) or lh(2v — 2iv — ti) (9) 

Formula (8) shows that in Simpson’s Rule greater weight 
is given to the iirscribed tlian to the circumscribed polygon. 

These methods of approximation ajiply of course to a 
definite integral, whether F{x) be considered as the ordinate 
of a curve or not ; for example, F(x) might be a radius 
vector and x the vectorial angle in a curve given by its 
polar ecjuation. The values of the function for e(|uidifierent 
values of the argument then take the place of the ordinates 
M-i’ ^ very important practical case is that of the 
mensuration of solids ; yj, 7/0, ... are then the areas of equi- 
distant sections. (See, for a gootl statement of Simpson’s 
Rule for practical mensuration, Lodge’s Mensurnfion for 
Senior Students: London, Longmans.) 


£x. Calculate 



Let 2'/i + 1 - 1 1 ; = </ = ! ; 6 = 2. An ea.sy calculation gives 

7< = lo; r=3'4595394; •ie=2'728 1746. 

..^1, = -693 771 ; d2=-691908; 


The exact value of the integral is log 2, that is, '693 147. The value 
of 2(Ai - A.,)I3 is ’OOl 242, while A2-log2 is '000003. As a rule, the 
error in Simpson’s formula is considerably less than that given by (9). 


EXERCISES XXIX. 

1 , If in ^ 1 33 F{.v) is the area of a section of a surface made by a 
plane pei*peiidicidar to the .r-axis, and if the ordinates yn, ... be 
replaced by the sections the expressions (2), (3), (6), (7) give 
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the volume intercepted between the euiface and the corresponding 
planes. Thus (6) gives for the volume 

V=}XSr + ^S,+S,), (i) 

where (Sj, are the areas of the end sections, that of the mid- 
section, and 2A the di.stance between the end sections. The value (i) 
is exact when F(.r) is a quadratic function of .r. 

Apply the formula to obtain the results legarding volumes in § 127. 
Apply it also to the solid formed by the i-evohition of a parabola abo<it 
its axis. 

2. Show that the foi inula (i) holds for a pj'ixmoid. 

A prismoid is a solid whose lower and uppei' bounding surfaces are 
polygons with the same number of sides and with corr'esponding sides 
parallel, and whose lateral bounding .surface.s aie trapeziums. 

3. If is the head diameter, d., the bung diameter, and h the depth 
of a cask, show that when the cui-ve of the cask is a parabola, the 
volume is 

When the uppei' and lowei' halves of the cask are equal frustums of 
a paraboloid of revolution, the greatest bases being joined in the 
middle of the cask, show that the volume is 

yi{d;^+d,^). 

4. If F{x) = A-\-B{.>:~c)+C{3:-cy+D{x-cy, show that formula 
(6) of S 133 still holds. 

6. If F{.r) = A+B.r+C.v-+D.F and y\, y» Hz, yt are the values of 
F{,x) when x has the values «, a + h^ t' + 2/i, a + Zh respectively, show 
that the aiea between the eui've, the -c-axis, and the oi'dinates is 

S^'(.yi + 3'/.2+ 31/3-1-7/4). 

The foruuda is sometimes called Slwjison’s Seci>nd Rule. To prove 
it most simply, put .r- k + Zu ; then F{.>) takes the form 

<jy{t) = P+Qt + Rt^ + Sf, 

and 7/4, y.^, y^, y^ arc the values of </>(/) for t equal to 0, 1, 2, 3, and the 
area is 

6 . Show that 

I log sin .V dx= — I x cot x dx, 

. f > .'0 

and calculate the value of the integral by Simpson’s rule. The exact 
value of the integral is — i7rlog2. For let the integral be « ; then 
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so that , , 

= J log (i sin 2 . 1 ’) J.r = ^ log i + J I«g shi 2x da - ; 

also I log sin 2.)^f/.j’=i / log sin ;<&=/' logsinr(f; = 2 <, 

Jo “Jo Jo 

fi’om which the result follows. 

7. Show that f lcigt!inxd.r=0. (No integration is neees.sary.) 

Jo 

8 . Show that the limit when n is oc of 

r=n~l I 

li, 

is 7r/2. 

9. Show that the limit when a is oo of 


is 7r/4. 


' y ' n 
r'To n“ + )-“ 


§ 134 . Mean Values. The arithmetic mean of n quantities 

yv'y-2’ ••• > 2 /a {i/i + y2 + ---+y«'>''>^'- Let 2/2, ••• > .</n be 

the values of F(x) for x equal to a, a+//, , h — h, the 
interval b — a being divided into n parts each equal to h; 
the limit for 71 = 00 of the arithmetic mean of y.^, y^, ... , y^^ 
is called the mean value of the fuiictioj} F{x) ovc7' the range 
b — a. 

The mean value may be expre.ssed as an integral ; for 

(2/1 + .'/o + ■ • • + 2/«)/ii = ( 2/1^'' + 2//*'+ . . . + Vnlf/ib -a) ...{!) 

The numerator of the fraction on the riglit is 
F{a)h + F(a + h)h + ... + F{h - h) h, 
and the limit of it for a = 00 (and therefore k = 0 ) is 

j* F(x)dx \ 

and the Mean Value is 

< 2 ) 


Ex. 1. The mean valne of the ordinate of a semicircle of radius a is 
^j_y(a^--'^)(^x='^a=-7854a. 

In this case the diameter is diidded into « equal parts. If, however, 
the semi-circumference is divided into n equal parts, so that the inde- 
pendent variable of the function is the arc aB from one end of the 
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diameter to the point from which the ordinate i.'< drawn, the mean 
value is, since the or-dinate is n .sin 0, 

— / a sin d aiW = -a= ■6366o. 

■KflJ" IT 

In speaking of mean vahies, therefore, it is essential that the inde- 
pendent variable should be clearly indicated. 

Ex. 2. For the hai'inonic curve y=usinx, find (i) the mean ordi- 
nate, (ii) the square root of the mean of the square of the ordinate for- 
the range from .c=0 to .j’=7r. 

if'. 2 

(i) meanord.= | <7sin.r(£r= a='G366«. 

TT.IO TT 

In case (ii) the function is y-, and the mean value of y- is 
-/ </-sin-.caf.c=iff^, 

TT.'O 

and the square root of this mean is a/y/2 or '707] o. 

In the theory of alternating currents the important mean is not (i), 
but (ii) ; the latter is .sometimes called t/te meuu-sqaai-e value of the 
ordinate. 

If the interval b — a is divided into n sub-intervals 

Aj, ^2 and if yj, y.^, ... are the values of /’(;/•) at any 

point of the intervals Aj, h.^, ... re.spectively, the limit for n 
infinite (and each sub-interval Aj, h^, ... zero) of 

iViK + V'lh + • • • + yMi b~a) 

is still <fiven by (2). 
The inte^^ral (2) may 
be taken as the gene- 
ral definition of the 
mean value of F{x). 

^ 135. Double In- 
tegrals. Let EFOH 
(Fig. 77) be a plane 
curve, and let f{x, y) 
be a single-valued 
continuous function 
of X and y for all 
points within or on 
the curve. Let AH, 
BF, and CE, DG be 
the tangents parallel 
to the axes: we suppose that no straight line cuts the curve 
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in more than two points ; any curve that does not satisfy 
this condition may be divided into partial areas, each of 
which satisfies it. 

Let AB be divided into la and OB into n sub-intervals, 
and through the points of division let parallels be drawn to 
the axes. The area bounded by EFGH will thus be divided 
into partial areas ; these areas are rectangles, though near 
the boundary EFGH the rectangles will contain points that 
lie outside the curve. 

Let X,., XrA^Xr be the abscissae of two consecutix e points 
of division on A B and y.„ + the ordinate.s of two 

consecutive points of division on OB : and let S, S' be the 
points (x,, y.,), (,t,. - f Sx , , y* + dy.,). 

Multiply SXr dy,,. the area of the rectangle SS', by /(av, y,). 
the value of f(x, y) at S, and form the .sum 

X <5’t,dy, (1) 

for all points .such as S within or on the boundary of EFGH. 

(Jeoiiietn'adli/, s=/'(.c, y) represents a surface; tlie typical term 
I/,) of the .sum (1) is the volume of a parallelepiped whose 

ba.se is the I'ectangle Sr, 8i/„ and height the :-eooruiiiate/(.T’,., y.) oi the 
point in which the uortnal from ,V to the lectangle meets the surface ; 
the sum (1) is therefore afipioximately equal to the volume of the solid 
bounded by the surface, the plane A'OV and the cylinder formed by a 
-straight line which moves lound the boundary EFOH, remaining 
always perpendicular to the plane XOV. ((’om])are Figs. 48, 49.) 


We wi.sh to find the limit of (1) for m and n each in- 
creasing indefinitely, each element dav, dy.„ and therefore 
each area da',.dy,, at the same time diminishing indefinitely. 
Seeing that there are two sets of increments we may appro- 
priatel}^ represent (1) as a dottble summation 

y-) ‘5.T,dys (2) 

the one 2 referring to dy, and the other to Sx,. 

First, keep ,r,. and da", constant, that is, find the limit for 


11 = oc ; 


XT' f"'’ 

L 2a,/(*» > y>) ^ 1 y)dy (3) 

= 00 J MP 


by the definition of the integral of a function of one vari- 
able y. The integral (3) will contain .r,., MP, MP' \ MP 
and MP' are functions of OM or x,- determined by the 



336 AN ELEMENTARY TREATISE ON THE CALCULUS. 


equation of the curve EFGH. Hence (3) is a function of 
Xr and may be denoted by 

Oeometrically, (jiG'-i) is ai'ea of the curve of section of the solid 
defined above, made by a ])lane through PP' peinendicular to XOV-, 
and <^(.rd 6.r,. is, to tlie fij'st order of infinitesimals, the volume of the 
slice of the solid of thickness 8.r,.. 


Next find the limit for m = x . We get 

COB 

L 2 (4) 

m — « J OA 

Hence, finally, the limit of (1) is oxpre.ssed by (4) and that 
limit is the volume of the .solid already mentioned. 

Since (p{x) is itself an integral the cxpres.sion (4) is a 
double infegrtd and this double integral is denoted by the 
symbol 

J OB CMF 

dx\ f(x,y)dy (5) 

The mode of establi.shing (4) show.s that (5) which is 
merely the fuller symbol for (4) means, integrate f{x, y) as 
to y from y = MP to y = ilP', treating x as a constant during 
this integration; then inteqrate the result as to x from 
x = OA to x = OB. 

We might also find the limit of (1) by making first m, 
then 11 infinite ; the result w'ould be stated in the form 
COD rem' 

dy\ f{x,y)dx (6) 

J OC J NQ 

In (6) the integration is first carried out as to a;, treating y 
as a constant during this operation ; then the result is inte- 
grated as to y. Clearly the double integrals (5) and (6) are 
equal since they represent the .same volume. 

When the area is the rectangle the limits MP, 

MP' of y in (5) are constant and equal to OC, OD respec- 
tively, and the limits NQ, NQ' of x in (G) are also constant 
and equal to OA, OB re.spectively. Hence, writing a, b, 
a', b' for OA, OB, OC, OD, 

y)^^’ C^) 
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that is, when the limits are all constants the limits of y and 
the limits of x are the same in whatever order the integra- 
tions are effected. When the limits are not all constants 
the limits of y (or of x) in (5) are not the same as the limits 
of y (or of x) in the equal integral (6). 

The geometrical representation of the meaning of the double integral 
is very helpful. Other illustnitions might of course be given ; for 
example, f{x, y) might be taken as representing the (variable) density 
of a surface distribution of mattci- over the aiea EFGH, and then the 
integral would give the total mass. 

§ 136. Notations for Double Integrals. Polar Elements. 

The forms (5), (6) indicate clearly the order in which the 
integrations arc to be carried out. Other notations are, 
however, in use which, tliough not so expressive, are often 
convenient. Thu.s the form 

y)dx(Jy (8) 

with the addition “ the integration being extended over the 
area EFOH” (or a similar phrase) is used as an equivalent 
either of (5) or of (6). 

Instead of (5) we also find 

COBCMF 

f(^, y^dx dy 

J OAJ MP 

with the convention that the first integration is made with 
respect to the variable on the right, namely y, between the 

limits named on the symliol | that stands next the integrand, 

that is, MP, MP'. But there is not complete agi’eement as 
to this convention. 

Again, we might suppose the area enclosed by EFGH to 
be divided into partial areas other than rectangles. If SS 
be the type of such an area, and if {x, y) be the coordinates 
of any point within or on the boundary of SS, the sum 

y)<^^ (!') 

would replace (1). Geometrically (T) would give approxi- 
mately the volume of the solid defined in last article ; the 
limit obtained by supposing the number of the areas SS to 
increase indefinitely, while the size of each area SS at the 
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same time diminishes indetiriitcly, would give the volume of 
the solid and wo\ild be denoted by 

(9) 

the integration being extended over the area EFGH. 

It is easy to see, by Th. II., g 87, that {x, y) may be any 
point within or on the boundai’y of (^S, so far as the limif 
(9) of the sum (!') is concerned: it is of great importance 
to bear this remark in mind, as the principle involved is 
constantly used (see for instance ex. 3, § 137). 

If we take for the area bounded by two circular ares 
of radii r and r + Sr, and two radii making angles 6 and 
6 + SO with the initial line, where r, d ai-e polar coordinates, 
l{r + SrfSO-}y’Sft= rSrSe+liSrfSO, 
so that dS^rdrdQ. 

If /(x, y) becomes F{r, B) when i-cos 0, /‘sin 0 are put for 
X, y, we should get instead of (9), or tlie equivalents (5), (0), 

jj/V, e)rdrde (10) 

the integration being extended o^’cr the area EFOH. In 
integrating with respect to B,r is to be kept constant ; the 
6-integration would therefore give, in the geometrical re- 
presentation, the area of a cylindrical section of the solid. 
Before evaluating an integral stich as (10), the curve EFOH 
should be drawn, and care has to be taken so that there 
may be no omission or inclusion of areas other than those 
belonging to the cui’ve. Tlie same remark applies to most 
integrations. 

The reader will have little difficulty in extending these 
results to triple integrals, 

X, y, z) dx dy dz or !/(*> 2/> ^)dv (11) 

dx dy dz or dv may be taken as an element of volume, and 
f{x, y, z) might, for example, denote the density at {x, y, z). 
Integration with respect to z, keeping x, y constant, would 
give the mass of the column standing on the base dx dy ; 
then the y-integration, keeping x constant, would give the 
mass of a slice of thickness dx perpendicular to the oj-axis, 
and lastly the x-integration would give the total mass. 
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Ex 1. Find the volume of tlie tetrahedron bounded by the 
coordinate plaiiew and the 
plane 

.rja + t/lb+zlc — l 

wheie a, h, c are [)ositive. 

The curve EFGH is in 
this case tlie triangle 
OAB\ the equation of 
AB is 

= -.rja) 

and MP' = h{\ — xja), 

while MP in g 135 i.s here 
zero. 

5f?=/(.r, 

Hence using (5), tlie 
volume is 



Fio. 7S. 




-idle. 

f) 


Obviously .16c‘(l —xia)- is the area of the tiiangle LMP'. 

Ex. 2. Find the value of j .r"</r taken throughout the volume of 
the ellipsoid .r^ct--hi/"/l)- + s^/c^=-'l. 

ja^dr= j.r^d.rj ^diid:= j .rV.r j^Tric ^1 

since, in integrating as to y and z, .r is constant and J J khe 

area of the section perpendicular to the .r-axis. Integrate now as to 
X ; the result is ATra^hcj\tt. 

The mean value of the function x- throughout the volume of the 
ellipsoid is the above value divided by the volume, that is, a^jb. 

In general, the mean value of a function fix, y) over an area EFGH 
(Fig. 77) is the value of the integral (5) or (6) divided by the area ; 
and a similar definition holds for the mean value throughout a volume. 
If, in the example, x'^ is the density at (.?■, y, z) of a mass occupying the 
volume of the ellipsoid, then a‘^jb is the mean density of the mass, 
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Ex. 3. If /(.r, ?/) is the product of a function <f>(-v) of x alone, and 
of a function '^(//) of // alone, it follows at once from § 135 that the 
integral of the product ip(jj '^(j) taken over the rectangle A^B^CiDy 
(Fig. 77) is equal to the product of the integrals 

I <^{x)dx and f '^{,y)dy. 

•‘(i' 

Now let t^(.r) = e“*^, 'ir{y)=e~'' ^ and 



It follows that the ju'oduct of these two integrals, is equal to 

the integral 

j I (ii) 

taken over the square 
OABC of side OA = a 
79). 

Draw the area ADC, 
BBF from the centre 0 
with the radii 0/1= a, 
0B—a,j2. The integral 
(ii) is greater than the 
integral of the same func- 
tion over the area OADG 
and less than that over 
the area OEBF. These 
two integrals can be 
found by changing to 
polai’ coordinates ; dxdy 
IS U’plac'ed by rdrdd and 
Fig. 79. +'/-) jjy ]ijg_ 

conics, for the area OADC, 

j je-''rdrd9— f e-'^rdrj^ dff = ^(l-e-“) 

since the integral of is -Je-*"'. When the area is OEBF, the 
integral is ^(l -e-^““). 

lies between these two values ; but when a tends to infinity 
both values tend to ir/I ; and therefore also V'^ tends to tt/I, and U to 
Jv's'. Hence 

This example is a particular case of an integral of great importance 
(see Ex. XXX. 21), and the transformation is worthy oi careful 
attention, 
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§ 137. Centres of Inertia. It is shown in works on 
mechanics that the coordinates {x, y, z) of the centre of 
inertia of a set of n particles of masses mj, m,, , m„ 

situated at the points (a!p y^, z^, y^, ... , (a-,,, y^, zj) 

are given by the equations 

_ _ nijiCj ... + m„ x„ _ 1,m^ 

r/ij + m .2 + . . . + m„ ^ ^ 

with similar expressions for y, z. 

For a continuous distribution of matter the volume 
density p at the point {x, y, z) is the limit for Sv = 0 of 
SmjSv where Sm is the mass of the volume Sv surrounding 
the point ; hence to the fii’st order of infinitesimals 

Sm = pSv. 

When the mass is supposed concentrated in a surface or 
in a line we have in a similar way Sm^aSS, om = XSs 
where cr and X are the surface density and the line density 
at a point and SS and Ss elements of area and of length 
including the point. 

A continuous mass may be supposed to be divided into 
n elements Sm ; if (x, y, z) are the coordinates of any point 
in the element Sm, then the coordinates of the centre of 
inertia of the mass are given by 


K CO 


ExSm _ jxdm 
SSm ~ jdm 


( 2 ) 


with similar expressions for y, z. The integrations in (2) 
are to be extended through the total mass. 

For volume, surface, and line distributions equations 
(2) take the forms 

fxpdv fxcrdiS jxXds 

J^’ fa-dJS’ fXdo 

respectively ; the denominator is in each case the total 
mass. 

The terms mass-centre, and centroid are sometimes used 
as equivalent to centre of inertia. The centroid of a 
volume, area, or line is the centre of inertia of a mass of 
uniform density occupying the volume, area, or line. 
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Ex. 1. 


A circular arc of uniform density, BAG (Fig. 80). 

Let 0 be the centre of the circle ; 
0/1 =fl, '.C0JB=2a. Let OA bisect 
the angle COB, and take OA as the 
.<'-axis. 

By symmetry, y=0. 

Let ^X0P=d ; 

OM^x = a cos 8 
arc A P=s = a 9 ; 
d.t—add. 

The linear density X is constant ; 
hence the total mass is 2Xa!a. 

Ahso 



f.r\ds=^f 

v' - fi 


a cos 8 add = 2Xc/‘'^ sin < 


and therefore 

.T-=2Xa'sin ai2kaa-a sin a/a. 

Ex. 2. A plane laiinna of uniform density cr, in the form of a 
quadrant of an ellip.sc, OAPB (Fig. 81). 

In a case like this the 
use of a doul)le integral 
may be avoided ; tor we 
may take a narrow strip 
NPP'N', of breadth dy, 
parallel to OA as the ele- 
ment of mas.s. The centr e 
of inertia of the stiij) is 
at its middle point, and 
therefore the moment of 
the str ip about OB is 

. cr.r' dy or \<T.rhly. 

The total mass is 
ira-ah/A, 
and therefore 

4— = = [ {V^-y^)dy=^la-d% 

and theref<ire .>=4a'/3ir. 

In the same way, y = 4?r/37r, taking the atrip M'MPP' as element. 

When the density is not uniform, the above method usually fails. 
Suppose a-^kxy (k constant) ; the total mass M is 

I j kxy d.r dy — k^ .v dx j y dy — \k^ x . ON'^dx, 
and since 0 N^=y‘^=})^{\ —x^jaP), we readily find M—^kdd)^. 



Fro. 81. 
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Again, 

Mx = J j'.r: . kxy dx dy=k^ x^dx ^ ydy = -i^kcdh", 

and therefore x= Similarly, 


Ex. 3. A cii’cular aefttn- of unifoiin density. 

Take the notation of ex. 1 . We may take a.s element the .small 
sector OPQ. The centre of inertia of OFQ may be taken as the point 
(ja, B), and the moment about OF of the element is 
3 a cos 0 ■ (rhi-dO =\<T<v’ cos BdB. 

The total ma.s.s M i.s o-rPa ; .y =0 from .symmetry ; and 7v is given by 


so that 



When the density i.s not uniform, double integration will usually be 
required. 

The centre of inertia of OPQ was taken on <)l‘ ; as has been indi- 
cated several times, it docs not matter for the h'mit whether we take 
the point a.s (^ff, 6) or (y/, ^') wheie ft' isa ^a]ue between (9 and B + 8B. 
Simplifications of this kind are of constant occurrence ; a similar one 
was made in ex. 2 when the centre of inci’tia of NPP'N' was taken at 
the middle point of NP. 


Ex. 4. A unifoi ni right circular cone. 

From symmetry the centre of inertia i.s in the axis. Take a section 
perpendicular to the axis at a distance x from the vertex ; if h is the 
height and A the area of the base of the cone, this section is x'^AiKK 
We may take as element of mass the .slice between this section and the 
parallel .section at distance .r-t-Sr from tlie vertex. 

The total mass M is Jp/iA, and 

Mx~J X . dx = Jp/dA, 

and . 1 = 4/0 

If the density is not uniform, double or triple integrals may be 
I'equired since the element of mass could not be chosen as above. If, 
however, the density is a function of .r alone, the method still applies ; 
for example, if p—kx, the student may prove 

p,r^dx=liA/d ; x=i/i. 


§ 138. Moments of Inertia. 


from an axis OH of 
the sum 


If I’j, •>' 2 , . 


I'll are the distances 


n 


particles of masses 77? j, du, 




+ . . . + vinTj, 


or, in the notation of a sum, ^mr-, is defined in works on 
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mechanics as the moment of inertia of the set of particles 
about the axis OR. 

When the masses form a continuous body the summation 
is replaced by integration, as in tlie case of centres of inertia. 

If the total mass of the system is M and if k is chosen so 
that f 

Mk^ = 2mr® or = 1 r^dm, 

the quantity k is called the nuliuH of gyration of the system 
about the axis. The moment of inertia is often denoted by I. 

The work of finding moments of inertia is simplified by 
the following theorems : 

(i) If OX, OY, OZ ar-e three rectangular axes, and if 
Ix, ly, Iz are the moments of inertia about OX, OY, OZ 
respectively of a plane lamina lying in the plane XOY, then 

Iz — Ix'i'Iy 

(ii) If is the moment of inertia about any axis OR, 
Ig the moment about a parallel axis through the centre of 
inertia G and a the distance between these axes, 

lr=I<. + Ma\ 

where M is the total mass of the system. 

The proofs of these theorems are very simple and may be 
left to the reader; they may be found in any work on 
mechanics. 

Ex. ]. A thin straight rod of uniform clen.sity about an axis 
through one end perpendicular to the jfxl. 

Let .r be the distance fi’oin the axis of a yxunt on the I'od, X the 
linear density, I the length of the rod. For the element of mass we 
may take \Bj: ; hence 

/= . -Kdx = = \Ml^, 

Jo 

where M=^\l is the ma.ss of the rod. The radius of gyration k is 
therefore 1/^3. 

The moment about an axis through the mid point of the rod and 
perpendicular to it is MPjlZ as may be proved directly or by using 
theorem (ii.). 

Ex. 2. A uniform I'ectangular lamina about an axis through its 
centre parallel to one side. 

Let a, b be the lengths of the two sides and let the axis be parallel 
to the side a. Divide the lamina into thin strips parallel to the side b 
and let Sm be the mass of a strip, M being the mass of the lamina. 
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By ex. 1 the moment of inertia of Sm about the axis is Sm b^/12 and 
therefore the moment of inertia of the whole rectangle is 

^.MIA 

In the same wa}' the moment about an axis through the centre 
parallel to the side h is il/a‘^/12 and therefore by Th. (i.) the moment 
about an axis through the centre jjerpendicular to its plane is 

#(a2 + 62)/i2. 

It is easy to deduce the moment of a uniform lectangular 
parallelepiped, whose edge,s are a, b, c, about an axis through its 
centre parallel to an edge. For, let tlie axis be parallel to the edge c 
and divide the solid into thin slices of nia.s.*, bm l\y planes perpendicular 
to the edge c. The moment of one slice is, by the lesult just found, 

and therefore the moment of the solid is J/(a‘'^ + 6^)/12, J/ being the 
mass of the solid. 


Ex. 3. A uniform elliptic lamina about the major axis. 

Divide the lamina into strips of ma.ss bni by lines parallel to the 
minor axis; then the moment of the strip is by ex. 1 0 OT.( 2 y)Vl 2 or 
Sw.y^/3 where ij is the ordinate of the strip. 


If p is the den.sity, Sw is 2f>j/bx; hence 


But j ^ cos'0rf0=’^a‘, 

by the substitution .r=a sin ft The total mas.s J/ is irp aft Hence 

/=i7rp«6’=lJ/ft-'. 

"nie moment about the niinoi- axis is Ma^jA and about an axis 
through the centre pei pendicular to its plane it is M{d“ + h^)l\. 

For a circle of radius a we get, by putting h equal to a, for the 
moment about a diametei' Md^jA and about an axis through the centre 
perpendicular to its plane Md-yl. 

The last value may be found most simply by dividing the circle 
into thin concentric strips ; then Tlieorem (i.) shows that the moment 
about a diameter, since all such moments are equal by symmetry, is 
half that about the axis perpendicular to the lamina. 


Ex. 4. A uniform ellipsoid about the axis 0.1. 

Divide the ellipsoid into thin slices by planes jierpendicular to OA ; 
the mass Sw of a slice may be taken as 

Trpbc{\ —x^/a^)Sx, 

and by the last example the moment of Sm about OA is 

where 2a^, 2/), aie the axes of the section. But 

= —x^ja^), 5,®=c2(l —x^ja^). 



346 AN ELEMENTARY TREATISE ON THE CALCULUS. 


Substituting and integrating from — a to « we get 

I = + O /" ( 1 - J 

wliere J/ = 4:rpair/3 —mass of ellipsoid. 

Tlie moments about the othei- axes may be found by symmetry. 

§ 139. Polar Element of Volume. The expression for the 
element of volume dV in terms oi the spherical polar 
coordinates r, 0, (f> (Ji Hi)a) of a point P is often required in 
physical applications. 

Let a denote the plane through P and the axis OZ. 
First, keeping r and ^ constant, let 6 become 6 + ; 
P thus describes an arc, PQ say, in the plane a and 
arc PQ=rS6. Next, let the plane a turn about OZ as an 
axis through the small angle S<l>, the coordinates r, 6 being 
kept constant; P will describe an arc, PR say, equal to 
r sin dS(p and, if Sd is kept constant, the arc PQ will describe 
an area, SS say, equal approximately to arc PQ x arc PR, 
that is, equal to r'^sin 0 SO S(/>. Fhudly, keeping 0, <j>, SO, S(f> 
constant, let r become r + (ir ; the area SS will describe an 
element of volume f5F equal approximately to SSxSr, that 
is, equal to r- s,in 0 Sr SO Sip. The limit of is the polar 
element of volume, so that 

dV = r~ sin 0 dr dO dtp. 

The element of the surface of a .sphere of radius r is 
dS = sin 0d0d(p. 

If r=f(0) is the polar equation of a curve lying in the 
plane ZOX, the initial line being OZ, we find by integrating 
dV from 0 = 0 to 0 = 27r and then from /' = () to r=f{0) 
that the polar element of volume of a surface of revolution 
about the initial line is f7rr®sin0d^O, where r now means /(0). 

Let P be the point (x, y, z) on a surface and let the 
rectangular parallelepiped standing on the rectangle Sx Sy 
as base cut out of the surface the element of area Sx, and 
out of the tangent plane at P tlie element Sx'. If the 
normal to the tangent plane at P make with OZ the angle 
y we have 

Sx cos y = Sx Sy, Sx = Sx Sy sec y. 
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If we assume that the limit of Sa-'jSa- is unity we find 
da- = dx dy see y. 

The direction cosines of the normal can be found (§ 91) 
when the equation of the surface is known and thus da 
can be expressed in terms of x, y, 'dzj'dx, 'dzjdy. 


Definitions. The terms Line Jiiteyral, Surface Integral occur so 
often that it may he worth while to define them, though we cannot 
find room for a con.sideration of theii’ special jjropertiea and 
relations. 

Let F denote a (juantity such as a velocity or a foice having 
direction as well a.s magnitude, and at the point Pon a curve APQ let 
the angle hetween the, direction of F and the tangent at P he «. If 
s is the arc measured from a fi\ed point on the curve u]) to P, the 
integral : 

I F cos edii (1) 

taken from the value of .s' at a ]>oint .1 u)j to the value of .s at another 
point D is called the tine integral of F along the enrre A B. 

For example, in Qfi the work IT is tlie line integral of the force F 
along the curve A 

If A', }' Z are the coniponent.s of /’’)»aral!el to the aMi.s, the integral 
(1) may also (S 9o (3)), he wi'itten 


.(■( 


, ..ill/ 

A , + } ' A /. 

f/x d: 






Again, let fiS he an element of surface. Pa point on oA, and e the 
angle hetween the normal to the surface at Panel the direction of F. 
The integral 

/ PcoscffA’ (.3) 


taken over any jiortiou of the surface is called the .surface integral of 
F over that portion . 

Thus if F is the electric intensity at (hen Pcose is the normal 
component N of the inten.sitv, and the integral (3) i.s the surface 
integral of normal electric inten.sity over that portion of the surface. 


EXERCISES XXX. 

1 . Find the mean value of over the range from 0 to tt when 

(i) g — aj sin .r + sin 2.r +...+«„ sin 
(ii) g — l>i cos .r +6^ cos 2.r +... + &„ cos 

2. If y = «i sin ,r+?<, co,s .r+rtjsin 2.'r+fi.^cos 2 a' 

and i = A j sin x + cos ,r + ^ sin 2.r + B.^ cos 2.J', 

find the mean value of the product gz over the lange from 0 to 27 r. 
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3. A particle falls freely from rest ; show that the mean vel^tjC} 
with respect to the time is half the final but that the mean ve^ocity 
with respect to the distance is two-thirds of the final velocity. 

4. A particle of mass m desciibes a simple harmonic motion of 
amplitude a and period T ; show that the mean kinetic energy is half 
the maximum kinetic energy. 

5. Show that in a homogeneous liquid under gravity the mean 
pressure-intensity ovei- a j)lane area immeivsed in the liquid is equal to 
the pressure-intensity at the centi'oid of the area. 

6. If the density at a distance /• from the centre of the earth is 
given by p=(Po sin I:/’)/Ir where k is a constant, show that the mean 
density is 

3po (.sin kR -Ut CO.S kR)jPR^ 

where R is the earth’s radius. (Lamb’s Calculm.) 

Take as element of volume, 8r, the shell between two spherical 
surfaces of radii r and r-(-8r; then dr— l7rr%- and Sni—pSv. The 
total mass is found by integiating pdv fioni r=0 to r = R. 

7. Find the centroid in the following cases : 

(i) The area lietween the arc of a paralwla, the axis, and the 
ordinate at the point (A, k). 

(ii) The segment cut off from a parabola by the straight line joining 
the vertex and the point (A, k). 

(iii) The segment B AC (Vig. 80). 

(iv) The spherical sector fonned by the levolution of the circular 
sector OAB (Fi^. 80) about (>A. 

^ (v) The cardioid r=u(l -t-cos 0). 

^ 8 . If the density of a hemi.spheie vary a.s the distance from the 
bounding plane, show that the distance from that plane of the centre 
of inertia is 8R/1H where R i.s the radius. 

9. Prove the T/ieorems of Fappm, namely, 

(i) If an arc of a plane curve revojve about an axis in its plane 
which does not intei'sect it, the surface generated is equal to the 
length of the arc multiplied by the length of the path of the centroid 
of the arc. 

(ii) If a plane area revolve about an axis in its plane which does 
not intersect it the volume generated is equal to the area multiplied 
by the length of toe path of the centroid of the area. 

Taking the .r-axis as the axis of revolution, the theorems follow at 
once from the eq .acions 

y Id8 = jyds ; y f dS=j ydS J W-yi)dx 

by multiplying by 2tr. w,, yj the ordinates of the points in which 
a line perpendicular to the ir-axis cuts the curve. 

Deduce from (ii) the formula for the polar element of volume of a 
surface of revolution (§ 1 39.) 
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10 . Find the moments of inertia in the following cases, the density 
being uniform ; 

(i) A circular lamina of mass M and radius a about a tangent. 

(ii) A sphere of mass M and radius a about a tangent line. 

(iiii A triangular lamina of mass M and height h about its base. 

(iv) A right cone of mass M, height h, and radius of base a, (a) about 
its axis, (/3) about an axis through its vertex parallel tf) the base. 

11. A rectangle ABCD revolves about an axis in its plane parallel 
to AB, and not intersecting the rectangle; if o. h are the distances 
of AB, CD from the axis, show that the radius of gyiation of the 
solid generated is given by 

12. The moment of inertia of the anchor-ring (Exer. XXVIll., 
ex. 5) about its axis is i/(c^+|a^), the density of the solid being 
supposed uniform. 

13. If r^—x^+y^ + z^ show that the mean value of r- throughout the 
volume of the ellipsoid x-ja^A-y‘^ll^ + z-',c-— 1 is {d^ + b" + c^)jb. 

14. The volume of the wedge intercejited Ix'tween the cylinder 

.r^-hy‘'‘=2rt.r 

and the planes «=.rtan a, .ctaii /3 

is TT ( tan ^ - tan a) n". 

15 . If n > 0, the integral 

J e' 

has a definite value ; the integral is a function (jf n, usually called 
the Odmona-functivn, and denoted by r(<(). Show, by integrating 
by parts, that 

!»=(«- l)r(«-l), (i) 

and that when n is a n integer, T{n)={n- 1)!, r(])=]. 

If n is not an integer, let p be the integer next below n so that 
{n —p) is a proper fraction, then (i) shows that 

r(m)=(«-l)(«- 2 )...(»-p)r(?i-p) (ii) 

16 . Prove 

(i) r(i)=V:r; 

(ii) r(OT-t-J)=-”"-^ • .... Kv/tt) ... (to integral). 

Equation (i) follows from § 136, ex. .3, by putting for 

Then (ii) follows from ex. 15 (iil. 

17. Prove f (a positive). 

v'o Or 
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18 . By the given .substitutions, prove other formulae for TOO : 


.e = e2 ; r(?i)^ 2 f e ’’V-” ‘dr (i) 

Jd 

r(n)=J^ dz (ii) 


19 . When m and n are both positive, the integial 

j'\i (1 -.ry-h/.r 

ha.s a definite value ; it is a function of m and n usually called the 
Beta-fvnetion, and denoted by B(ni, )i). Show that 

B(«i, w) — B(w, m). 

20 . By the given substitutions, ])iove other foimulae for B()a, n) : 

x=cos'^d ; >i )~2 1 (i) 

(ii) 


+,J - ’*("h (1 +,/)". + -• 


21. T ising form (i) of ex. 18 , writ(; 

P(m) = 2 f r"*".?"’'*" ’</.<•, ; 

and then show, as in § 136 , ex. 3 , that 

ir 

r(m) X r(«) = 4 re-’-V'!'”*+’'i->ffr f ■e(>s-'"-'(ysin-'-'61o'y ; 

and therefore, by exs. 18 (i) and 20 (i), 

r(»?) r(rt)=r(»i+'/t) B(?n, ?<). 

Thus the Beta-function can be exyiressed in tei-ms of the Gamma- 
function. 


22 . Let 2 j/? - 1 --p, 2/; - 1 = 7 ; then, from exs. 20 (i) and 21, 
n /I . ,1 7/1 B(yn, It) \ 2 / V 2 / 

J cos^f^ sin"(y c/6' = —2—= 




where, since m >0, n> 0, we have i()o -1- 1 ) and ^(7 -t- 1 ) > 0, or p and 7 
each greater than - 1 . 

The student may test that this result includes the rule given in § 119 . 
Tables of logr(a) for l^w ^2 have been calculated (no wider 
range for n is necessary by ex. 15 , (ii)), and many integrals can be 
expressed in terms of Gamma-functions. 
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23. Find the potential V at a point of a mass J/ diHtiibutod 
uniformly (density <t) o\'er the sui-faee of a spheie of radius o. 

Take 0, the centre of the aphei’e, as origin and OQ as i-axis ; let dS 
be the surface element at P, and denote PQ by R and OQ by r. Then 


r= ; dN = o2sin ddddcj. ; jr‘ = d^ + c^ -2ar cm 0. 

J i Q 

The limits for </> are 0 and ^tt, for 6 they are 0 and tt ; in integrating 
as to (j), the othei' variable 0, and theiefore in (his ca.se also J^Q or R 
(which is a function of 0 and not of (ji) is to be kept constant. Hence 



’'sin ddB 

„ 7r~. 



= ^Titra 



sin Odd 

n ■ 


Now change the variable from 0 to 71 ; we have RJJi = ar dm BdB. 
When B — 0, R= ±(a -c); /S is a positive number, so that if Q is out- 
side the sphere R=c — a, and if Q is inside R — a-c. When d = 7r, 


R — a + v in both cases. Hence 

l’ = 27 r<m-r = (Q outside) (i) 

L(»cJ e 

= 47r(r(r (Q inside) (ii) 


Thus r=d//6' when Q is outside, but r=J//« = constant when Q is 
inside the sphere. 


24. Same problem as in Ex. 5i3 foi' a solid s])lieie (density 
p — constant). 

Take as element of mass the shell bounded by radii r and r + dr, 
and use the results of Ex. 23, juitting pd,- for cr, and r for a. 

If Q is outside, the result (i) gices 


j " ^irpr-dr _ A-n-p <d 

Jo T “ ’ 3 e ■ 


(iii) 


if Q is inside, consists of two jxirt.s, Fj, lb. I'j is the potential 
due to the sphere of ladius c, and by tlie result just found 


jr _4irp Air p „ 

'"-3 • r " 3 


Tb is that due to tlie shell of radii c and a ; by the result (ii) of 
ex. 23 r„ 

lb= / ATrprdr=2irp{a^ — c'). 

Jc 

Hence V—J\ + lb = 2Trp(o-- Ic") (iv) 

When c — a the values given by (iii) and (iv) coineide, 
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CURVATURE. ENVELOPES. 


§ 140 . Curvature. Let P and Q be two points on a plane 
curve, </} and <p+S<p the angles which the tangents at P and 
Q make with the a;-axis, s the arc measured from some fixed 
point on the curve up to P and Sf< the ai-c PQ. S<p will be 
the angle between the tangents at P and Q (Fig. H2, p. 354). 

Definitions, (i) The single in called the total curvature 
of the arc PQ : (ii ) the quotient S(l)/8s is called the average 
curvature of the arc PQ', (iii) the limit of when Q 

approaches P as its limiting po.sition, that is, d^jds, is called 
the curvature of the curve at P. 

For a circle of radius R, 8s = R8<p and therefore 

8(j) _ 1 d<j) _ 1 

8s ~r'' ds~R 


that is, the average curvature of any arc of a circle is equal 
to the curvature at any point of that circle. In other 
words, a circle is a curve of constant curvature and its 
curvature is equal to the reciprocal of its radius. 

Curvature is thus a magnitude of dimension — 1 in length. 

The curvature may be expressed in terms of the first and 
second derivatives of the ordinate at the point. For, since 


tan ^ = 


Py 

dx 


cos ^ = 


dx 

Ts 


we get, by differentiating the first equation with respect to s, 
d.tan^ d<p _ d /dy\dx 
d(f) ds dx\dx/ ds’ 
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that is, 


and therefore, 


2 , d(f) 

ds dx^ ■ '^•• 


( 2 ) 


Hence, since sec“^ = 1 + (dyjdxy we find 



ds dx^ ' i '\dxJ j 

Formula (a) may be considered fundamental. 

Coil. When the gradient dyjcLr is so small that for all value, s of x 
within the range considered its square may be neglected, the curvature 
is appro.vimately d-yjdx-. Tliis appi'oximate value is often used in 
Mechanics ; for example, in the tlieory of the bending of beams. 

Ex. 1. The parabola y- = 4o.i'. 

d>i 2o d-ii _ 2ff dy _ — . 

dx >j ’ dx- tf- dx y* 

dell — 4a‘'‘ . ( 4o- ) ? _ — 4a‘- 

,r >/- ) 

If the normal at P{:r //) meet the a.\is at O', 

/'0"^=/ + 4u4 and 

The meaning of the negative sign will be referred to in § 141. 


Ex. 2. The elli[)se .r-ja- + i/-ih" = \. 

dt/ _ h-.r _ dh/ _ b- IPx [ h"x\ _ - 1/ 

dr- d’l/ ’ dx'^ u-y or‘b/“V <i~y I d^y^' 

since V^x^Jra^y^ = (rh'~‘ by the equation of the ellip.se. Hence 


d<f) a*b* 

(6V+ab/^)’ 

If p is the perpendicular from the centre on the tangent at (.r, y), 
d^h- , d<f> ir 

{h*x^ + a‘'y'^)i ^ 


If PG is the normal at P {x, y), 

and 


d<l>__ b* 
ds a^PlP 


A similar result holds for the hyperbola. Thus the curvature of a 
conic section vai'ies inversely as the cube of the normal, 
o.c. z 
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§ 141. Circle, Badius, and Centre of Ctirvature. Let the 

normals at P and Q (Fig. 82) intersect at C'] when Q tends 
to P as its limiting position, C' will tend to a point G on 
the normal at P as its limiting position such that PC is 
equal to dsldtp. 

For LpC'Q = S(f}, and 

PC' _ chord PQ _ chord PQ Ss 
sin PQG~ shi PC' Q arcPQ S(p sin S(p 



The limit of PQC is 90° and the limits of the three 
fractions last written are 1, dsjdi^, 1 respectively; hence 
the limit of PC' is dsjd^, as was to be proved. 

The circle with centre C and radius PC hirs therefore the 
same tangent and the same curvature as the curve has 
at P. This circle is called the circle of curvature, its 
radius PC or ds/d<p the radius of curvature, and its centre 
C the centre of curvature at P. If any line through P 
meet the circle again at R, PR is called a chord of 
curvature. 

If (x, y) are the coordinates of P, {^, r/) those of G and p 
the r^ius of curvature PC or dsjdtp it is easy to prove 

^=®-psin^, i; = 2/ + pcos^ (1) 


CIRCLE, RADIUS, CENTRE OP CURVATURE. 3 ^ 

We will generally use p for the radius of curvature ; the 
curvature will then be denoted by Ijp. 

If d^yjdx^ is zero at P then 1/p is zero by ( a ) and p or 
PG is infinite. Thus at a point of inflexion on a curve 
p is infinite. 

We take Fig. 82 as the standard diagi'am. If wc adhere 
to the convention that cji is always acute (g 21) then dxjds 
and sec 0 will be always positive and the root in ( a ) will 
have the positive sign, p and 1/p will therefore be positive 
or negative according as d^yjdx^ is positive or negative, 
that is according as the curve is concave upwards or convex 
upwards near P. Of coui-se other conventions may be 
used but a little care, especially if a figure is drawn, will 
usually settle the question of sign. In many cases it is the 
numerical value alone that is important. 

The limiting position C of the jHiint C is sometimes called the point 
of intersection of two consecutive nomials. Of course there is no one 
normal that is the conseentive of another, but the phraseology is 
briefer than that used in the statement at the beginning of this article 
and ia therefore sometimes useful. 

It shovdd be noticed that when the arc PQ is an infinitesimal of the 
first order the difference between PC' and (^C is of a higher order 
since the limit of (^6" — PC")j8s is zero ; for 

QC" PC = QC'{\ - cos fi./.) - PQ cos QPC. 

§ 142 . Other Formulae for the Curvature. Formula (a) is 
not very convenient unless the equation of a curve is in the 
form y =f(x) or unless, as in the examples worked in § 140, 
the values of the derivatives can be easily calculated. We 
will therefore give one or two other formulae ; the question 
of the sign of p usually needs special consideration. 

(i) Equation of form x=f{t), y = F{t). The variable t 
need not, of course, represent time but we will for brevity 
use the fluxional notation. 

Substitute in (a) the values of Dy, IPy in terms of 
X, X, y, y, as given in § 98 ; we find 

I = (xy - yx)j(jP + ff ( b ) 

P 

Since D^^y = (‘iy — yx)fdP, we can determine the sign of p 
when necessary in accordance with the convention of § 141. 
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(ii) Polar Equations. In (a) substitute the values of 
Dy, P^y in terms of De?', Dgh- and we get 


1 

P 



(c) 


Formula (f’) is cumbrous. It i.s often simpler to find 
what is called the p, r equation, that is the relation between 
the perpendicular OZ from the origin () on the tangent at 
P (Fig. 82) and the radius OP (.see ex. 2), and then to apply 
a formula we will now deduce. 

In Fig. 82 we have, OZ=p, OF = r, 

00'2 = 0P2 + P(7'2 _ 20P . PC' cos OPC 
= r2 + PfI'^-2p.P(7' 

since p = OPcos OP C/'=r sin where xj/- is, as usual, the 

angle between the tangent and the radius vector. 

If OQ = r + (ii' and if /> + <i/) = pcrpendicular from 0 on 
tangent at Q we find in the same way 

00'^ = ( r + Srf + f^O'2 - 2( /) + Sp ) QC. 

Equating the two values of OC- we get 

2 r^r + (<Sr)2 + {Q0' - PC') (Qtr + PC' - 2p) - 2QC'6p = 0. 

But {QC— PC') and (or)'^ are of order higher than the 
first, and therefore 

w 


Formula (d) may also be proved thus: since p — r sin \{r 
and (p = 6 + \p- we have (see § 88) 


dp , , dxjr do , dxh 


d(f) 
(Is ’ 


and therefore dsld<l> = rdrjdp. 

An inspection of figures will show that when the curve 
is concave towards the origin (as in an ellipse with the 
centre as origin) p and r increase or decrease together, and 
therefore drjdp and p are positive ; when the curve is 
convex to the origin p is negative. 
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and 


We can now deduce (c) from (d) ; for (i^ 88) 
tan \//-= irlO/^/r 

p 2 r'-hiin~\/r r’ W'* do) 


2r 


.(i) 


and by differentiating with respect to ;■ we can find dp/dr. 
We will work out a slightly different formula that is of use 
in dynamics; namely, putting r = lju we will find p in 
terms of u and 6- 

dr dr dtc 1 dti 

d6 dll do u' dO' 

and therefore (i) becomes 

1 


P 


— ii~ + 


dll 

dO 


Hence, differentiating with respect to w, 


2 dp_ 
du 


= 2?t 4- 2 


-y (dvi\ (Uru dO 
^\dd) dO'^ du 


:2u4 2 - 


d'^ii 




But 


,(ii) 


•fiii) 


dp _dp —I ^_^dp_ ^d]) 

du dr ' iC- ' p r dr du' 

and now by sni)stitution in (iii), using (ii), we get 




The root being taken po.sitive, p will be positive or 
negative according as the arc is concave or convex to the 
origin. 

(iii) Intrinsic Eqxuition. Let s denote the arc of a 
curve measured from a fixed point on it up to the point P, 
and (j) the angle which the tangent at P makes with a fixed 
tangent ; the equation which expresses the relation between 
s and (/> is called the intrinsic equation of the curve. This 
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equation does not depend on any lines of reference outside 
the curve, such as the ordinary rectangular axes ; hence the 
name. 

When the intrinsic equation is given p is found at once 
by differentiation. In elementary work, however, the 
intrinsic e(]uation is of comparatively small importance ; 
it has usually to be deduced by integration from the 
ordinary equation, one of the coordinate axes being taken 
as the fixed tangent. The angle ^ must not in this case be 
restricted to acute angles. 

Ex. ]. + 9/^' 

Let x = (icosH, = and use fonnnla (B). 

•c = - 3a cos^ < sin ^ ; x = 3a cos < (2 sin* i — coa'-^ t) ; 

^ = 3ttsin“< cosi ; ?/ =3rt sin ?(2 cos-V- sin^i!) ; 

= c()S^< ; xj/ - i/.c = 9«.'sin*i cos-i ; 

. I 

p= - 3a sin t cos / — — 3 {axi/Y' . 

Ill this case /)/,'/ = 1 ^ cos'* < and p, if determined by the con- 
vention of g 141 , will lie -f.3«ain tcos ^ 


Ex. 2. 7-"‘--^rt”‘cost«(9. 

Form the jt), r equation and use formula (n). 


tan \/r — 


rcie 

dr 


— cot 7/(61 = tan 



We will take ■>^ = md + 7rj2 ; then 


and therefore 


p = rsin '^-rconm0 = r"^*‘/a'“, 
_ rdr _ «”* 

^ dp {m+l)r”‘~' 


By giving different values to m we get .several well-known equations. 
See Exercises XXXI. xO 


Ex. 3. Find the centre of curvature and the locus of the centre of 
curvature of an ellipse. 

It is easy to show, with the notation of § 140, ex. 2, that 
»in <!>= —pxja^, vm<l>=pyjb% p=—a^‘‘‘lp^, 

^=x — pain<f>=xQ. —h-jp^); r}—y{l — d’lp-). 

Let 6 be the eccentric angle of P(x, y) and these values become 
a^ = (a^ — 6^)008^0 ; Irq— — (a* — f/^lsin^ft 
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To find the locus of the centre of curvatui'e eliminate S ; thus 

or, taking now x and y as current coordinates, 

+ (%)^ = (a^ — IP)^. 

The curve is shown in Fig. 83, § 1 43. 


Ex. 4. Show that the normal acceleration at a point P on a curve 
is v^jp where y is the tangential velocity and 1/p the curvature at P. 

At Q (Fig. 82) let the tangential velocity be ?> + 8y ; the components 
in the direction PC' of tlie velocity at J‘ and at Q are 0 and 
{v + Sv) sin 8cfi I'espoctively. Hence the normal acceleration at P is 


L 

st=o 


(v + Siy) Kin Stf> _ d<f> 
’ dt 


d<f> di; 
ds dt 


= y . 


1 

P 


■ V 


as was to be pioved. 


EXERCISES XXXI. 

1. The equation of any conic may be put in the form y^ = 2Ax + B.r^, 
where the a^-axis is the focal axis and 2A is the latu.s rectum. If the 
normal at P meet the .r-axis in 6' and if a is the angle between PG 
and the focal distance iSP prove that 

♦ p= - /\PIAi= - PGIcoshi. 

Note that the projection of PG on SP is equal to the semi-latus 
rectum. 

2. From the value of p in terms of a (ex. 1) prove the following 
construction for the centre of turvature K of any conic: Draw GH 
perpendicular to PG to meet SP at II, then draw UK perpendicular 
to PIP to meet P(i at K ; K will be the centre of curvature. 

3. For the rectangular hyperbola .ri/ — c‘‘ show that 

p~{x“+y^)-l2cK 

4. C is the centre of an ellipse, CD is a semi-diameter parallel 
to the tangent at P and 0 is the eccentric angle of P ; show that, 
numerically, 

p = {a'‘‘ sin^ 8 + b^cos^ 8)^ pib = CUP tab. 

It may be shown that the eccentric angle of D is 8+^‘ir or 8-hr. 
CP, CD are called conjugate semi-diameters .since, as may be readily 
proved, each diameter bisects all chords parallel to the other’. 

5. If r is the central radius of a point P on an ellipse, and p the 
perpendicular from the centre on the tangent at P, prove 

= a^b'^lp^ ; p = 

For' a hyperbola prove, with similar notation, 

r^ — a^ + b‘^ = a^l^jpr ; p = — a^b^jp^. 
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6. For the curve show that p = (a^4-9j^'*)^/6a% and for the 

curve p=.j?^(4a + 9r)'/6a. 

7. At the origin on the curve 

ay = h9^->r'2cxy+g1f■+u.^+u^+ ... +?<„, 

where u,, is of the Jith degree and homogeneous in x and y, show that 
Dy = 0, I)^y = 2bja, p = aj2b. 

8. At the origin on the curve 

// -- ix + 3.«." - ±ri/+ i/^, 
the radius of curvature is 

9. Prove that the radius of curvature of the catenaiy 

is y'^ja, and that of the catenary of unifoiru stiength 

y=c log see (.r/c) 

is csec(u?/c). 

•• 10. Verify the general results given in e.\. 2 § 142 for the particular 
cases : 

(i) Lemniscate r-=a‘ex>H %d ; r^=d“p ; p = «-l^r. 

(ii) Equilateral hj'perliola r-cos 20 = u“ ; pr=<i-\ p = r^la^. 

* 'i I 

(iii) Parabola r(l +c<>s 6^) = 2a ; ar—p^; f)^ '•Ir'-la'K 

(iv) Cardioid r=a(l +co.s 0 ) ; r’=2rt;>^ ; p — 4ap/3r. 

For the parabola m = -1/2 ; for the cardioid m = }l2, and 2a takes 
the place of <t. 

t 11. Show that the choid of curvatui'e thiough the origin is 
%pdrjdp ; foi' the curve r'" = a"‘cos mO, this chord is 2r/(»i + 1). 

12. Show that for the equiangular spiral r ^ ae ^ the ladius of 
curvature is r cosec a; show also that the radius of curvature subtends 
a right angle at the oi-igin. 

13. If yfr is the angle between the focal l adius of a conic and the 
tangent at Pand a the angle between the focal ladius and the normal, 
show by formula {£) that 

p — Ijsin^yjr = f/cos''a, 

the equation of the conic being lu=^ +ecos d. 

Show also that if r and / are the focal distances 

rd cos^a —l^= a/, 
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14. If accents denote diffei-entiation a.s to the arc s, show by 
differentiating the equations cos <^=. 3 /, sin <j>=y' that, (^, •>]) being the 
centre of curvature, 

1 /P= ~x"ly'=7j"iy ; l//)2=(.r'')H(y7, 

and ^=x+ph'", . 


15. Show from formula (e) that the condition for a point of 
inflexion is 


16. The circle (.r -a)''* + (y — fiy = lP and the curve y=f(x) intersect 
at the point J‘(<r, h). If at /' the values of />// and Dy/ ai c. the same 
for the circle and the curve show that the circle is the circle of 
curvature at P. 

The circle and the curve have the .same tangent at P because P lies 
on both circle and curve, and the gradient of the circle at P is equal 
to that of the curve at P. Again, dill'erentiate the e(]uation of the 
circle twice and after differentiation put o, b (or f{a), for 

X, y, Uy, D'-y I'espectivcly ; we get 

(rt - a)“ + (i - (i) ; {a - o) + (b - l3) f'{a)=-0 (ii) ; 

1 +{/(«)}“+(5 - ^)/"(«) = 0 (iii) 

From (ii) and (iii) we find 

b-fS= -[\ +{/(«)P]-i-.r(((); 

and therefore by substituting thesi* values in (i) 

/f=-[J +{/(«) P]4/'(") (iv) 

But R as given by (iv) is the radius of curvature at /' and (a, fS) is 
the centi'e of curvature at P. 


Definition. Two curves y=F{.v), y=f{r) which intersect at the 
pc.)int P {a, b) aic said to have contact of the n**' order with each other 

at /’if A’'(«) =/'(«), ^''(«) = /■"("). /^W(o) =/<’"(«) but F^''+^\a) not 

equal to/<''+*’(o:). 

The circle of cui'vatui’c has thus in geneial contact of the second 
order with the curve. 

From Taylor’s Theorem (5^ l.'>2) it will be seen that when the curves 
have contact of the iF' order at (o, b) the difl'ei-ence F{x) - f{.r) 
between corresjionding ordinates near (a, b) is an infinitesimal of 
order «+ 1 when x—a is principal infinitesimal ; foi' 

F{x) -f{x) = _/(..+n(«) + 

where R is zero when .r=a. 


§ 143. Evolute. Involute. Parallel Curves. 

Definition. The locus of the centre of curvature of a 
given curve is called the evolute of that curve. 
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The coordinates (^, i?) of the centre of curvature C corre- 
sponding to the point P (x, y) are given by 

^=£c — psin^, ij = ^-fpcos^ (1) 

The four quantities x, y, <j), p can all be expressed in terms 
of one quantity, for example x or s or t: the elimination of 
that quantity between the equations (1) will give a relation 
between ^ and tj which will be the equation of the evolute. 

The evolute of the ellipse is (§ 142, ex. 8) given by 

(nxY + {byf = ((i' - Jfiy, 
and is shown in Fig. 83. 



Fig. 83. 


E, E', F, F' are the centres of curvature corresponding to 
the vertices A, A' , B, B' ; and 

EA =A'E' = bya, FB = B'F’ = a^/b. 

It is obvious how the radius of curvature may be utilised 
for graphing the curve. 

The following are important properties of the evolute : 

(i) The normal at P to the given curve is the tangent at 
G to the evolute. (ii) The length of an arc of the evolute 
is equal to the difference between the radii of curvature of 
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the given curve at the points con-esponding to the ends of 
the arc. 

(i) In equations (1) take s, an arc of the given curve, as 

independent variable ; then 

dfi dx d<h . dp . dp /n\ 

— pcos (f> — .sin (h — sin 0 

^ ds ^ ds ^ ds 


since dx/ds — cos cf), 
Similarly 


ljp = d(/>lds. 


dn 

S'"”''’ 


dp 

ds 


( 3 ) 


Therefore 


dtj dt] jd^ 
d^ dsj ds 


— cot 0. 


Now the centre of curvature C (^, tj) lies on the normal 
at P, and the gradient of the evolute at 0 is drj/d^, that is, 
— cot0, which is the gradient of the noi’iiial to the given 
curve at P. Hence the normal PC coincides with the 
tangent to the evolute. 

(ii) Let d(T be the ditferential of an arc of the evolute ; 
by (2) and (3) 

d^=— sin <p dp, drj = coH(f>dp, 

so that d(r= ± ^(d^^+drj^)= ± dp (4) 

The sign will be posi- 
tive or negative accord- 
ing as (T increases or 
decreases as p increases. 

For the positive sign wo 
have 

or = p-l- const {h) 

In Fig. 84 let o- be 
measured from G^, and 
let PiPj, P-iC^, PJg.^ be 
Pv Pv Pz ; (^) 

arc C'i(72 = P 2 +®o^®^- 
~ P2~ Pi > 

arc G^G^ — p^ p^, Fto. 84 . 

which proves the required result. 

If a thread were wrapped i-ound the curve and one 
end fixed at Pg, the length of the thread being equal to p^, 
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it is clear that when the thread is unwound, and kept 
stretched in the process, tire free end will describe the 
curve It is from this property that the evolute 

is named. 

The curve P^Ps is said to be an involute of Ob- 

viously any point on the thread will describe an involute, 
so that a given curve has an infinite number of involutes 
while it has but one evolute. 

The two involutes P1P3, a-i’e called p(i,rallel curves, 

since the distance between them measured along their 
common normals is constant. 

§ 144. Envelopes. The equation 

y = a.r + ala ( 1 ) 

where a, a are constants, represents a sti'aight line. If we 
give a different constant value to u, say (q, the equation 
will become 

y = ap.+ aja^ ( 2 ) 

and will represent a different sti'aight line. The coordinates 
of the point of intersection of (1 ) and (2) are 

x~ajaa^, ?y = u/a + a/(q (3) 

Suppose now that is taken closer and closer to a ; the 
line (2) will therefore come closer and closer to the line (1), 
but the vahies (3) show that the point of intersection tends 
to a definite position when a, tends to a as its limit. The 
coordinates of the limiting position of the 2iuint of inter- 
section are 

x = aj(r, y — 2 aja (4) 

If we eliminate a between the two equations (4) we get 

y- = ^<tx (5) 

so that, whatever value a may have, the limiting point lies 
on the parabola (~>). It may be readily verified that 
whatever value a may have the line (1) is a tangent to the 
parabola. 

In general the equation /(a;,2/) = 0 of a curve contains 
constants that determine the shape, size, and position of 
the curve. By assigning a series of difterent values to the 
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constants we get a series of different curves. We will 
consider the case in which, as in the example just given, 
the series is determined by assigning different values to one 
constant, and we will speak of the scries as a family of 
cur\'es. The constant is then often called the 'i)arameter of 
the family; thus, in (1) a is the parameter of a family of 
straight lines. 

Two curves of the family will, in general, intersect; if a 
and a + <?a are the values of the parameter for two curves 
C'j and 6*2 of the family, the point or points of intersection 
of Cj and will tend to definite limiting positions as Sa 
tends to zero, and the locus of these limiting positions is 
called the envelope of the family of curves. 

Tlius the paralxila ff)) is tlio eiiv»;lo])e of the fainilv (1) ; the evoliite 
of a curve is the euvelo]>e of the family of atraiolit lines conijioseil of 
the normals of the curve (SS 1^1, 143). 

§ 145. Equation of Envelope. Let the equation 

/(.f, y, a) = 0 (1) 

represent a family of curves, the parameter a of the family 
being indicated in the functional symbol ; a is constant for 
any one curve of the system. Let the equation 

f{x,y,a + 8a) = 0 (2) 

represent another curve of the system. The coordinates of 
the points of intersection of (1) and (2) will satisfy 


fix, y, « + ou)-/(;r, y, a) = (), 

and therefore also 

{/(*. Ih a + Sa)—j (.r, y, a)}/Su = i) (3) 

The limit of (3) for ^a = () is 

'dfix, y, a)/3« = 0, (4) 


and therefore the coordinates of the points on the envelope 
satisfy equations (1), (4). The e(juation of the envelope is 
therefore got by eliminating a between these two equations. 
In forming (4) a: and y are treated as constants, as is evident 
from the proof. 
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Thus, tj, a)— —y + <LX-\-aja, 

'df(x,y, a)_ a 
0a ■ 


Eliminate a between the equations 

—y + a.r + ala=0, T — ajar—O 

and we get y'^ = ^ax. The envelope is thus a parabola, as in tj 144. 


We saw in § 144 that the parabola (5) has each member 
of the family (1) as a tangent. We will now prove the 
Theorem. In general, the envelope of a family of curves 
touches each member of the family. 

The gradient at a point {x, y) on ( 1 ) is given by 


dx~dy dx 


( 5 ) 


where, in differentiating, a must be kept constant. 

On the other hand, to get the etpiation of the envelope, 
we have to eliminate a between (1 ) and (4) ; we may there- 
fore take (1) for the equation of the envelope 'provided we 
regard a as a function of x and y determined by (4). 
The gradient at a point (x, y) on the envelope will therefore 
be found by taking the total derivative of (1); this total 
derivative is given by 


9 /’ , 9 /’ 

"dx'dy dx~da dx 


(C) 


Suppose now that the coordinates of the point {x, y) 
satisfy both (1) and (4) ; that point is therefore on the curve 
(1) and also on the envelope; .and, by (4), equation (6) 
reduces to equation (5). Hence at the point {x, y) the 
gradient dyjdx is the same for the curve (1) and for the 
envelope, which proves the theorem. 

It is assumed that 'dfj'dx, 'dfl'dy are not both zero ; if they are, the 
value of dy\dx given by (5) or (6) is not determinate and the theorem 
may not be true. The discussion of such cases, however, is beyond 
our limits. 


Analytically, the problem of finding the envelope of the 
family (1) is equivalent to that of finding the turning values 
of the function f{x,y, a) of the variable a, when x and y 
are regarded as constants. 
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The student should draw a few lines of the family 
y = ax+ala for both positive and negative values of a, and 
he will get a clear idea of a curve as the envelope of its 
tangents ; the lines are easily drawn since the intercepts on 
the axes are —aja^ and a/ a respectively. 

Ex. 1. Tlie evoliite of the parabola j/" = ‘ia,r con.Hidered as the 
envelope of its normals. 

The normal at (/(, /c) is given by 

2a(y — 1) +k{T — h ) = 0 

or 8a^y + 4a(x — 2a)/; — P=0, (i) 

since h = P/4a by the e(juation of the parabola. Take k as the para- 
meter of the family of straight lines (i), and find tlie envelope. 
Differentiate (i) as to k ; we get 

4a (.r - 2a) - 3/“ = 0 (ii) 

Eliminate /■ between (i) and (ii) and we get 
27a//- = 4(x — 2a)*, 

which is therefore the equation of the evolute. 


Ex. 2. Find the envelope of the circles which ))ass through the 
origin and have their centres on the hyperbola 

,,- 2-//2 = c ‘- i . 

Let (a, (3) be the centre of any circle of the family ; the equation of 
a circle is therefore 

.r-+y-~2aT-2j3>/ = (), (i) 

there being no constant term, since the circle goes through the origin. 
Since the centre lies on the hyperbola, we have, 

a“-p-=c\ (ii) 


We might suppose (ii) solved for in terms of a and the value 
inserted in (i) ; this shows that there is really but one parameter. It 
is simpler, however, to difi'erentiate with respect to a, considering /3 as 
a function of a determined by (ii), and then to eliminate a, and 
df^jda. 

Diflferentiating (i) and (li) with respect to a we get 


.r-t-y 


(i“) 


da 


From (iii) a/x= - fijy, 

and therefore by (ii) a/x =-^ly = - y*). 

Substitute in (i) for a and ^ and reduce ; we then get 
(x^+ y‘‘'f = 4c^(a;* — y^), 
which is the equation of a lemniscate. 

It will be evident that the procedure is the same as that of finding 
maxima and minima. * 
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§ 146. Cycloids. As the cycloid is of some importance in 
dynamics, we will very briefly investigate its chief 
properties. 

Definition. The cycloid is the curve traced out by a 
point in the circumference of a circle (the generating circle) 
which rolls without slipping along a fixed straight line 
(the hafie). 

Let op (Fig. So) be the ba.se, P the tracing point on the 
generating circle LPI, and 6 the angle between the radius 
N’P and the radius iSI, I being the point of contact with 
the base. 



Suppose P to be at 0 when the circle begins to roll ; draw 
Pil/ perpendicular to OD, and let OM = x, MP = y. Then 
if a is the radius, we have 

0i = arc P/=a0, 

® = 07— /SPsin0 = o(0 — sinQ) I 

y = IS + SP cos LSP = a ( 1 — cos 0) J ^ ^ 

ISL being the diameter through /. Equations (1) are those 
of the cycloid. 
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When B = 'Tr, x = ’ira = OB and P is at A, the p^reatest 
distance it can be from the base. A is called a vertex. 

When 6=2ir, .r = 2xa = OA and P is at I). The arch 
OAD is symmetrical about BA, and BA is called an axis. 

If the circle were to continue rolling’, P would trace out 
a series of arches conf>;ruent to OAD: when the cycloid is 
spoken of, it is usual to confine it to the one arch, and A, 
BA are then f/w; vertex, the axis. 

Properties. The following are easily established : 

(i ) tan ^ = Dp/ = cot Ad = tan ( A x — 1 d) = tan DlL, 

and th eref ore = ’ 7 ^ — A d = ^ PI L, 

so that PL is tlie tangent and PI tlie normal at P. 

(ii ) s = arc OP = In ( J — cos Ad) . arc 0^1 = 4n. 

(iii) p— PC= kt sin \B = 2PI, nwmericdll]/. 

If the AT and tlu' uoriiril Alt aio taken as axt-s, and PX 

diiiwn 1)01 ])ondicuLir to .1 T, wo put ()' — ^LSP—tt- 0 : then 

.1 = .1 .V— a(d' +^m d') ; ,)/ — d’/' = ()( 1 - 1 . us d ) (T) 

(la) </) = _/>LY = Ad' = -/'//.. 

(iirt) '? = ai'o A P--An sin Ad' ; .■?" = 8a . XP='?,ay. 

The coordinates of C, the centre of curvature, are 
^—0M+ Ittsin Adcos lB = <i (d + sin d), 

»/= — IC HIW Ad= — u (1 —cos d). 

Hence, by equations (T), tlie evolute of the cycloid OAD 
consists of the lialves OCB' , B'D of an equal cycloid. In 
(T) the positive direction of 1 / is ehnamoards, but when 0 
is orif:fii» the positive ilirection is upwards, so that >] is 
nef,mtivc. 

B' is a cusp on the evolute ; 0, D are cusps on the original 
cycloid and vertices of the evolute. 

Epicycloids and Ilypocycloids. The carve traced out by a j>oint on 
the ciicumfereiice of a circle which rolls without slipping on the 
circumference of a fixed circle is called an epicycloid or a hypocycloid 
according as the rolling ciirle is outside or inside the fixed circle. 
When the rolling circle surrounds the fixed one the epicycloid is 
sometimes called a pericycloid. 

(i.c. -lx 
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Let Figure 86 represent tlie generation of an epicycloid, P being 
the tracing point and C the starting point. Let a and h be the radii 
of the fixed and of the rolling circles, 6 and $' tl>e angles CAI and 
IBP ; AM=x, MP=y. Then 

arc Pl—xev. Cl, so th;it, hd = ad. 
a;=(a + ft)cosd — 6cos(^ + 0')‘ 

-—{a + b ) COB 9 -h cos [(« + h) 9/h] 
y = {a + b)am G — b siu [(a + ?>) 0//>] (2) 



When the circles are on the same side of the tangent at /, that is, 
for the hypocycloids (6<o) and the perieycloids {h>a), it is only 
necessary to change the sign of b. Hence, the equations of the hypo- 
cycloid are of the form 

a; = (a — b) cos 9+b cos \{a—h) Gjli] 

y={a - 6) .sin 6^- 6 sin [(a -6) 9jb^ (3) 

When the ratio of h to <i is a commensurable number the tracing 
point P will return to C after the cii'cle B has rolled once pr oftener 
round the fixed circle ; when the j-atio of b to a is incommensurable 
P will not return to C. 

Trochoids. If the tracing point P is not on the circumference but 
on a radius or on a radius produced, the curve it describes is a 
trochoid or an epitrochoid or a hypotrochoid. 

If the distance of P from the centre of the circle is to the radius in 
the ratio of A. to 1 , the equations of the trochoid are got from equations 
(1) by multiplying sin 6 and cos 9 by A, while the equations of the 
epitrochoid and the hypotrochoid are got fi'om equations (2) and (3) 
respectively by multiplying the coeffi(dent b of the second term by A, 
as the student will easily prove. 
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EXERCISES XXXII. 

1. Show that foi’ the parabola y'—Aa.v, 

p-^ ~ 2a co.sec^ cj), $=2a+3a cot- f/>, V ~ — 
and then find tlie equation of tlie evohite. 

2. Sliow that for the liyperbola 1, 

+ b*'>j=^ -(a- + lr)j/\ 

and that the e(piation of the evolutc is 

{a.vr-{byy^(a- + b‘^y. 

3. Show that for the rcetangnlai' bypP7bola .ri/~c-, 

t 3 , .7/' 3 .<■’ 

= ■ 2 ' 

and that the e(|uation of tlic evohite is 

(.r+//)‘-(r -//) -(4c)-. 


4. Sliow tliat for the curve .r'4-^ =c/-’ (sec 14!^, ex. 1), 

^ = «eos‘t-t-3o eostsin-t, »/ = ostn‘M .3osin tcos'^t, 
and that the equation of the evolute is 

(.1 = - 2 o -. 

5. Prove til, it the envelope of tlie family of stiaiijht lines 

I 'a + j/ fi - I , 

(i) when a/i = «-, i.s the livjieibola, 4.iy — o- : 

(ii) •when a + li = i(, is the jiarabola +sjt/ s''" ; 

(iii) wlieii a- + IP = a\ is the curve .c ' -)-y ’ — 1 < . 

State the geonioti-Tcal meaning of the conditions to which the para- 
meters a, jS are subject. 

6. Jhove that the envelope of the family of clli]).ses 

.)•% — 1 

(i) when afi= o- is the two hyjierbolas 2.ry= 4 a-. 

(ii) wlicj. ' + /J — « is the curve .I-' -t-y = 0 ®. 

State the geometrical meaning of tlie eondition.s to which the 
parameters a, fi ai-e subject. 

7. The envelope of the circles described on the double ordinates of 
a parabola as diameters i.s an eijual parabola. 

8. If P, V, R are functions of the coordinates of a point, and a 
a variable parameter, show that the envelope of 

Pa- + 2(^a + R = 0 

is (/■-PR==0, 
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and that the envcJojio of 

1‘ fo.s a + a = It 

is P‘^+(p=irK 

9. Show that whatever he the value of )», the sti'aight line 

// = on-v + yj J (« + hm’)lah] 
tourhes the eonic (ir"-\-hi/~ = \. 

10. A straight line moves so that (i) the ju'odiiet, (ii) the sum, of the 
sqmu'es of the ])ei})eudieulars drawn to it from two fixed points 
(e, 0), (-r, 0) is eoustant ; show that in earh case the envelope is 
a ventral ecjiiic. 


11. Show that the envelope of tlu' eir<-les de.srribed on the central 
radii of an ellipse as di.imeters i.s 

+.'/■)" = o- / - + h'-y’. 

12. The envelope of the ellipses (.r- a)‘-’'o-+(// 1 when the 
parameters a, /j are eonneeted hy the (‘(|uatioi) 

«•’ Kl'+ IP I 


is the elli]ise ,r-y(- + -4. St;ite the prohlem in geometrical 

language. 

13. Show that the eiivehip*' t>f the family of slr.'iight lines 
'M'sec <1 — hy cosec a ■ <i- ■■ h- 


is the curve 


•= («“ — h-)^. 


14. Tf in Fig. 82 <)Z=p, show that (In' (‘ijuations of the tangent 
and normal at P are 

(iXi , , 

.! sin </)-?/ CO, s </)-=;) (i); .r cos </>+_// sin </)- (ii), 

and show', ft mu (ii), that Z!' dp dtj). 

Consider the curve as the envelope of its tangents. 


15. With the same notation as in ex. 1 I, show that the coordinates 
(^, y) of the centre of cui vature ate given hy 

^cos(^+ '/ sin</> sin </) + >/ cos t/i 


.^dp 

*=■ rlA. 


I • / ^^P ■ , <^“P , 


16. With the same notiitiou as in the last two exam])les, show' that 
the projection c)f OC, whore (■ is the centre of curvature, on PC, is 

— ^ sin (/> + »; cos </>, 


f>~P — ^ si71 </» + 1J cos (j> = p-\- 


d^p 

d^P 


and that 
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lY. snow mat the ladiiis of curvature of tlie cvokite of a curvi; is 
pdpjds, whei'e p is the radius t)f curvature at the coiiespondiug point 
on the given curve. 

Use S 143, (ii) ; dtj) is the same foi’ curve and evolute. 


18, If d is the area hotween a curve, its CM>lute and two radii of 
curvature, sliow that 


dJ 1 „(7</>_l I 

d.r 


1 + 



dy^ 


19. A/iC is an arc of a circle who.se ccritie is O and radius ; CP is 
(he tangent at (' and ,.17' a part of aii involute of the circle. Taking 
OA as the j'-a\is and |)uttiug (ft for the angle ^i0<\ show tliat the 
coordinates (.c, //) of P are 

.r.=. ri co.s ffi + iKj) sin </>, // = « sin </>- acji cos t/), 
and th.'it the inlrinsic e<piation of the involute is 

.'-•=1 u </)-. 

All the involutes of a ciivle ai-c identically C(|nal, so that wo may 
.sjieak of t/if involute of a circle. 

20. Show that the p, r cipiation of tlic involute of a cii’clc is 

21. d’hc total length of the evolute of an ellipse is 


22. Tlie intrinsic c((uation of the cycloid, when the vertex d is 
the origin of ,s and the tangent AT the fi,\cd tangent (i'ig. 85) is 
.s = 4rt sin f/). 

23. Show that for the cjiicvcloid (Fig. 86) /'A is the tangent and 
PI the Tioi’iiial at /’. 


Ff>r, 


tan >/) 


(/?/ cos (T - cos((l+ (I) 

d.r sinfty + tt')- sin (y 
and makes with the c-a\is the angle 0 + 
for the hyjiocycloid. 


lan(d+Id'), 

f)'. Similar results hold 


24. If .S’ is the ar(.’ CP of an cjiicycloid, Fig. 86, show that 

and that the length of (W1 is 85((f + 5)/(0 

25. Tlie intiinsic cijuation of an epicycloid is 

45(u + (i)( ( uif, \\ 

a \ \a + 2l>J} 

and the radius of curvature is 


45(u + 5) / «</> Y 


a + 2l> 


\a + 2b/ 


Similar I'esults hold for the hypocycloid, the sign of b being changed. 
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26. If b = alA, show that the hypocycloid has four cusps, and that 

its equation-s are -so 

^ x=a cos-'ff, y = a si n-* p. 


Eliminating we get 


.r® +.?/“= a"* 


27. Show that if l) = a/^ the liypocycloid becomc.s a diameter of the 
fixed circle. 


28. Show that if « the ejiicycloid becomes the cardioid 

'/■=2c/(l — cos 0), 

the origin being at the point C ; that is, 

r cos &=.)• — a, rffiii y. 

29. In ex. 2.5 put 

, {a + ib)ir 4b((i + b) 

2 « ' a 


4-f 


that is, measure the are from the middle jioint T of Cl’D (the vertex), 

and we get , / / , r\ u 

° , 4b{(l + b) . 0(b 

s=~ sin 7 ^. 

a a + 2(1 

Show that the equation .s--— /sin m/) will represent an epicycloid if 
n is less than unity, a hypocycloid if v is greater than unity. 

30. Ifs, a are corresponding arcs of a curve and its cvolute 
(T = ±-r^ + const. 

(ICj) 

Show from the result of ex. 29 that the evoliite of an epicycloid is 
an epicycloid, and that of a hypocycloid is a hypocycloid. 


31. Parallel rays fall on the circiinifcrence of a circle and are , 
reflected, the angle of reflection being equal to that of incidence. 
If a is the radius of the circle, (a cos (/, o sin 0) the point of incidence, 
the ceiitie of the circle the origin of coordinates, and the .r-axis 
parallel to the dii-ection of the incident ray, show that the equation 
of the reflected ray is 

y cos 20 — ./• sin 20 + 0 sin 0 = 0, 
and that (ho envelope of the leflected ray is an epicycloid 

.r = -(^,3cos 0-cos30^, // = '^(^3siii 0 — sin30y 


32. If r is the velocity of a particle describing a centi'al orbit uiidei’ 
an outward radial force F, then with the usual notati on = h^jp'^. Prove 



This equation is the differential equation of the orbit. If F— ± pv?, 
show that the orbit is a conic, the centre of force being at a focus. 
(See §§ 169, 170). 



CHAPTER XVII. 

INFINITE SERIES. 

§ 147. Infinite Series. For a thorough treatment of 
infinite series the .student i,s referred to Clirystal’s Algebra, 
vol. II. ; an exceedingly good elementary account will be 
found in Osgood’s Introductiov to Infvnite Series (Cam- 
bridge, U.S.A. ; Harvard University). We will limit our 
discussion to those parts of the theory that are needed in 
the ajiplications we make. 

Definition of an Infinite Series. Let u^, ... , 

bo a set of quantities unlimited in number, being a 
single-valued function of the integer n, and let denote 
the sum of the first ii terms, 

-I- -a,, (1) 

When 11 increases indefinitely the sum (1) becomes an 
Infinite Series. 

If as 11 increases indefinitely the sum tends to a definite 
finite limit s, the infinite series is said to be convergent, and 
to converge to the value s, or to have the value s, or to have 
the sum s. 

Ex. 1. Let ! +^ + j+-+ 2 ,L- 

Here s„ = 2 - 1 /2’'“' ; L s„ = 2 = s. 

If as n increases indefinitely s„ does not tend to a definite 
finite limit, the series is said to be non-convergent. In this 
case either increases (numerically) beyond all bound, and 
then the series is said to be divergent or to diverge, or else s„ 
does not tend to a definite finite limit, and then the series 
is said to oscillate.* 

* Some writers use divergent as equivalent to non-convergent. 
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Ex. 2. Let .s',, = 1 -f- 2-4-3-4- . . . +72.. 

Here .s„ increase.^ beyond all bound, and therefore the infinite series 
i.s divei'gent. 

Ex. 3. Let s„ = l -1 +1 -l + ...+(-l)’'‘^ L 

Here .s„ i.s 0 or 1 aeeording a.s n is even or odd, and though ,s„ does 
not l)ecoine infinite, it does not tend to a definite finite limit. The 
series thei'efoi'e oscillates. 

It is obvious tliat if ... arc all of the same sign, 

the series cannot oscillate. 

Notidion. We will represent an infinite series by the 
notation ^ 

ai+a.,+ ...; or or 

1 

The following theorems are readily ])roved : 

Theorem I. Uj-4-il + ... runreryefi to the value H,thc 
series cUj + cvl+... 

where c Is any Ji nit e qmmtily, covrexyes to the value cs. 

The proof is so simple that it may ix“ left to the reader. 

Theorem II. If u■^ + x\.^+ ... converges to the value ts, and 
Vj + v^+... to the value t, the series 

(Ui + v,)+(no + v.j)+ ... 

convexyes to the value (s + t). 

Let ,s,i = d* a, -j- . . . + 1 /„, /„ == Cj 4" r., + . . . -f- R„, 
then (Rjd" 'd) ■h(R 2 + r.^)d-,.. +(»,id''C„) = s,i + bi 
for every value of n, and the result follows at once. 

The first theorem shows that the product of e and is 
Sfea), and the second shows that the sum of 2a and 2v is 
'L{u+v), and sxim may obviously be considered as including 
difference. 

In forming ,s'„ it is to be understood that the terms are 
added on in the order in wliicli they stand in the series, 
and it follows at once that when the series is convergent 
the law of association holds gt)od ; that is, we may gi'oup 
the terms as we please (so long as we do not change their 
order), and the value of the series will not be affected. It 
does not follow, however, that if we form a new series by 
writing the terms in a different order, the new series will 
convei’ge to the same value as the old (see § 1 50). 
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The phrase “numerical value” or “absolute value” occurs so often 
that we will use the notation (now generally ado])ted) 

l‘t| 

to represent the numerical value of a. Thus, 

|2|-2; 1-21-2; |-10 + G| = 4. 

The following statements are easilj^ jjioved : 

(i) + ™ I u I + 1 I + 1 I T • . 

the equality holding only wlien u, />, c... have all tlie same sign 

(ii) If (J is jjositive, the inequality 

I <f - I < c 

is equivalent to either of the inequalities 

6 — e < rt < h + c ; a — (■<'/>< a -hr. 

§ 148 . Existence of a Limit. A fuDctioii nitty be defined 
by an infinite .series provideil the sorii's is convci'frent. 
Thus, the infinite geometrical progrossiem 
n . + «,/' + q.c- + . . . 

converges to the value (//(I — .r) so long as ,r is nuniovioally 
less than 1, and wc may say that if — l<.r<l the function 
rt/(l — a;) is repi'csented by the series, or that the series 
defines the function. Hut if .r is greater than 1 the series 
is divergent and does not lepresent 0/(1 — .r) at all. Co7i- 
vergevf srrirs alohie are of use in practice .and, subject to 
certain restrictions, can bo manipulated liki- expressions 
containing only a finite number of teians; non-convergent 
scries can only be used under very special conditions. 

It is not often, howcvei’, when a series is given, that we 
can, as in the case of the geometrical progression, actually 
assign the number which is the limit of s„. It is neces.sary, 
therei'ore, to have a criterion for the existence of tiie limit, 
and we will now state tlirce general theorems that will be 
of great service in leading to simple tests for the convergency 
of a series. The variable is assumed to be a single- valued 
function of n, and is to increase indefinitely; since all 
the limits are taken for n = x> we may omit the subscript 
“n = <x> 

Theorem I. If s„ is a function of n that (i) alwmjs 
inc7'eases as n increases, but (ii) ahoays remains less than 
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a definite quantity a, then as n increases indefinitely s„ will 
tend to a definite limit that is less than or equal to a. 

Theorem II. If s,, is a function of n that (i) always 
decreases as n increases, but (ii) always remains greater 
than a definite quantity b, then as n increases indefinitely 
Sn will tend to a definite limit that is greater than or equal 
to b. 

Theorem III. The necessary and sufficient condition 
that should, as n increases uidefinitely, tend to a definite 
limit is that the limit for n infinite of — should be 
zero for every value of the integer p; or, in other words, 
given an arbitrarily small qyositive qua/utity e it must be 
possible to choose n, say n = m, such that when n',m the 
difference (s„+p — s„) shall be numerically less than e, what- 
ever value the integer p may have. 

We do not propose to prove these theorems ; the first and second 
have been given as exercises (Exer. VII., 14, 15), and the geometrical 
illustration there given affords some justification for assuming them. 
As to the third theorem it is easy to see that the condition stated is 
necessary. For, if s„ has a definite limit s, then since 

«,.+p - - {»„+,. - *•) + (^ - s„), 

we have 

L - .<„) = Tj - .?) + L (.? - s„) = 0. 

To illustrate the .sufficiency of the condition, take on the .tJ-axis the 
points .4,, ^ 2 ) ■‘hy •••> which have .'! 2 , .fj, ... as abscissae. In this 
ca.se A„+i may be either <o the right or to the left of A„, since does 
not necessarily either always increase or always decrease as n increases. 
But, by hypothesis, if ii, .m, 

; that is, - c < s,„ + e. 

If P and (jf are the points whose abscissiie are — e and «,R + e, then 
the length of the segment PQ is 2e, and every one rif the points 
for which /i is greater than m lies within this segment. By assigning 
to € smaller and smaller values we get shorter and shorter segments 
P'(I, P"Q", ..., each lying within the one that precedes it. The ends 
P, P', P”, . . . move to the light, Q, <?', Q", ... to the left ; by Theorem I. 
P, P', P", ... tend to a definite limit, and by Theorem II. Q, Q', Q", ... 
also tend to a definite limit, and since £ may be as small as we please, 
these two limits coincide, say at N. The points A„ therefore tend to 
N, and s, the abscissa of S, is the limit of s„. 

Examples 16, 17 of Set VII. illustrate Theorem I. To illustrate 
Theorem III. take 
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Here F ±^), 

a,Kl + J_= L _(_2. 

«+l ft + 2 H+p ?t + I \m + 2 // + 3/ 


< 1 (w+1), 

since each bracket is positive ; if p is an even luimber the last bracket 
will contain but one term, l/(?t+p). 

Again, __L + ...±_L=(_L__J_) + ( 1 

° « + l 71 + 2 II +p \« + l 11 + 2/ \ii+-i n+',/ 


and the expression on the light is poxii/rc; thei'efoi'c , — | lies 

between 0 and 1 /(ii + 1 ). 

Hence tlie limit of s„+i, s„ is zero, and s,, tends to a definite limit ; 
the limit will be found later to be log 2 (p. 395), so that 

log 2=1 - .1 + .'( - 1 + .... 

It is clear tliat the Tlieoreins I., II , III. hold even when 
the variable is a continviotis function, /(+} say. If x tends 
to a tinit(‘ limit w'e may put ± 1 /h for x ; when n tends 
to infinity x tends to Xy If x tends to — oo we may put 
— n for X. 


§149. Tests of Convergence. The difierence .‘.’ — •s,, between 
the sum «„ of the first n terms and the value s of the series 
2tt is callerl the remainder after n terms ; if we denote this 
remainder by r„ we have 

s = •‘''h + 

Clearly r„ is itself an infinite series u„+i + u,n 2 + ... and 
the limit of r^ is zero. If the series is such that j r,i \ is 
small when n is small the series is said to be rapidly or 
highly convergent, becau.se the calculation of a few terms 
will yield a good approximation to the value s. For 
purposes of calculation rapidity of convergence is valuable ; 
but a series may yet be convergent though it require the 
calculation of a million terms to get a fail- approximation. 

Fundamental Test. Let p'n denote — .s„, that is, 

pX n “b . • . “b 

then pr„ is called a paHial remainder after n terms. By 
§ 148, Th. III., the neces.sary and sufficient condition that 
the series Su should be convergent is that the limit of 
should be zero for every value of p. 
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If p = 1 then and therefore a necessary condi- 

tion of convergence is that Un^i or, what amounts to the 
same thing, that tin should converge to zei'O ; but as we 
shall see (ex. ]) this condition is not suffi.cie'nt. 

This test is not easy of application : we therefore deduce 
one or two special tests that can be more readily xised. 

Comparison Test. Let ... be a .series of positive 

terms ; if each term is le.ss than or equal to the correspond- 
ing term of a series of positive terms ft, -fa., 4- .. that is 
convergent, the series a.,+ ... is also convergent, but if 
each term is greater than or equal to the coi’responding 
term of a seric's of positive terms /j,-f 6„-(- ... that is 
divergent, the series w, -f u., -f . . . is also divergent. 


L(;t 

then 


n it 



1 1 
^n= bt ' 




since all the terms of ft^-f(e,-f ... are positive. Hence ,s„, 
which increa.ses as v iner(‘a.ses, is always less than i : there- 
fore (§ 148, Th. I ) -s,, tends to a limit s that is less than or 
equal to t. 

The proof for the case of divergence may be left to the 
reader. 

Note. We may not(> here that in testing a series we are 
at liberty, when it is convenumt, to disregai’d any finite 
number of terms; the rejection of such tcr’ms would atlect 
the value but not the existence of the limit. Thus we 
need only suppose tie* terms of a, -f 4- . . . to be idtiiiuitcly 
positive. 


Ex. 1. The scries 1-f ... is c.'illwl Ike harmonic •, show 

that it is diver<;eut even though ]j u„ = i). 

Begiimiiig with tlie third term take in snceessioa 2 terms, then 
4 or 2^, tlien 8 or 2-’, and so on. Now 


till 1 
3 + 5>4 + 4 2’ 


11114 
5 + 6 + 7 + 8^8 


1 

2 ’ 


and BO on. Thus, the sum of 2’" terms is greater tlian 
, 1 1 

l-h 1 -1- -f - -t- ... to wi terms ; 


that is, greater than 1 +7«/2. We can therefore take n so large that 
s„ shall exceed any assigned number ; that is, the series is divergent. 
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Ex. 2. The series 111 

1 T T ■ 

is convergent if a>l, divergent if a 1. 

(i) a>l. (irrnip as in ox. 1, beginning with tlie term. 

11 1 1 

“h “h J y 

1 1 1 1^4 / 1 y 

^u+r,<i + ya + -a<4a W ’ 

and so on. Heiue the smies is less than 

l+^u i + (J-.)^+(2i .) d ... 

wltieh is a o.p. witli conuiio)) ratio le.ss than 1 and therefore convergent. 
The given .scries is thciefoi'o also convergent. 

(ii) n _1. Tlic case a=l is that of ex. 1. When ik'I the terms 
are gu'ater than the i on es])onding terms of the haimouic series ; the 
series is therefore in this e.ise divergent. 

The Test Ratio. IxT Uj + i(.^4--.. a sc'rics of ]X).sitive 
t(‘nns, iuid lot tlu; limit for v=cc ol" I'o p\ the 

soric'S Avill he convergent if p<1, hnt divergent if p>l, 
^(’ho tost fails to <Iiscriminate if />= h 

(i) p<l. hy the definition of a limit we cun take v so 

lar^'c, say '/(=no that when it m the ratio shall 

differ from p by as little as w'e please and therefore shall he 
less than a pi’oper fraction r. If m he so chosen we have 

'd,„+| tt ^ < v 

and so on. Hence, after the t<‘rm a,,,, each term of the 
series is less than the correspondino- term of tlu' rj.i>. 

V, „>•+ II, ■ 

Since r is less than 1 the ci.P. and therefore also the yiven 

^ o 

series is convergent. 

(ii) p>l. In the same way the .series may be proved 
diverojent when p > 1 . 

Con. The remainder r,„ of the g^iven series is less than 
ii,„r + u,y-\- , that is, ((„,r/(l-r). 

T'“ ? ^ 

Ex. 3. 1 +.( + +y + ... (.r ])ositive). 

M„+i .r" i" I ?) — 1 

= 4- = .r ; p^.r. 

7t„ — 1 ?? 

Hence tlie series is convergent if .i -^l, divergent if .r>l ; if .r=l 
tlio series i.s the harmonic .series and therefore divergent. 
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Ex. 4. 

1 +r + ,2t+^+- 

.. (.r }X)sitive). 


2^n+l 

/) — 0 


~ n ’ 



The serie.s (the exponential series, 49) is therefore convergent for 
every finite (positive) value of .r. It will be seen immediately that 
we may suppose ,i- to be eitliei’ positive or negative. 

§ 150. Absolute Convergence. Power Series. 

Theorem I. If a series whicii contains l)oth j)Ositive and 
negative terms is covvergent when alt the negative terms 
have their signs changed, it is convergent as it stands. 

For the effect of restoring tlie negative .signs is to 
diniinLsh both |.s„ j and \pr„ '. 

Definition 1. A series is said to be absolutely or uncon- 
ditionally convergent when the scries formed from it by 
making all its terms positive is convergent ; that is, 
ttj + R/ 2 +... is absolutely convergent when + is 

convergent. Any other cojivergont .series is said to be 
conditionally convergent (sometimes semi-convergent). 

The converse of Theorem I. is not true ; the series 
tij + U .2 + ... may be convergent, and the series j Wj | + 1 tt.^ j + . . . 
divergent (see ex. 1 ). 

CoR. A scries is absolutely convergent if the limit of 
Uii+ijUn i.s numeric(dly equal to a proper fraction. 

Absolutely convergent serie.s ai c of sjx'cial imjwrtance ; no rearrange- 
ment of the term.H affects the sum. It is possible, however, ,so to 
rearrange the teiins of a conditionally convergent seiies that the 
series thus arising shall be convergent, but shall converge to a different 
value or even shall be divei-gent. Hence the words “ conditional ” and 
“unconditional.” (.See C'hrystal’s Algi'Jtra. vol. 2, cha]). 20, 1.1). 

Theorem II. If Uj, u,, Ug, ... are all positive, and each 
less than {or equal to) that which jirecedss it ; if, further, 
the limit (f u,, is zero, the series 

...+(-!)’' 

is convergent. 

This series is called the Alternating Series. 

We may write the sum of an even number of terms in the 
two forms 
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S2n — (”^1 — ^*'2^ "t" ( *'^3 — *<4) + • • ■ + ('*^2?! - 1 — '*t2n) 

The first form shows that S2„ is positive and increases 
with n, wiiile the second form shows that So,, is less than 
u^, because each difference is positive. Hence S2m converges 
to a limit, s say. 

Again, S211+1 = S 2 m 4 -'M' 2 iH n therefoi’e, since L Rsn+i is 
zero, S2n+i Hnd S2n have the same limit ; the series is there- 
foie convergent. 

Cor. \ri,\ is less tlian m„+i- 

Ex. 1. 1 -1+A 3 +... 

The scries .sati.sfies all the conditions, and is thcrefoi'e convergent, as 
was shown previously (§ 148); but the series 1 +,1 + ?, + ] + ... is 
divergent. 

Theorem III. If the series U1 + U2+... is alsolutely 
convergent, a'ad if rack of the quantities Vj, v.^, ... is 
nuniericall>i less than a finite quantity c, the series 
UjVi + h.)V2+ ... is ahsolutehj convergent. 

For, the terms of |'iti'cJ + |R.,y2l + ... to’e less than the 
corresponding terms of 

1 ?<^| c + 1R2I^‘+--- or c{Kfil + |R.,|+ ...J. 

Hence lttj?’j| + lit2V2l + ... is convergent, and therefore 
+ «.,/% + .. . is absolutely convergent. 


Ex. 2. 

sin .r sin2.r 

sin He sin 4.r 


1 " + 

3- 4- 


The series 

1111 

ft 


is ab.soliitely convergent, and no sine i.s greater than 1 ; thus the 
.series is ab.solutely convergent for every value of .r. 

Definition 2 A series of a.scending inlegral powers of 
a variable, x say, (tf the form 

n 0 + '/ iT + + . . . + + . . . , (p) 

where the coefficients are constants, is called a Power Series 
in X. 

It is with Power Series w'e chiefly have to deal ; the 
following theorems are important. 
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Theorem IV. If the limit of aii+i/an is numerically 
equal to 1/R, the Power Series (p) converges absolutely 
when X is numerically less than R, hut diverges when x is 
numerically greater than R ; it may or may not converge 
when X is equal to R. 

For, disrejrarding the first term we have numerically 

— •, i J — t/ ij ~ — "7 . ^ 

(Xjj ft f, Ct-)i It 

and tlie result l‘ollo\vs froni Tlieorem I., Cor. 

T1 le following is a more general theorem : 

Theoi!EM V. If when x = R none of the terms of the 
series (p) exceeds vamerieally a finite quantity c, the series 
(p) tvill be absolutely convergent so long as x is numerically 
less tluin R. 

For, if we write (P) in the form 

Oo + + /?)" 4" • • • 

we see that the terms of (p) arc numerically not greater 
than the corresponding terms of the geometrical progi'ession 
(• -\-c{x' R)~[- <■(.!' j /V)"+ ..., 

and therefoi’e the series is absolutely convergent so long as 
xjR is numerically less than unit}'. 

The series (r) may or may not converge when x = R; if 
it does converge each term must, when x = R, be finite, and 
therefore it will converge absolub'ly when x is less than R 
numerically. 

Interval of Convergence. When a series whose terms 
arc functions of x is convergent wdien a <x<b, we may say 
the series converges w'ithin the interval (a, b). When the 
series converges for a<.r<b, and diverges fora';<« and 
X > h, we may speak of {a, b) as the interval of convergence. 

T" 

Ex. 3. Tlie series .r-\ +' — 4-+... 

2 3 4 

converges (conditionally) when x=l ; therefore absolutely when 
— !<./■<]. It diverges when .*:= — 1 and when | .r | > ] . 

^ ~4 

Ex. 4. The series •^-■^+^-' 42 +... 

converges absolutely when —1 1 , diverges when [.rj > 1 . 

For both series ( — 1, 1) is the interval of convergence. 
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§ 161. Uniform Convergence. When the terms of a series 
are functions of a variable x and the series converges within 
a certain interval it will be po.ssible, for a given value of x 
within the interval, to choo.se n so that the remainder /•„ 
will be loss than a given quantity. For different values 
of X, however, different value.s of n will usually be required 
to make the remainder less than the given quantity. 
Hence the 

Definition. A series, whose terms are functions of a 
variable x, is said to converge uidfcmnly within an interval 
if it is possible to choose n, say 71 = 111, so that for every 
value of 7 h equal to or greater than m and foi' every value 
of X within the interval the remainder ?■„ shall be less than 
any given positive quantity e. 

We will indicate the variable by tlie notation Un{-e), Sn{x), 

7 \{x), 

Theorem I. If the sei'ies nj(x)+u5,(x)+ ... is unifoimly 
convergent tvhen a^x Ab, and if each tci'in is a continuous 
function of x for the snnie range, the sum s(x) is also a 
continuous function for that range. 

Let X arul a’j bo two values of the variable within the 
range ; vve have to show that, given e, it is possible to take 
x^ so near to x that the difference | .s(.t'j) — .s(x.)l shall be less 
than e. Witli tlio u.sual notation we have 

and therefore 

1 s(a:i) - s(x) I -f ! I + ( I + i 7\fx) |. 

First, since the sei’ies is uniformly convergent, we can 
choose m so that if n^ni both j Tn{xf)\ and |i'‘„(a;)l shall be 
less than e/3. Suppose m so chosen. 

Next, Sm{x) is the sum of a finite number of con- 
tinuous functions and therefore we can take x^ so near x 
that I s,„(a'j) — .s,„(a:)j shall be less than e/3. 

Combining the two results, we can take so near x 
that I — §(») I shall be less than three times e/3, that 
is less than e. 
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The theorem is thus established when x is within the 
interval ; the slight modifications required when x = a or b 
may be left to the reader. 

Theorem II. A Power Series a 5 +aiX + a2x2+ ... repre- 
sents a continuous function within its interval of con- 
vergence ( — R, R) ; the function may, however, become 
discontinuous at an end of the interval. 

We will show that if —R<a\^x'Sh<R the series is 
uniformly convergent ; the result then follows from 
Theorem I. 

Take p less than R but greater than j 6 1 or [ a | ; then by 
§ 150, Theorem V., the series is absolutely convergent when 
x = p. Also if 

UnX”' = anp’KxjpY ; I a,pp 1 < j j 
and therefore | r„(*) | < | | + 1 ! + . . . 

But, the series a(,+aj/t)+a,/3- ... being absolutely con- 
vergent, we can choose m so that when n^m the remainder 
I 1 + 1 1 + ... shall be less than e, and therefore 

for this m we shall have |r„(a;)l less than e. But this is 
the condition for uniform convergency. 

The proof I'equires .v to be within the interval. We refer to 
Chrystal’s Algebra, vol. 2, chap. 26, 20, for the proof of the theorem 

(Abel’s Theorem) that if the aeries is convergent wlien r—R (or — R), 
the function represented by the aeries is continuous up to and including 
the value R (or - /f) ; in other words, the value of the function when 

= is the same as that of the series when x—R. 

The method by which tlm uniform convergency of the 
power series was established w easily extended to prove 

. Theorem III. If the terms of a series are continuous 
functions of x when a^x^b, and if they are numerically 
less than the corresponding terms of an absolutely con- 
vergent series, whose terms do not contain x, the series will 
be uniformly convergent for the same range. 

The student must not mix up uniform and absolute convergence ; 
a series may be uniformly and yet not absolutely convergent, though 
such series are rather beyond our limits. 

The theorems contained in Examples 9, 10, 11 of the following 
Exercises should be specially noted. 
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EXERCISES XXXIII. 

1 . Show that the following series are convergent : 

(i) 1 + 2-^+3-3 + 4-4+ ; (ii) + .(0<a-<l); 

(iii) l/(«.+ l)“+l/(« + 2)“ + l/(a + 3)“+...(a>0, a>l). 

2 . Show that the following series are divergent : 

(i) ]^+i + i + : (ii) 1 +i + 5+ - ; (iii) S l/(a + «) ; 

(iv) S(« + l)/(wHl) ; (v) 2(a« + /))/(m^ + if)[a=4.0]. 

3. If ==c 

12+22+32+ ••• c, 

prove (i) _ 4._+- + ... = ic ; (n) + ^^+...=|c. 

The value of c is 7r'^/6 (Exercises XXXIV., 22). 

4. Show that the series (the Binomial Series) 

1 + mx + 


?«(»i -1)^ ^ m(m-\)(m -2)^,, 


] .2 


1.2.3 


... 


is absolutely convergent for every value of ni when |.r|<], but 
divergent when | r | > 1 . 


For 




m- 11+] 






= i,r 


5. Show that if f(n) is a rational integral function of n, the series 
S/(M)a-" is absolutely convergent when |a-|< 1, but divergent when 

Let/(?j)=a?i’' + i«’'‘* + ..., the degree of /(«) being r ; then 


Un 


a(n + l)*'+ 

a?r+7.. ’ 


T ’^n + 1 

L— =07. 

u„ 


6. If the series 2a, 26 are absolutely convergent, show that the series 

(i) ag + a^ cos .t; + a.^ cos 2 x + cos 3.r + . . . , 

(ii) 6j sin .r + 6^ sin 2# + 63 sin 3.J’ + . . . 

are absolutely convergent for every value of x, and represent continuous 
functions. It follows that if (i) [or (ii)] represents a discontinuous 
function, 2o (or 26) cannot be absolutely convergent. 

7. Show that if .r 0, the series 

e”*cos (j: - oj) + e~^ cos (2.r - a.j) + c“*'cos (3x - ug) + . . , 
represents a continuous function. 

8. Show that if .rS-O, and if 2a is absolutely convergent, the series 

Oje'^cos (.r — a^) + aje'^'cos (2x - a^) + ajC"^ cos (3.r — ag) + . . . 
represents a continuous function. 
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9. If the power aeries ... is zero for every value of 

X in the interval ( — It, R), show that every coefficient is zero. 

When .v = 0, the series rednce.s to the term ; therefore a(, = 0. We 
now have 

0 = aj.r + «2-»'‘^4- ... =.r(fT| + a 2 -»'+ /iW say. 

Hence, either .r=0 or /i(j-)=0. Suppose a,'=|=0 ; therefore /j(.^’) = 0. 
But /i(.r) is a continuous function, and tlierefore the limit ol j^{x) for 
.r=0 is equal to the value of t\{x) for .(■=0. Hence aj = 0. Similarly 
fu=0, « 3 = 0 , and ao on. 

10. Theorem of Identical Equality. If the two power series 

af, + aiX+a 2 X^+ ..., l\, + biX + h.j.%^+ ... fire, equal for every value of x 
in the interval { — It, It), show th.at <^, = ^> 0 , "\ = h\ 

For we have 0 = («|,- 6|,) + (a, + 

and the results follow from ex. 9. 


11. Multiplication of Series. .Suppose the two .sei ies 

+ «i.r + a.>r- + . . ., < = fc,, + byV + + . . . 

to contain only positive terms, and to be convergent when X'^E ; let 
io„ = aj>n + (o,|6, + ayh„).f+{aj>., + a,h, + + • ■ • 

+ (*0^’.. -1 +o« ' ' 

where the terms of «•„ are foi’ined by multiplying s„ and no term of 
degree higher than n - 1 being placed in w.,,. Show that the limit of 
w„ is St, the product of the two given series. 

A little consideration shows that 


Sntn ^ U)'.n + + l . ^it+lbt+l — "f 0*2,,. 

The inequalities show that w-^,, or, what amounts to the same thing, 
that iv„ converges to .tt. 

Next, let s and t contiiin both positive and negative terms, and let 
them be absolutely convergent when \.v\<lR. Let trt,, be the value of 
cr 2 „ when all the terms are made positive ; then by the first part, 
which holds when all the terms are made positive, the limit of cr'^ is 
zero. But o-^,, is not greater than and therefore the limit of o-j,, 
is zero. Hence the limit of is st. The rule may fail if the series 
are only conditionally convergent. 


12. Determine ag, (Xj, aj, ... so that 

cos 0 + x , , „ , 

/T, — 2=ao+«r’^+"«'»"+--” 

1 +2.XCOS ‘ 

Assuming convergency, multiply up by 1 +2.r cos and equate 

coefficients. We have 


cos ^+.r=a(| + (a, H-2aQCOs &).v+(a.^+2a^ cos &+ag).r^+ 

Hence cosff = ag; 1 =ni + 2agom 6 ; 0 = a 2 + 2a, cos 61 + a„ ; 
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Solving these equations we find 

ao=cos^, aj=— cos^d, a.^ = con3(), «„ = ( -l)’‘co8(M + l)ti, 

and the series becomes 

cos 0- ,r cos 2(^+.y^ cos 3t^-.r*cos 46*4- ... . 

The series is convergent when '.>•]<], and therefore the assumption 
that there was a convergent powei- series is justified. 

13. Deduce from ex. 12, or prove independently, that when |.r|<l, 

- — ;, = ] - 2.r COS ^4- 2.r2co8 20- 2,»'^ cos 36*4- .. . 

1 4- cos 0 4 - .r- 


14. Show that if 0 is neitliei' zero nor a multii)le of 27r, the series 
cos 0 4- i cos 20 4 - ?j cos 304-... 

is convergent. 

Multiply s„ by 2siui0, ex'pre.ss the product of cosine and sine as a 
difference of sines, and rearrange ; we thus find 


„ . ,,, . . 30 1 . 00 1 

2 «„sin^ 0 = -sin ^04-ismy4-2 ^sin ^ + 


• 2a -1. 
Y-..- sm — — 0 
])m 2 


and therefore 


1 . 

4-- sin 
n 


2v + l 
~ 2 ~^’ 


2,s„siiii0= -sin A04-- sin - "^ ^0 
' - n 2 


+ 


/I . 30^ ^ 

|_s,n--t.. 4- 


I . 2«-].'> 


But tlie expression in the bracket has a definite limit for r! = oo, 
since the infinite series 9 + 2 ^ 3 ”*“ 3 ^ convergent. Hence, 
2 s„ sin |0 has a definite limit, ainl therefore also /<„ unless sin 10 is zero. 


15. Show, with similar restrictions to those in ex. 14, that the series 
whose teinis are 

-sin 710, ( - 1 - cos 710, (- I)”*- sin 710 

n n u 

are convergent. 



CHAPTER XVIII. 

TAYLOR’S THEOREM. 

§ 162 . Taylor’s Theorem. In § 72 we obtained the equation 
/(•c) =/(«) + (x- a)f'(a)+ i (x - affXx^), 
and although all we know of x^ is that it lies between a 
and X, yet when x — a is small, the function f{x) will be 
approximately represented by the quadratic function 
f{a) + ix- a)f\a) + - aff"{a\ 
whose coefficients depend only on the values of f^x), f{x), 
/"(a:) when X = a. We will now discuss the general theorem 
of which this is a particular aase : we will first obtain a 
closed expression involving an undetermined number like Xj, 
and then, instead of a quadratic function, we shall get a 
Power Series. We will slightly modify the method used in 
§ 72 so as to require only one application of Rolle’s Theorem. 

Let f(x) and its first n derivatives be continuous from 
x = a to x = b, and consider the quantity Q defined by the 
equation 

/(^J) - {/(o^) + (^ - «)/(«) 

= (b-a)”Q (1) 

By Rolle’s Theorem we can find another expression for 
Q which, when substituted in (1), gives the general theorem 
sought. 

Let F(x) be a function of x defined by the equation 
F(x) =f(b) -f(x) - (h - x)f'(x) -^{b- x)2/"(x) . . . 


( 2 ) 
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By equation (1) F(a) = 0; also F(b) = 0 identically. 
Further F(x) and F'(x) are continuous from x = a to x — b, 
since f(x) and its first n derivatives are so, by hypothesis. 
Hence F'{x) is zero for a value of x, say x^, between a and 
b. But if we differentiate (2) and reduce, we find 

F\X)= - + ( 3 ) 

and therefore, since (b—x^) is not zero, 

Q = = (4) 

where 0<d<l, because any number between a and b may 
be represented by (i + 6(b — a). 

Substitute in (1) the value of Q given by (4), and trans- 
pose the terms f(a), (b — a)/'(a)... to tlie other side of the 
equation ; we then get 

/(^) =/(<^) + (b- a)f(a) +l(b- aff"(a) +... 

We may now writt' x instead of b, the only reason for 
using the symbol b instead of x in (1) being to prevent 
confusion when applying the Mean Value Theorem; thus, 
finally, 

f{x) =f{a ) -f (a; - a)f{a) -b - <0TX«) +.■• 

+ ( 6 ) 

The theorem expressed by equation (C) is called Taylor's 
Theorem. The particular case of it for which a = 0, namely, 

/(*)=/(0) + <(0)-b|/"(0)-b... 



is called Maclaurin’s Theorem. 

The conditions under which Taylor’s Theorem has been 
proved are that fix) and its first n derivatives are cow- 
tinuous (and therefore over the range from x=ato 
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the particular value of x for which f(x) is taken. In regard 
to the number 0, all that can be said is that it is a positive 
proper fraction ; it will usxially be different for different 
values of n and of x. 

Bemainder in Taylor’s Theorem. In equation (6) denote the 
sum of the first n terms by S„{x) and the last term by 
Rn{x), so that 

f(x) = Snix) + Rn{x) ; R„{x) = - u)}. . . .(8) 

If we suppose n to increase indefinitely the sum on the 
right of (6) becomes an infinite series, and if the limit of 
Rn(x) is zero the series is convergent. Since f(x) and its 
first n derivatives are by hypothesis continuous, every 
derivative must remain continuous in order that it may be 
possible to suppose n to become infinite. We therefore 
have the 

Theorem, If f(x) and all ils dfrivcUlvt’s (ire continuous 
for the range considered and if the limit of Rn(x) is sero, 
the infinite series 

f(a) + (x-a)r(a)+^''^“''lV(a)+ (9) 

derived from (6) hy maling n infinite, is convergent and 
represents the function f(x), that is, converges to the value 
f(x).* 

The series (9) is called Taylor’s Series for f{x) ; when it 
is necessary to draw a distinction between (G) and (9) the 
foi-mer may be called Taylor’s Formula. Of course all that 
has been said about Tayloi-’.s series applies to the particular 
case of it, Maclaurin’s series 

/(0) + af(0) + |V(0)+ (10) 

The value of Rnix) ^iven by (8) is called Lagrange's 
form of the remainder %n Taylor’s series. Another useful 
form of the remainder is obtained by writing (h — a)Q 

* Cases may be constructed in which the seiies (9) is convergent and 
yet does not converge to the value /(.r) ; such cases, howevei;, may be 
safely assumed not to occur in ordinary woik. 
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instead of (b — a^Q in eojuation (1). The last term of 
equation (3) becomes simply Q and (I) — a) Q becomes 


( 71 - 1 )! 


-1 


or 


(b-ay(i-ey^- 

(n—l)'. 


-f^"'>{a + 6(b — a)} 


Hence 

Rv {X) = *(n- T) P — + B(x-a)} (11) 

This form is called Cauchy's form of the remainder. 

If we put (b — ayQ instead of (?> — ff,)“(^ in (1) we get 

if4a0 = + e{x. -a)}, (12) 

called the Scldvmilch- Roche form if the remainder', p — n 
gives Lagrange’s form and p = l gives Cauchy’s. 

In (5) put X for a and x + h for b ; we get 


Id 


Id 


f{x^h)=f{x)+hf{:x)v; ,r(T)+ . . . +if'\x+eh),...{-\ 3) 


a value of /(,»' + /!.) that is often iisefnl. 

We will now apply these theorems to the expansion of 
functions, and will usually employ Maclaurin’s Theorem ; 
the two forms of remainder to be used arc 


= R,M)= f'm'f 

the first being Lagrange’s and the second Cauchy’s. 


§ 153. Examples. 

1. sinx. 

/(.r) = siii.r ; f'{x) = cos.r ; /'"(.c)— - sin ,<■ ; /"'(,r)= - cos A' ; 
/<''’! (7r) = sin X ; /<’''(jf)=sii) 

Hence 


/(0) = 0; /(0) = 1; /"(0) = 0; /'"(0)= - i ; /("■l(0) = 0 ; 
/(”) (0) = sill ^ ; /*"' {dr ) = sin . 


Since sin {ntrjT) is 0 or ±1 accoi diiig as n is even or odd, the coefficients 
of the even powers of x will be zero, and only odd powers of x will 
occur, the terms being alternately positive and negative. Thus 


.d , •r'’ x^ . , .r" . , mr\ 
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Again, 




and therefore is not greater numei'ically than !, which has zero for 
limit. We thus get the series 

•»"> -j'T 

which is absolutely convergent for every finite value of .v. 


2 . OOS X. 

.v^ 

In the same way cos.r=l -^+V 7 — 7 r 7 + --- , 

I 4 . o I 

the series being absolutely convergent for every finite value of x. 

3. e’^. 

/(a')”?*; (■>') = <f ; y(0) = l ; /i")(()) = i for every m. 


the series being absolutely convergent for every Jinite value of x. 

4. (l+x)"“. 

f(x) = ( 1 + {x) = 111 {m - 1 ) . . . ( w - M + 1 ) (1 + x)™ 
/(0)=1 ; /'"*(0) = Hi()ii-l)...(»a-w + l). 

/*"> ( dx) = m (m - — «+!)(] +(9.i 

Hence 


(l+a-)”‘ = l4-»)r + 


1.2 ('«-!)! 


+ ^^n(x). 


If m is a positive integer the series stops with the (?a + ])*'* term, 
since /•'‘*(./) = 0 when n>m ; if m is not a positive integer we have to 
consider IZ„ (.?;). We take Cauchy’s form, 






The infinite series 


, m (m — ] ) , 

]+w<.r + - --.r- + ... 


converges ab.solutely if l.rl<l and diverges if !.('[> 1 (Exer. xxxiii., 
4) ; we therefore need only consider values of x such that |.r| = 1. 

(a) |x|<1. Rn{x) may be written as the product of the three 
factors. 


m.r(l + ; 


f \ - 6 N"”’ . {m-\){m, — ^)...{vi-n+l) 

\ 1 + 6tr / ’ («-])! ^ 


The first factor is finite for every n since (1 lies between 1 

and (1 The second factor cannot exceed unity. The third 

factor has zero for limit, since it is the n"‘ term of the convergent 
series 


1 + — 1 ')x H” 


( w-l)(w-2) 

1 O ^ “T 
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Hence the limit of is zero, and the infinite series converges to 

(1 + for every value of m so long as — 1 <j-< 1. 

(b) .r=±l. These cases are of less importance, and the investiga- 
tion of Rn(^) is tedious. We will therefore merely state the results, 
referring for proof to Chrystal’s Alff., vol. 2, chap. 2C, § 6. 

; series aksolutely convergent if m>0, but conditionally if 
0>»i.> - 1 ; oscillating if m= - 1 ; divergent if m<- 1, 

- I ; series absolutely convergent if wX) ; divergent if »i<0. 

If a=l=b the binomial (a + t)’" may be written a”‘{l+hjay^ or 
6“(1 +ajb)’^ and then x put for bja or for ajb according as h is less or 
greater than a numerically. 


5. log(l-l-x). 

It is not possible to exjiand log.r by Maclaurin’s Theorem since 
log.? isinfinite when ,r=0. We may expand log.r in powers of (x — a), 
if a is jiositive, using Taylor’s Theorem, but it is simpler to take 
log(l-(-.r). 

/(,.) = log(l4-.r); 

/(O) ^ 0 ; /(O) = 1 ; /'"'(O) = ( - 1 )’■-> («-])! 

log(l-|-.r)=.r-y-t-y-'’^ + ... +R»{x). 

The infinite series diverges if ,.r|>l and if .r= - ] ; wc therefore 
consider the remainder for —1 <.>'■^1. 

For X positive, Lagraiige’.s foim 

shows that the limit is zero, since {x/(l + is never greater than 
unity and the limit of 1 /« is zero. 

For X negative, Cauchy’s form 

1 / 1 _ « 1 

w-(-^r-'y'-TTariTT0.r) 

shows that when | ^ | < 1 the limit is zero ; for the limit of x'" is zero 
and the other factors are finite for every value of «, 

Hence lug(l +a-)=x --2 d-'-ij -^+ ••• 

where —l<x-S!ii ; the series is conditionally convergent when x = i. 
We may note that, putting .r=], we get 

1 

•T+ — • 


loe 2= 1 ■ 


6. Calculation of Logarithms. 

The series just found is too slowly convei'gent for purposes of 
calculation ; a more rapidly convergent series is got as follows. 
We have , .r^ x* 


log (1 . 


( 1 ) 
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and by writing -x in place of x 

. 

log (1 - .r) = - .'C - Y - y - '-4 - (2) 

By subtraction we find, since log(J +.r)-log(l - .r) = log{(l +.r)/(l - x)), 

«> 


Suppose .r positive and let 

(1 +.r)/(l - x)={y ^-\)!y ; so that .)'=1/(2//4-l)<l. 

Equation (3) becomes 

log (y + 1 ) = log// + \ 

from which log (// + !) is found when logy is known. It may be 
noticed that (4) is not a power series in y. 

With very little labour the logaritluiis of the prime numbers 
2, 3, 5, 7,..., may be found; thus 

.y = l; log2 = 2|l + ^, + -ip+...|; 

!/ = 2; log3 = log2+2|^+^3+ — 

Then log 4 = 2 log 2 ; log 5 is obtained by putting 4 for y ; 
log 6 = log 2 + log 3 ; and so on. Series (4) converges rapidly even 
when ,y = 2. 

For particular numbers special artifices may be used. Thus, if 
y = 49 equation (4) would give log? when log 2 and log 5 are known, 
the series being very rajiidly convergent. 

The student is referred to (^hrystal’s Algebra, vol. 2, chap. 28, § 11, 
for further information and references. 



7. Huyg'hens’ Rule for the Length of a Circular Arc. 

If a is the chord of the whole arc and h the chord of half the arc, 
then the length (7) of the arc is, approximately, (8b -a), '3. 

Let the arc subtend at the centre of the circle an angle of 9 radians. 


and let the radius of the circle be r ; then Z=r0 and 

a = 2rsinit^ = 2r{.’f^-iU.U^)3+,Io(I6»)''-... ! (i) 

ft = 2rsini0 = 2/-{J0-i(i0f+i-l„a6»/--... 1 (ii) 


Multiply (ii) by 8 and then subtract (i) ; we thus eliminate 
Therefore ^ 

= 3^1-^/7680+.,. b 
Hence, neglecting the fourth and higher powers of 9, we find 
l — (8b — a)/3. It may be shown that for an angle of 30° the relative 
error is less than 1 in 100,000, for an angle of 45° less than 1 in 20,000, 
and for an angle of 60° less than 1 in 6000. 
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§ 154. Calculation of the Derivative. The practical 
difficulty in finding a power series by Maclaurin’s Theorem 
lies in the calculation of ; indeed, there are few cases 

besides those already treated in which the n**‘ derivative 
can be expressed in a manageable form. Tlie discussion of 
the remainder, impo-ssible unless we know ; 

in special cases, however, we can find and the 

infinite aeries, if it converges, will (in general) represent 
f{x) within its range of convergence 

In this connection Leibniz’s Theorem (§ 68) will be found 
very serviceable. 

As an example consider /(,/■) = sin (u .sin" hr). It would 
be difficult to calculate /<'6(./') directly; we will, therefore, 
first calculate /'(.<’) and /"(.r), and will then form a differ- 
ential c(]uation to which Leibniz’s Theorem may be applied 
and which will lead to the value of /<'‘\0). 

/(.(■)= sill (e sin ',!•) ; 

f [:,•) — a coa(« sin" - .?•-) (i) 

/"(•'■)=■ ~ a'^sin ((/ .sin~'.A)/(l - .rQ-f-cr cos (a .sin"',)) . 

= - /“) + .r /■'(<■) '(1 -.r-) (ii) 

and therefore 

( f - '")/'(■' ) - ' A '■) + «Y(-' ) ^ 6 (iii) 

By making .<■ zero in /(r), /'(.<), /"(.r), we find 
/(0) = (); /(6)=a; AO) =0. 

The function on the left of (lii) is always zero and therefore its 
fttii derivative is always zero. Tlie function, being a sum of pro- 
ducts, may be differentiated n tiine.s by apjilying Leibniz’s Theorem 
to each of its teriirs and then adding the results. For the first term 
let /"(.i) = M, (l-.r')=r. Every derivative of r above the second is 
zero; the m*'' derivative of /"(-r) is the (tj-I)"' is /'""'■"(x), 

and so on. Thus, 

D'-Kl - AfA ) } = (1 - .r-)f''+%r)+„C,{ - 2 AA+%v)+„C.J^ - 2)/C)(a;), 

= (1 - .r-)/'"+-'(.i) — 2nxf^”+"{A - - «)/'"'(x). 

In the same way 

" { xf{x) 1 = .y/<’'+"(.r) + n /'"'(j"). 

Also, 

ir{a^f{.v)} = a-A\x). 

Adding we find, after a slight reduction, 

(1 - .AAA'^)- (2u-l-l)^’/'"‘'‘‘'(.^)-('a^- «“)/*”’(.r)=0 (iv) 

and therefore when .r=0 

/(«+='( 0 )=()i 2 - a-)/’"(0) (v) 
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From (v) we find in succession all the derivatives above the second 
for x—0, since we know the firat two. 

/W(0) = (2“-aV"(0) =0; 

/(«)(0) = (4*-o--’)/n0)=0, 

and so on ; thus every fven, derivative is zero. Again, 

/|■■'l(0) = (l-- o=)/(0)=(P- ; 


/<“<(0) =(3= - a--*)/P'(0)=(3^ - 
and so on, the general value being 

y( 2 „-j)( 0 ) = a(l- - «0(3“ - rt") .. . { (2n - 3)" - a“}. 


Hence, 


• / ■ 1 \ «(T" — a*) „ a(l'-“")(3"-«°) ^ , / -v 

sm(asin~'.r)=a.7'+ ' ^ + ....(vi) 


The series (vi) will terminate if a is an odd integer ; in all other 
cases it will not terminate. The ratio of the term in to the term 
before it is 

(2w — 1)-- o- .. 

‘2«(2« + l) 

and since the limit of this ratio is .c- the series (vi) is absolutely 
convergent so long as - I <.r<l. 


For many purposes only a few terms of the development 
of a function are required, and the calculation of a small 
number of derivatives may always be effected with more 
or less labour. Thus, the first three or four derivatives of 
log ( 1 + sin a') are easily calctilated and the first three terms 
of the expansion obtained, w — x^l2-i-x^l6. 


It is usually simpler, however, in cases like this to proceed as 
follows : suppose 


7/ = a^a; + a.2X^+ ... ; f(y) = bo+biy + b.^y^+ ... . 


Substitute for y in the series b^-\-h^y + ... its value in terms of x 

and rearrange in powers of .r ; the series obtained will be convergent 
for sufiiciently small values of x. 

For example, 

y=sin.r=.r-y+... ; log(l+9/)=?/-|-+|-+ ..., 
and therefore 


log (1 + sin 


1 2 , 1 ..a 

= X-~X^ + -J^ - ... 





The proof of the method cannot be gone into here. 
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§ 155. Differentiation and Integration of Series. The pro- 
perties of a function are often most simply investigated by 
using an infinite series which represents the function ; we 
must, therefore, see under what conditions a series may be 
difFerentmted or integrated term by term. The rules for 
differentiating and integrating a suiu have been proved 
with the express limitation that the number of terms is 
finite ; their extension to infinite series requires justification. 

We begin with the theorem in integration ; e denotes as 
usual a given arbitrarily small positiw quantity. 

Theorem I. If the series Uj(x)d-Uo(x)-f ... is uniformly 
convergent from x = a to x = b and converges to f(x), then 

the series f* , s , , 

1 u.^{x)dx+\ u.fir)dx+ ..., 

where a^c<x^b is also convergent and converges to the 
value fa- , 

J /(.T)c/a;. 

Let f{oc) = Sn{x) + rn{x) and let 

<T nipd) — S/fc) dx . Pn(pd) = ^ > 

then o-„(.r) = | ufx)dx-{-^ W 2 (^')(/.r-|-...-f | Un{x)dx, 

and /(,r) dx = o-„(.-r ) + p„(x). 

Now, since the series is uniformly convergent, we can 
choose m so that, if vi-Tm, the remainder 7'„(x) will, for 
every value of x from x = a to x = h, be less than e; there- 
fore, m being so chosen, if n^rn the quantity pn{x) is 
numerically less than 

I edx, that is, e(;r — c). 

Hence, if n^in, the difierence 

^J(x)dx-a-n(-r), 

is numerically less than 6(a; — o); that is, the limit for 
n = oo oi the difference is zero, and therefore 

1 f(x)dx= L cr„(a!)=j ufx)dx+ \ ulx)dx+ .... 

JC Jc Jo 
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Theorem II. If the senes Uj(x)+Uo(x)+ ... is convergent 
and converges to f(x) when a^xsb, then the derivative 
of f(x) is obtained by differentiating the series term by 
term, that is ^ ^ ^ 

provided the series Uj'(x)+u./(x)H- ... is uniformly convergent 
from X = a to x = b. 

Let F(x) ^ n^'i-r) + u.'{x) + . . . ; 

then by Theorem I., since 'MjT»;) + u.,'(.f)+ .•• is uniformly 
convergent, 


= | u/CrLL 'af(.r)d. 


Therefore 


r + . . . , 

= + { uf.r) - M./c)} + . . . , 

= {Ui(,c) + H.2(.r)+ ... }-{^(,i(c) + ^<2(t=)+ ... }, 

=,f (or') — constant. 


d 

dx 


F(x)dx.=ffT)-, tliatis, F{.r)^f'{x). 


By § 151 Theorem II. we .see that a power series may 
be integrated term by term if x, is within the interval of 
convergence. 

We will now show that the series obtained by differ- 
entiating the power .series is uniformly convergent when x 
is within the interval of convergence, ami that the derivative 
of the series is therefore got by differentiating it term by 
term. For, in the notation of §151, the series is 

absolutely convergent, an<l therefore | a„p^ \ is finite, less 
than c say, for every n. 

The series obtained by differentiation is 


o^-f-2o2.'r-|-3a3,x^-f- ... .... 

Numerical values alone being considered, we have 

© ?l — 1 p / y>\ - 1 

< n - 


and therefore the terms of the series of derivatives are 
numerically less than the corresponding terms of the series 
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But this series is absolutely convergent since the test ratio 
is xjp and xjp is numerically less than unity. Hence, the 
series of derivatives is uniformly convergent when x is 
within the interval of convergence of the power series 
l:anX\ (§ 151, Th. II.) 

Ex. ]og(] +.r)=.r-l.r2+I,.r^— ... (-I<.r:^l). 

By differcTitiation we lind 

1/(1 +.:() = 1 — + - ... 

This efjuation is true if — K.r < 1, but not if .r=l. 

§ 156. Examples. We will give two examples of the 
development of a function as a power series by the integra- 
tion of a known series. 


1. tan-^x. 

If - 1 <.)'<], we have 


- 1 - .h'i + -t ...+(- 1 y.r" -I- . 
and thevoforo, integrating fi-oni 0 to x, 

.r’ 


tan" 


:i 




211 + \ 


“h 


.(0 

(a) 


The expansion (a) Is proved for |j-|<1. The series (!) oscillate.^ 
when .r=±l, but (a) is- coinei geiit for .<•= d- 1 ; we may therefore 
apply Abel’s theorem (|). 3H0), and deduce tliat (a) remains true even 
when x= ±1. 

If 1 we find, since tan ' 1 — ir.'-l. 


= 1 


1 1 1 

.J ;> / 


(A.) 


The series (a i) is called (rr<'ffor//s (.somctinie.s Ldbnu\^) series for tt ; 
it is too slowly convergent, however, to be suitable for calculation. 
A better .series is got by using Morhixx formula, namely 


IT 

1' 


4 tair 




It will be a good exercise to cah-ulate tt from this formula by using 
the expansion (a); the series for t.-ur ’(l/'S) and tan '(1/2.19) converge 
rapidly and give tt to 5 or G decimals with little laboui-. 

2. sin-^x. 

If - 1 <.r < 1, we get by the binomial expansion 
1 

= f I — T*- 1 - = I -1. 

2 ‘ 




and therefore, integrating from 0 to a?, 


, l.rA 1.3. 1.3.5. 

'.r — .r+— — + 5 ~^2 4 ~G 


G.c. 


2C 
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The following example shows how we may obtain an 
approximate value of an integral by means of a series : 

3 . The time of a complete oscillation of a simple pendulum of 
length I, oscillating through an angle a on each side of the vertical 
is AKJ{ljg) where 

,, P d<fi , . 1 

to find a series for K. 

Expand (1 -/fc^sin'^ </>)“* by the binomial theorem, and then integrate 
term by term. We have 

“771 = • 

^(1 - /i;‘*sm‘'</)) 2 ’2.4 ’ 


The integrals of sin^<^, sin*</(, are given on page 286 ; therefore 



When a is so small that k-, k*, . . may be neglected, /i' = 7r/2 and the 
period is 'lv^{llg). 

4 . To evaluate / — 5 (r a positive integer) 

Jo 1 -2rtcosu-+a'‘ ' ® ^ 

If I a I < 1 we have by ex. 13 Exer. XXXIIJ. 


1 


1 - 2« cos T + a.' 
Also 


— Till 4-2acos r4-2c/'COS 2a7+2a^C08 3ar+...l. 
^ 1 — a"* ' * 

r 


co'^iixcQ^rxdx=Q if 

TT .. 

=2 


Therefore, when the series is multiplied by cosni- and integrated, 
every term will vanish except that arising from 2a’‘co8r.rco8rj" ; we 
thus get 

/'*■ cos rxdr __ Tra’ ... 

Jo 1— 2aco8.r+«^ 1— 

If I a I > 1 we have 

1 _1 1 

l-2acosa;+a^ a- l’ 

1 -2-cos 7P + -5 
a 

and we may expand in powers of 1/a; or, we may write 1/a for a 
in (i) and then multiply by l/a*. We find for the integral 
sra-V(a2-l). 
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EXERCISES XXXIV. 


1 . Prove that the following expansions hold for every finite 
value of X : 

.^3 

(i) sin (.r + a) = sin u + TCos a — sin <t — ^ cos a+ 

it i5 1 


(ii) e*cos.x; = ] +x 


2x^_^v^ 
' 3 ! 4 ! 


, tlTT X" 

...+•2^ COS— +. 

4 ni 


(ill) e^sin.r=.r+.r2+— - +2i s„i 

(iv) e* “ cos {x sill a) = 1 + .r cos « + cos 2a + cos 3a + 


Show that /)"(?^““*“cos (.r sin a) =«*"““ cos (j- sill tt + na). 

2. From 1 (ii), (iii) derive the expansions of eosh.rcosa:, 

sinh x sill x, cosh x sin x, sinh x cos x. 

3. Prove that if I .r j < I , 

O '»’4 

log (1 +.r + .r-)=.r+ 2 - 7^ 


4. Show that, as far as tlie terms stated, 

, X- 5.V* Cl.c” 

( 1 ) + — d-y^- 1 

(ii) 


(iii) xcot.r — 1 


X- 

3 


_ 

45 


2.d' 

945’ 


These expansions may be obtained by division, replacing cos a; and 
sill a; by the equivalent series, fan cot.r be developed by Maclamin’s 
Theorem ? 


5. If X is so small that squares and higher powers may be neglected, 
show that 

W(4 + .r)+ v^(l +.r)(d-{v'(l +4.r)+ V(1 = ~ 


6. If /(.r)=a'/(e^- 1), show that the limits ol f{x) and of f{x) for 
.r=0 are 1 and — | respectively. Show also by differentiating n times 
the equation 

that {/"> (.)■) + „(?'i/’*-J'(a;) + , . . + „C'i/(a-) +f{x) ) =/’” (.r), 

and therefore that if n>l, 

- +nOj'(o)+m=o, 

the limits of the functions for x=0 being taken as the values for 
x=0. 
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'• “ 2 -^ + 2 ! 4 !- ^ 6 !^ • ■ 

show that /ir = lie, 52 = 1 / 30 , 53=1/42.... 

The numbers 5j, 5^, . . . are called Brrnoidli’n numbers (see Chrystal’s 

Alg., vol. 2 , chap. 28, § 6 ). 

8 . Show that 

X 

I" ' ‘"4! 

9. If /(.)") = (sui-‘u.)/V(l show that 

(1 -.r>=)/(.r)-.r/(.r)=l, 

and that if |.'’|< 1 , 

sin hr 2 3 , ^-4^ ■ 2.4.6 

^3.5' ^3.5.7' +•••• 


=1 - (22 - l)|;^+(2'>- - (2« - 1 + . 


10. Show from ex. 9 that 


2.4 


(i) (l=9in dws,H(^ 1 sin2fl+|^ sin'h+ ...^. 

Put .r = sin 0, tan 6^=,:. 

11. Deduce from ox. 9 by integration that, if |.rl<l, 

, . . „ .}“’ 2 .r'* 2 . 4 .r® 

12. Show that cos(« siu’hr) satisfies equation (iii), fj 154, and prove 
the expansion (|a-[<l), 

C09(asin-hr)=l . 

13. Prove from the series for sin(asin^tr) and coR(a Bin“^r) that 

( 1 ) sin OTtf = TOsin -sin®^+ - ' ^siiPt/-... . 


(ii) cos m6i= 1 ~ — sin2fl4- 


3! 

vd{m^ - 2-) . 


4 ! 


sirdfl-... . 


Series for cosmOjcos 6 and sin?«0/cos0 may be obtained by differ- 
entiating sin(asin“U') and cos(fl sin“'.r). 

14. Show that if ] .r | < 1 , 

... , f ,, , 1 a;® 1 . 3 .r® 1 . 3 . 5 .r^ 

V ( 1 ) log {^- + ^( 1 +^ 2 )^=^- - ^ + ; 

(ii) ^{log(l-t-ir)}2 
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15 . Prove that if | .-r | < 1, 


(i) 

(ii) 


alu 


{..•+V(. +x.)}‘.i +i.+|>+ ,,, 


To prove convergency, note that both in (i) and in (ii) the series 
formed of the odd tei’ins and the series formed of the even terms are 
separately convergent or divergent according as i.r| is less than or 
greater than unity. 


16 . Show that, with the usual notetion, the perimeter of an ellipse is 
- c'^ sin'*</j )(/</) 



IVe^ /1.3ye^ 

/1.3.5ye“ 1 

V 1: 

2 / f V 2 . 4 / 3 

V 2 . 4 . 6 / ,5 •••/ 


17 . Prove (i) the perimeter of an ellipse of .small eccentricity e 
exceeds that of a circle of the .same area in the ratio l+3e'V64 
approximately ; (ii) the surface of an el]ij)soid of revolution (eitlier 
prolate or oblate) of .small eccentricity e exceed.s that of a sphere of 
equal volume by the fraction 2eV25 of itself. 

18 . Show by integrating (cos 6'+a')/(l +2.r cos e + .r^) fijst with 
respect to x, and next with respect to 0 see Exer. XXXJJl., ]-2), 
that if 

,2 ,3 

(i) i log (1+2.1’ cos fl+,f-)=.rcos co.s2f^+'!^ cos3tl-... ; 


(ii) tan '( ^ \ =.)’sin ^ sin 20+ ^ sin W- . 

\l+,«costl/ 2 3 


19 . Deduce from ex. 18, by taking the limit for .* — 1, that 
if -x<0<7r, 

(i) cost*- i cos 2(9+ i-osllf^- ... =log(2 008^6*1. 

(ii) sin ^-^sin 20+^sm30- 

Show that the series (ii) does not rei>resent the function 6/2, except 
when — TT < 6 <17, and that the value of the series when 0=7r is zero, 
but that the limit of the series for fl=ir is 7r/2. Show also that neither 
series can be differentiated term by term, although both are convergent 
(Exer. XXXIIL, 15). 

20. Deduce from 19 by putting O^vr-x that if 0<,'r<27r, 

(i) cos .r + ^ cos 2.T + J cos 3,?- + . . . = - log (2 sin |.»), 

(ii) sin a- + ^ si n 2jr + ^ sin 3.t,’ + . ^ 
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21. By integrating 20 (ii) show that if 0'gjr^2Tr, 

a?' TTX /cos.r co8 2j; . co8 3.r , \ „ 

4 ~ *2 = I ^+-22~ +T C 


where 


U-P + 22 + 3-2+- 


The series is uniformly convergent for every value of x, and we may 
therefore give to x the values 0 and 23r after integration. The series, 
however, is periodic, and does not i-epresent the function — 7r.r/2 
outside the interval (0, 27r). 

22. Deduce from 21 that 

...1,1 1 , .. . 1 1,1, 7r2 . 

0/ O ’ U'/ J 2"^” 22"^ 3'^ ‘ ‘ ^ * 


12^32^52^-" f 

1111 
12 £'■^'^ 3 ^ 42+“ 


To aet (i) put .r= 7 r in 21 ; (ii), (iii) readily follow. (Exercises 
XXXIIl., 3.). 

23. Show that 

(i) ( ' i log (1 +.v)dj-= 

(ii) {‘j,log(l -(j\ + ^ 2 +^ 2 +-)= 

r 

(iii) [ tan^log(cottl)rfd=i(^ 2 --| + p-Jj+...)=^. 

To get (iii) put tand=.r; note that L .»’* log a: =0 (Exercises VII., 10). 

ar =0 

24. Prove 

eos.r cos 2a7 cos3.j' cos 4x , _7r^ x ‘^ 

Ty “ o2 r oy To ~r> 


COS .r 

cos 2a^ 

cos 3 .J' 

cos 4x 


TT^ x‘ 

1^ 

22 

+ ^2 

42 + 


T2~T 

cos X 

cos S-T 

. COB 5x 

■n-2 

TTX 



+—32“ 

+ 52 -+ 

■■■ 8 

T’ 



In (i) ; in (ii) O^xgir. 

25. Show that for every finite value of x 

(1) cos(,rcos0)d0 = l-2,+^,-p-^+... ’ 

(ii) i cos(irco 8 0 )ain-’'^cf^ 


'(r! ' 2 ’-)M 


' 2 ( 2 r+ 2 ) 2 . 4(2r + 2 )( 2 r + 4) 
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26. If y denote the series (or integral) in 25 (i) show that 

27. If w denote the series (or integral) in 25 (ii) aiid if y=yfu show 
that 

y is called a Bessel Fvnction of order r, and is (but for a numerical 
factor) usually denoted by Jr{j') ; the function in 26 is (See 

Gray and Mathews, Bessel Functions). 

28. Show that if n is a jiositive integer 

sin .r(l + 2 cos 2./' + 2 cos 4.r + . . . + 2 cos 2n,T) = si n (2» + 1 ) r, 
and then prove 

r^sin(2^1).-^^,^w 
Jo sin r 2 

29. Prove the following results, a being positive and r a positive 
integer ; 

(i) ( log (1 - 2o cos./' + a‘-‘)(f.f=0 if o<] 

JO 

= 277 logo if o>l ; 

r .rsin.rcf.r ir , ,, , , t 

(ii) / - — vr T,= - log(l +«) if a<l 

L l-2«cos.r+o' a “ ^ 


(iii) f 


log(l+i) if a>l ; 


o 

cos f.r log (1 — 2« cos .r+a~)cl.r= - Tra’^jr if a< 1 

= -7ra~'jr if o>l ; 

r sin c sin r.c(/.r 


r . r sin csmr.ca.r ir , , 

Iq 1 — 2<t cos .V + a^ 2 


30. Prove 


= 20'"'^^’ if «>1- 

J.3 


' Ffnn.r , .r* y* 

n 111 

(ii) |^a-='of.r= 1-22+33-^4+... 

To obtain (ii), put of in the form e'’"** and expand. 



CHAPTER XIX. 


TAYLOR’S THEOREM FOR FUNCTIONS OF TWO OR 
MORE VARIABLES. APPLICATIONS. 


§ 157. Taylor’s Theorem for Functions of two or more 
Variables. We will consider very briefly the expansions 
corresponding to Taylor’s Theorem when there are more 
variables than one. The expressions for the remainder are 
very complicated and will not be written down although 
the form they would take can easily be gatliered from the 
proof ; any adequate discussion of tlie remainder, however, 
would take us too far into the theory ol’ algebrajic forms. 
It is, of course, a.ssumed that the functions and their 
derivatives up to and including those that would appear 
in the remainder are all continuous. 

We will take first the expansion of f{x-\-h., y + k) in 
powers of h and Ic] this expansion corresponds to (13) of 
§ 152. 

y-\-k) is the value of /(a; + /it, y-\-kt) when t = l ; 
the latter function, considered as a function of t, can be 
expanded by Maclaurin’s Theorem. For brevity denote 
f(x+ht, y+kt) by F{t) and let accents indicate derivatives 
with respect to t ; then 

F{t) = F(0) + fF'(0) + ~F"{0)+ ... +/;„(/) (1) 


We will now show how to express the /-derivatives of 
F(t) in terms of the partial derivatives with respect to x 
and y of F{t). 

Let x + ht — a\y + kt = Q, (2) 


then 


-dFda.dFd^ 


.( 8 ) 
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But 


and, similarly, 


.(4) 


'dF dFda dF . , ... 9a , 

'^JdF 

Thus (3) becomes 

FXt) = li^+k^. .. 
dx dy 

The etudeiit will perhaps see the meaning of (4) more edeaily by 
taking a particular case, say F{t)={x-\-htY\ij + kt)". The example will 
also illustrate the fact that F'{f) is a function of .r + ht and y + kt, and 
that F'\t) may therefore be found in the way we now state. 

Next F"(t) is the i-derivativo of F'(t) and will be obtained 
by replacing F(i) in (4) by F'(t) ; thus 

. dF' dF' 

r{t)=h~+k 

dx dy 


A 


, d^-F , Zi-F 
' dx^'^ ^dxdy 
d^F 


)+i{ 


, , ,VF\ 


dxdy dy- 


Similarly, 


dx^^ dxdy^'^ dy^- 


.(5) 


.(fi) 


.rr.->7 , 011.9 , ,,3 

F {t) = h 

The law of formation of the derivatives is now clear ; we 
will show immediately how the value of F*-™\t) can be 
written down in a more compact form. We first consider 
the values of F'(i)), F'(0), F'"(0). 

F(0)=f(x, y) and the values of F'{^), F"{0), F'"{0) are got 
by simply replacing the function F{t) in (4), (5), (6) by 
f{x, y). To get tire Lagrangian form of the remainder, we 
must in replace f by ; if 11 = 3, then in (6) F(t) 

would be replaced by j\x-\-hBt, y+kdt). Thus (1) becomes 


f{x + ht, y + kt) =f{x, + 


+ 


tv 

21V 


dyJ 


-a 


+ ... (7) 
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To get /(* + /!, y + k) put 1 for t in (7); therefore,. 
f{x+h, y + k)^f{x, 




+ + ^kk 




dx'dy ‘ ^ dy'^ 


+ ... ( 8 ) 


Equation (8) gives the required expansion : the expansion 
(7) is however a form that is mseful. 

The vahies of in (5), (6) may be written more 

compactly in the symbolical forms 




-dyj 


.(9) 


if these are interpreted as follows: — Let the binomial be 
•0 0 

expanded as if /t — and k~ were single quantities ; after 

expansion place F as the last factor of each term and then 
replace a term like 

ITO'4); 

first by then ))y 

In this notation the (va+l)^'' term of (7) would be 


3 A 



The form (8) may bo easily adajited to the expansion of 
f{x-\-h, y + k) in powers of x and y, we have merely to 
interchange x with h and y with k. Using the suflSx 
notation, we get 

f{x+h, y + Jc)=f(Ji, k)+xfn + yfk 

+ + ^xyfhi + y%k)+ ( 10 ) 

To form fh,fkh ... we may differentiate f(x, y) with respect 
to X and y, and then replace a: by ft. and y by k. 
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In (-10) we may of course suppose, if we please, h = 0, 
X; = 0 ; we should thus get the expansion of /(x, y) cor- 
responding to Maclaurin’s Theorem. 

When there are three or more variables the expansions 
are similar. Thus for three variables 

J\x+k, jj + K y. 



0 .) 


where the symbolical expression is to be interpreted in the 
same way as before. 


§ 158. Examples. 

1. To find the equation of the tangent plan'» at I he ])oint P{h, k, 1) 
on the surface /(,r, i/, z)=0. 

The 6(1 nations of the stiaight line tln-ougJi P, with the direction 
cosines A, ja, r, are 

{x - h)i\ = {ij - k)ln={z -l)lv=r, (i) 

where r is tlie distance from (h, k, 1) to (j-, //, z). Let (./•, _?/, z) he the 
point ^ on the surface ; then 

x = k + \r, y = k + fir, z-^l + vr ; /(.'•, //, z) = (). 

In f(.v, I/, i) put for y, i the values just written, and expand by 
Taylor's Theoi'erii ; therefore 

0=/(/i, X', + AP + (ii) 

But f{h, k, l)=0, since the point 7' is on the .surface ; therefore one 
value of r given by (ii) is zero. The othei- roots of (ii) are the distances 
fi’om P to the several points in whicli the line (i) meets the surface. 
Let r^ = PQ ; then (ii) becomes, since is not zero, 

0 = Xfi, -t- /ifi + vfj + Ar^ + (iii) 

As rj tends to zero the line (i) tends towards the position of a 
tangent line ; but (iii) shows that as r^ tends to zero, .so does 

Xfh + vf}. 

Hence the line (i) will be a tangent line if A, fjk, v satisfy the 
equation A/. + ,rA-f yA=0 (iv) 

If we eliminate A, p., v fiom equations (i) and (iv), we shall obtain 
an equation which is true for the coordinates of any point on any 
tangent line through P. The result of the elimination is 
{x - h)fh + {y- k)ft + (r - l)fi = 0, 

the same equation, except for the notation, as was found in S 01. 
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2. Euler's Theorems of Homogeneous Functions. 

Definition. A function «■ of two or more variables is said to be 
homogeneous and of degree 71 if, when the variables x, y, ... are 
replaced by Xx, \y, . . . respectively, the function u becomes A”m what- 
ever the quantity X may be. 

Let u=f{x, y) bo a homogeneous function of degree in two 


variables x, y. Then 

xu^+yuy— Ml, (i) 

xhi + 2xy + y^u „,, = rt (11 - 1 ) M (ii) 


Replace x and _// by (1 + f).r and (1 +i)y, that ii', by x+.vt and y-¥yt ; 
then u bccome.s (1 + <)"(/, that is, 

f{r + .rt, ■y+yt)-{\+t)"it. 

Expand the function on the left by Taylor’s Theorem and that on 
the right by the Binomial Theorem ; therefoic 

/(.r, y) + t{xf,-ir7jf,;) + [j,xJ„+-2.iyf„+y-fi,i)+ ... 

Equating coefficients of the same powers of t, ve get equations 

('X (>i)- 

It is easy to see that 

/ d t' 

1) f ) ". 

and that the theorems may be extended to homogeneous functions of 
three or more vai iables. For example, 

(ill) 

Ex. Let « = tan“'(y/.r); then u is of zero-degiee. 

1 —y —</ ■>' 

1 .r- x’+y-^ ^ j/+y- 

xux +yu„ = - 1 — = 0 . 

x^ + 7/ x‘-Ary‘- 

§ 159. Maxima and Minima of a function of two or more 
Variables. 

Definition, /(a, 6) is said to bo a maximum value of 
f{x, y) if f{a + h,b + k) is less than f(a, b) for all values of 
h and k, positive or negative, that lie between zero and 
certain finite values however small ; f(a, b) is said to be a 
minimum value of f{x, y) if /(a-f/i, b-{-h) is greater than 
/(a, h) for all such values of h and h. 

Similar definitions hold for functions of more than two 
variables. 
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We will assume the continuity of the functions and their 
derivatives for all values of the independent variables 
considered. 

A necessary condition that /(o, b) should be a niaxinium 
or a minimum (a turning value) is that both f^ and fy 
should he zero when x = 8i, y = h. For f (a, h) cannot be a 
turning value of /'(.c, y) unless it is a turning value of the 
function f(x, h) of x alone when x — a and also a turning 
value of the function /(«, y) of y alone when y = h', there- 
fore fxioc, h) vanishes when x = a, and fy{a, y) when y — b. 

To investigate sufficient conditions expand /(« -f- /( , b+h)\ 
we get 

/(n-f //, b + h)—f(a, b)= }f{h~faa-\-^^d'f ahd-hff ob) + R- ■ -i^) 

where the terms hfa, hfi, ai‘e omitted since /„ = (),/{, = 0 when 
f(a, b) is a turning value. 

If /(((, h) is a turning value the e.Kpi'ession on the right 
of (1) must retain the same sign for all small values of h 
and k, the negatiw .sign for a maximum value and the 
positive sign for a minimum value. Now R contains h and h 
in the third degree, if we suppo.se R to be the remainder in 
'Paylor’s Theorem ; it seems natural therefore to assume 
that, for sufficiently small values of h and k, the sign will 
be that of the quadratic expression in h and k. Yet this 
assumption is not sound as the following example, given 
by Peano, will show. 

Let /'(.c, //) = 8.r“- 6.ry^+//' ; tlion rf = 0, t = 0, /’("> — and 

equation (1) becomes 

/{!>, k) = S/r + {-GkP + l*) (2) 

Here we have R exactly, A’ — — 6M'’ + The terin.s of second 
degree reduce to 8/r’, and are therefore po.sitive so long as h is not 
zei o. Yet /(/i, / ) is not of the same sign for all small values of h and k. 
For let k = ff(Xh), and we find 

/(/q A)-(A-2)(A-4)/A 

Hence /(A, 1-) i,s jjositive or negative according a.s A doe.s not or does 
lie between 2 and 4. In other words, /(O, 0) is not a minimum value 
of /(.r, y), even though the terms of second degree are positive except 
when A=0. 

The difficulty Just notic('d would require a fuller con- 
sideration of the remainder in Taylor’s Theorem than we 
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have room to give. We therefore simply state that /(a, b) 
will be a turning value if 

faafbb>(fabY, 

and the value will be a maximum if faa (or fhb) is negative, 
a minimum if faa (or /jj) is positive. 

It may be seen that a necessary condition that /(a, h, c) 
should be a turning value of f(x, y, z) is fx, fy, fz, should 
all vanish when x = a, y — h, z = c. 

In many cases it is known that a turning value of a 
function must exist ; it is usual to assume without further 
proof that the values of the variables that make the first 
derivatives vanish are tho.se that give the turning value. 

§ 160. Examples. The most important cases are those in 
which the function whose turning values are required is 
given as a function of two or three or more variables, the 
variables being connected by one or more equations of 
condition. The best method of proceeding in such cases is 
usually the following. Let the function be u and let there 
be, say, four variables with two equations of condition, 

u=f{x, y, z,w){l); 

(jiix, y, z,w)^0 (2) ; ^{x, y, s, w) = 0 (3). 

Suppose for the moment that z and w are found from (2) 
and (3) in terms of x, y, and that these values are sub- 
stituted in (1) which thus becomes a function of two 
independent variables x, y ; let D^u, DyU denote the first 
derivatives on the supposition tliat the substitutions have 
been made. For a turning value DxW and DyU must both 
be zero. Now 

A»-/.+/«S+/.i -W 

and ’dzjdx, 'dwjdx are found by differentiating (2), (3) ; thus 

Instead of solving (5), (6) for 'dzj'dx and dwjdx, multiply 
(5) by X, (6) by ^ and add to (4) ; therefore 
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Dx'^ fx "I" "t" f^^x 

+ (/z + + ( /w + X^W + ^ 

In exactly the same way we find 

—fy + + ^^'^y 

+ (fz+^4>z + + (ft^+X<pio + ^^.\}/w)^ ( 8 ) 

It will be noticed that the coefficicnt.s of dzjdx and dw/dx 
in (7) are respectively equal to those of c)zldy and divjdy in 
(8) ; therefore choose the multipliers /n (and this is in 
general possible) so that these coefficients are zero, and the 
values of DxU, Diju, will reduce to the fii’st three terms of 
(7), (8) respectively. 

For the turning values of w the. deiivati\'es DxU, DyU are 
zero ; therefore for the turning values we have the four 
equations, 

/r + ./i^+X^i, + mV-''/ I (9) 

/e d-X^ij = 0, /„ + X9 !)!p+/U\//-,/. = 0, j 

and these four equations together witli equations (2), (3) 
ai’e just sufficient to determine X, n and tJie values of a:, y, 
z, lu that give the turning values of u. 

The equations (9) arc symmetrical in a, y, z, w, and this 
method, called the method of undetermined multipliers, is 
specially simple when the functions /, 0, yjr are homo- 
geneous. We have taken four variables and two equations 
of condition, but it is clear that the reasoning is quite 
general. We may state the rule for writing down the 
equations (9) thus : 

Form df+ \d^+ nd,\p- 

and equate to zero the eoejfficients of dx, dy, dz, dw. 

Of course df means fxdx+fydy+fzd^+fudw and d(/), dxfr 
have like meanings. 

Ex. 1. (]) ; ^=a.T+by + cz- k = 0 {2) 

Clearly u lias a minimum value ; for, by (2), ,r, y, z cannot be 
simultaneously zei'o and m is always positive. Now 

fiw + Ac? 0 = ( 2a’ + ) </ r + (2?/ + Aft) -f ( -t- Xr) dz. 
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and therefore, equating to zero the coefficients of dx, dy, dz, we find 
for the values of x, y, z that make u a minimum 
xja = — A,/2 =y‘d> -= ijc. 

By (2) each of these fractions is equal to and then by 

substitution for x, y, s in (1) we see that the minimum value of ti is 

k-j{d‘ + h- + d). 

The student may also solve the example by replacing 2 in (1) by its 
value {k-ax- by)/c deduced from. (2) ; he must be on his guard against 
confounding the value of in this method with the value of in the 
first method. 

Ex. 2. Find the tuining values of a when 


u = a“x‘^ + b^y- + r"z~, ( 1 ) 

and ■, (21 

lx+niy + nz—0 (3) 


In this case u is really a function of only one variable, but the 
method of undetermined muitipliei's is equally applicable. 

To get 2 ’id of the factoi' 2 we take A, 2y a.s the imiitiphers ; then 
we readily find 

a'ir+\i' + /d = 0, b'-y+ Xy + /ji)>i = 0, c-:+ Xz + /x7i = 0 ( 4 ) 

Multiply the iiisc of equations (4) by .r, the second by y, the third 
by s, and add ; then taking note of (2), (3), we find 

o^,/‘''^ + h 7 /- + c-.- + X = 0, that is, A= -m, 
w/iere u m now a tunnny ralve, since the values of x, y, z that satisfy 
(4) are those that determine the turning value, s. 

Put - u for A in (4), and we get 

.v=fdl{u - «^), y = niiij{u - //-), 2 = nnl{u - c^). 

If we now put these values of x, y, z in (3) the factor' p divides out 
and we get a quadratic erjuation for u, 

Pl{v - a'~) + nd/{H - h“) + n“l{u -c^)^0 (ij) 

One root of (5) will be the maximum value of w, and the other the 
mhiimum. 

EXERCISES XXXV. 

1. Verify Euler’s theorem on Homogeneous Functions (taking first 
derivatives only) in the following cases. 

(i) aa;2 + 26.«y + cy^; (ii) + (iii) ^x-\-^yd^'~ 

(iv) (x +y)/(a'2 +y2) ; (v) (.r +y + z)l{»y + 7f + z ^) ; 

(vi) tan-^ {rjz) where r=J (.^“ + ?/^ +z^)-, (vii) 1 jr. 

2 . If u is homogeneous of degree m , pi'ove 

(i) 2TO„+yw,j,=(«-l)?t* ; (ii) X7i^+yuy„ = {n-\)iiy. 

3. Show that if a is po.sitive tiary~.v^~y^ is a maximum when 
x=a, y = a, but neither a maximum nor a minimum when .r=0, y=0. 
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4. The function .)’y(6- i - y) is a maxinmni when .c = 3, y = 2, hut 
ih neither a niaximnm nor a minimum when .r = u, // = 0. 

5. Show that if n, c arc positive, and if 

ala’+hjy + c 

the sum x+y + z is a minimum, when 

xIJa = i/U'l> = :,\'<‘ = s^« + \'l> + K'f- 

Sliow also that if p, g, r ai'c positive, the product is a 

minimum, when 

p.Vi a = qyjh = r.j <• =p + g + r. 

6. If u — and if ax- + ili,iy+by^~\^ find the inaxiinnin and 

the minimum value of and interpret tlie i-esnlt geometrically. 

7. If M = .r^+y“ + i", and if 

+ '“= 1, and /.'■ + »p/ + ?!. - 0, 

find the maximum and the ininiinmn value of (/, and interpret the 
result geometricidly. 


8. If /( — .''1-+. 

and if + ((.p., + . . . + <i„x„ - k, 

show that the inininium value of « is /■- + +a,i^). 

9. If i are the per]>endieulais from any point I’ on the sides 
a, h, r of a triangle of area .X, .sliow tliat the inininium v,due of 

.r''^+y’ + ~" i.s 

10. Show' that the inininium value of 


(0|.r + &i,i/ + + (u.).r + h.,y + + . . . + + h,,;/ + 1 

is given hy the values of ,c and y which satisfy the equations 
(i:0|-).r + (^«,hi)j/ +('i;u,c,)=0 ; 

(ilff i/q) r + &;-)y + C^b,ri) = ( ). 


11. Show' that the centroid of ii given points is the point, the sum 
of the squares of w'ho.se distances from the ti jxiints is a inininium. 

12. Apply the. method of undetermined inultijiliers to (ind the 
evolute of an ellipse eousidei’ed as the envelope of the iionnaLs. 

The normal is air/a — b^ylfS^a'^ — V" 

w’here a^ja^ + fi‘lb-=\. 


a~x . 2a 

9 “r ^ ~7> ” 

a- a*' 


0 , 


% , y 2/3_ 
02 + A 


Hence 

and therefore X = l(a‘'-b'^, «’=n''.r/((T"- f<^), etc. 

13. Show' that the envelope of 

a-a™ +yl3”‘ = a"‘ + ' where a” + /3" = 6" 

" . _!L. /,,m+l\_2_ 

7,-m, n-m_l ^ In-m 

^ -\ ir j • 


IS 


G,C. 


2d 



418 AN ELEMENTARY TREATISE ON THE CALCULUS. 


§161. Indeterminate Forms. A function f{Jo), that is in 
general well defined for a certain range of values of its 
argument, may for a particular vuilue, a say, of it.s argument 
take a form (.such as 0/0) that has no meaning. It is 
possible, however, that /(.r) may have a definite limit A 
when X converges to a. Although f{x) is really undefined, 
has no value that can be calculated by the ordinary rules 
of algebra, when x = a, yet it has become the established 
practice to call /(u) in such a case an indeterminate form, 
and to define A as the value of f{j) when j' = a. The value 
thus assigned by the definition is usually called th,e true 
vahie of /(.r) wlien x = a. 

If it be clearly understood that this “ true value ” is 
assigned by definition and is therefoj’e arbitrary, there is a 
certain advantage from the procedure, namely, f{x) becomes 
continuous up to and including the value a, it being sup- 
po.sed that /(a ) is in general continuous. 

The typical indeterminate forms are 

0/0; oo/ao; so— ao; Oxx; 0*': oo^; I''’. 

We have already had some important cases of such 
forms; the derivative of f{x) is a case of 0/0. 

0 X X) is seen in x logx wdien .r = 0 ; the true value is zero. 

.g/ig-a; Qj, when ,r=:. 4 -qo gives Ox x> or oo /ac and the 
limit is zero. (See Exercises VII., 8, 9.) It is easy to see 
that the result holds whether u is integral or fractional. 

f” is the case of (l+a’)^ when ■x = 0 ', in this case the 
limit or true value is e (§ 48 CoR.). 

In many cases the limits are found most simply by 
algebraical transformations and the use of series. We will 
take one or two examples before indicating the general 
theorems. 


Ex. 1. 


- ] +(.r — 1)® 
(.r2-l)^-.r+l 


when .r=l 


fori 


1 

Divide mimeratoi’ and denominatoi- by (.r" — i ) ; we see at once that 
the limit is -3/2. The “true value” of the fraction when .r = l is 
therefore -3/2. 


Ex. 2. (sin~*a^ — x)/;r® when x=0 ; form 0/0. 

Expand 8in“‘.{ ( = .r+x-‘’/6+ ... ); x cancels in numerator, and after 
dividing numerator and denominator by we get 1 /6 as the limit. 
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Ex. 3. iHec .r/fiec 3.r when .r=3r 2 ; form oo/oo. 

Let .r=|7r-M ; then 

sec X _ ^ — sin 3» 
.i=i,raec3.t' «=o sin !< 


Ex. 4. 


cot^.r when .r -0 ; form x — x . 

1 - COtV= f 1 + cos - •: 

\ sin.?* /\sm.r/\ / 


The limit of the first factor is 2 and of the second factor 1 ; also 


sin .r - .V cos 




+ 


ao that the limit of the third factor is 1/3. 
Hence the limit oi' true value is 2/3. 


Ex. 5. .r^ when .»'=:0 ; form O”. 

LetM=,r*; then log ;'=.vlog.j'. The limit of ./'log.r or logzt ia 0, 
as we have just seen, so that the limit of v oi <■' is 1. 

Ex. 6. (1, when .r=0 ; form 

The logarithm of the function is 

- tan .(• log .)•= - (./ log .r) 

and has therefore 0 for limit ; the limit of the function is therefore 1. 


§ 162. Method of the Calculus. Wc will now prove the 
general theorem for the et'aluation of indeterminate forms, 
the continuity of the fimctions near the critical v’alues 
being assumed. 

Theorf.m. If <p(s,) and i/r(a) are either both zero or both 
infinite, and if converges to a limit v'hen x 

converges to a, then (p(x)/\p{.x) converges to the same limit. 

It will save repetition to observe at once that if <f){x)l\l/{oc) 
is indeterminate when x = a, the theorem shows that if 
<p''(x)l\fr''{x) converges to a limit then <j>'(x')l^'{x) and there- 
fore also ((){x)jif{x') converges to the same limit ; and so on. 

We need the following extension oi' the Mean Value 
Theorem of § 72 ; if ^x), <f>'(x), \fAx), yj/ix) are continuous 
for the range a-^x^b and if \l^'{x) is not zero so long as 
a<x<b, then 

<j>(b)-( p(a) _ 

where a<x^<h {Generalised Theorem of Mean Value). 


( 1 ) 
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The proof is obtained at once by considering F{:r) where 

because F{a) = 0, F(h) = 0, and therefore F\.i\) = 0 and we 
can divide by ^or \J/(.rj) is not zero .since lies 

between a and l>. 

I. Form 0 / 0 . Let = ^,(a') = 0 , and in (1) put ;r for h ; 

therefore ^r\ ~ (<* < < x), 

xlr{xi) 

and L = L = L 

x=a^{p^) a;=a^('^) 

If a = 00 the .substitution x = ljz reduces the problem to 
the evaluation of the limit for s = 0 , and therefore the 
theorem holds in this case also. 


II. Form 00 /oo . First, let ^(.r), ^(a ) be infinite when x 
is infinite. Let o be a large but finite value of x ; then, 
by ( 1 ), putting x for b and c for a 


(f>(x) — (pic ) ^ 
We may also write 


(C < CCj < x). 


(I>{x)-<p{c) ^ <f>{x) l-^(c)l<p{x) 

^x) — \lf{c) ^(x) 1 -\lr(c)lxly{x)’ 

and therefore by equating values 

xf(x) xfr'ix,) l-0(c)/0(.r)’ 

Now, let c be taken so large that <p'{x.y)/\l/{a\) differs from 
its limit A by less than Cj and let c be then kept fixed : 
0(c), -(/(-(c) will, though large, be finite. Then let x be taken 
so large (and this choice is possible since (l>ix), -^{xi) tend to 
infinity) that the second fraction on the right shall differ 
from 1 by less than 62 - The fraction <p{x)l^(x) is now the 
product of two factors, the first of which differs from A by 
less than ej and the second of which differs from 1 by 
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less than wherp Cj, may be as small as we please. 
Hence the limit of (j){x);\l^{(v) is A ; that is 

T </>(•'■)_ -I 

^ JLj ,7 V* 

jr;^ao^(a) 

Second, let 9 i(rt), ^0') he infinite, a being finite. The 
substitution .'; = (t + l /2 reduces the problem to ihe evalua- 
tion of the limit for 0 = 00 , and therefore the theorem holds 
in this case also. 

The above proof is that given in the Calculus of ( lennochi- 
Pcano (German Translation, Leipzig: Teubner). 

III. Other Forms. If ^(u) = 0, , we may write 

^(a) X \l/{x) = <j>(,r)-=r{\SlAx)], 

and the case reduces to case I. 

The forms 0*^, I " , are reduced by taki)ig logarithms 
as illustrated in S 161, ex. 5, 6. 

The form x — x may be treated as in g 101, ex. 4; or 
expansion in series may be used. 

Of course the method of differentiation may be combined 
with that of expansion in .series. 


Ex. 1. If is pd.sitive, (log.)-)'.!’" oomerges to zero when r becomes 
infinite ; for 

1 

L L i„ = 0. 

X=-r> ■' J. x=:x.n.r 


Ex. 2. Find the limit for a;=0, y=0 of the function of two inde- 
pendent variables (.r- (r -(-_?/). 

We take this example to illustrate the arbitrariness of the definition 
of a “ true value,” and aisc) to show tlie great difference betw'een limits 
for a function of one variable and limits for a function of tw'o variables. 

The above function may be made to tend to any value whatever ; for 
let y = Aa; and we get 

X- y .r - At _ 1 — A 

.r + y a;-|-A.r 1 + A 

By proper choice of A we can make (1 - A)/(l + A) equal to any 
number whatever. 

Geometrically, the z-axis lies on the sinface 

and as x and y tend to zei'o the point (-fjy, z) may be made to approach 
any point on the z-axia 
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EXERCISES XXXVI. 


Find the limits (the “true values”) of the functions in examples 1-J5 
for the given values of the argument. 

1. + + -.r)- when a'=1. 

2. {a- s!{d“ - when x = 0. 

3. X — — 2a.r) when .(■=<». 

4. V{(.j;+ai)(u.' + a 2 )...(.i+a„))-a' when.r=cc. 

Put x=ljz and expand by the binomial theorem. 

5. (1 + and (1 + l/.r^)'' when .r= oc . 

6. and when 


I- X 


I ~ J(%r - 


„ tan X - ,v 1 tan - n tan .v , 

7. . and — t : when .t ==0. 

X — sin .V ii am x - sin n r 


8 . 


• (I-) 


tan.r and .r tan .r - ^ sec .r wheu.r=|^. 


9. log(l +«.r)/log(l +6.(.') and {e'^^ - e-"^') I log {I + bx) when ,r = 0. 
/ 10. log (1 +.r) when .(•=0. 

X X" 


11. (fd — b')i(y - g^) when .<,■= 0. 

12 . 


log tan ax , 1< ig tan a.r — log tan hx , 

;. , r- iind T -- • — — i.- when.r = 0. 


log tan b.r 


log sin (IX - log sin bx 


13. 




+ «/ + ...+« 




when .j'=0. 


, . sinh .<■ - sin x , co.sh x — eo.s x , 

14. „ and 5 when .r=0. 

.*•’ x^ 

J 15. (cos and (cos when .<7=0. 

16. If the equation of a curve is 


'«2 + Wj + + . . . = 0 

where it,, , are homogeneous of degrees 2, 3, 4, ..., in the 

coordinates, show that when the factors of u, are real, the equation 
U 2~0 gives the tangents at the origin. 

Put x — rcoaff, _i/ = rsin0, and let u,^, it,, ..., become rh’.j, r'/’g, ... ; 
then two values of r are zero since is a factor of + it, + . . . . If, then, 
0 be chosen so that r, tends to zero, another value of r will tend to 
zero. The equation n, = 0 i'* 3. quadratic for tan &, and therefore when 
its roots are I'eal and different we get two gradients ; when they are 
real and equal we get one gradient ; when they are imaginary the 
values of tan & are imaginary, and the origin is then an isolated point. 
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Definition. A point on a curve at wliich there are two distinct 
tangents is called a itod(\ 

At a node two branches of the curve ci-oss eacli other, intei'.secting 
at a finite angle. In Fig. 61, p. 312, and in Fig. 63, p. 313, the origin 
is a node. 

17. If .t'^ + 2.A/ + 5,;-^+a“y--l/h/-=0, find the value of dijjd.r vhen 
.r = 0, // = 0. 

18. ' If, when .(■ beeonie.s infinite, (/j(.r) converges to zero, show that 
when X becomes infinite <//(.)■), if it converges to a finite limit at all, 
will converge to zero. 

Suppo.se has the limit A ditl’erent from zero ; the equation 

</>(.r) = <:/>(r) + (.r-<-)<//(.C]), (c < .c, <r i) 

shows that </)(.r) mu.st tend to infinity, because the term — 
tends to (.r — c).‘l, that is, to infinity. But this is contrary to the 
hypothesis that </)(.<■) tends to zero, so that if A i.s finite, it mast be 
zero. 

19. Show that the sei ies 

-1- +-~I- ' A... 

(log 2)“ (h.g3)» (log4)“ 
is divergent for every positive value of «. 

Compare with b2A]/3+l 4 + ... ; the limit for ;i = x of 

I 1 / j , \a 

A-, that is, of V?i“, log a/ 

(loga)“ ft 

is infinite (§ 162, ex. 1). Hence the given series is divergent since the 
harmonic series is diveigeut. The series is obvioush divergent when 
a is negative. 



CHAPTER XX. 

DIFFERENTIAL EQUATIONS. 

§ 163. Differential Equations. We propose in this chapter 
to discuss a few ditfercntial equations that occur in elemen- 
tary work. Nothing beyond the merest outline can be 
given ; the student will find ample treatment in Forsyth’s 
Differential Dqitationn (Macmillan) or Murray’s Differential 
Equations (Longmans) 

An ordinary differential equation is an equation between 
one independent variable, one depemlont variable and one or 
more derivatives of tlie dependent variable 

A partial differential equation is an equation between two 
or more independent variable.s, one dependent variable and 
partial derivatives of the dependent variable. 

• We deal only with ordinary differential equations. 

The order of a differential equation is that of the highest 
derivative contained in it ; the degree is that of the highest 
derivative when the equation is cleared of fractions and the 
powers of the derivatives are positive integers. 

Thus the eej nation 

.v^y" xy' + — r^)y — 0 

is of the second order and of the first degree. The equation 

—yy' + a = 0 

i.s of the first order and of the .second degree. 

By the theory of elimination explained in algebra we can 
eliminate one quantity from two equations, two quantities 
from three equations, n quantities from (n-f ]) equations. 
Hence if an equation containing x, y and constants is 
differentiated once the new equation will contain .r, y, y' and 
constants, and from the tw'o equations one constant may be 
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eliminated; the re‘^ulting equation will be a differential 
equation of the first order and will contain one constant 
fewer than the given equation. 

Similarly, if the given equation i.s differentiated twice, we 
shall have three equations from whicli tA\’o constants may 
be eliminated ; the resulting equation will be of the second 
order and will contain two constants fewer than the given 
equation ; and so on. 

The given equation is in each case called the comptete 
primitive of the resulting differential equation and we sec 
that the complete primitive contains one, two . . . constants 
that do not occur in the differential equation when that 
equation is of the first, second ... order. In the process of 
elimination no account is taken of the particular value of 
the constants ; these constants may therefore be called 


arbitrary. 

Ex. 1. Let the given ecjuation be 

y = A.v^+B, (1) 

and ditl'eientiate twice ; we find 

Di/=2A.r ; (2) 

Dy = ^2A (3) 


The first differentiation eliminate!-, Ij ; we can eliminate A from 
(2) and (3), getting (4) 

Whatever be tlie \alue of B, e(|uation (1) rej)re.sent.s a parabola 
with ;i given latii.s lecttim l,,l, and with its axis lying along the 
,^-axis ; hence (2) is l/ie (liflWeiilinJ etpinUoii of all svich parabolas. 
Equation (4) again is the difl'ereiitial e<iuation of all parabolas whose 


axes lie along the y-axis. 

Ex. 2. Let the given equation be 

( 1 ) 

and differentiate twice ; we find 

(.r-o) + (y-6)A/=0 ; (2) 

l+(/h/)2 + 0/-W/ = 0 (3) 

If we eliminate a and h from equations (1), (2), (3), we find 

W 


Equation (4) is the differential equation of all circles with radius c ; 
equation (2) i.s the differential equation of all circles whose centre is 
the point (n, h) ; equation (3) is that of all circles whose centres are on 
the line y — b. 
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§ 164. Complete Integral. If in example 1 of last article 
we suppose equation (4) to be given, and if we pass from the 
differential equation to equation (1) we are said to integrate 
or solve the differential equation. From this point of view 
(1) is called the complete integral of (4), and A and B are 
called the arbitrary constants of integration. 

Equation (4) is of the second oi-der and (1) contains two 
arbitrary constants. It is proved in works on Differential 
Equations that a complete integral exists for every 
differential equation and that when the equation is of the 
order the integral contains 'it, arbitrary constants. 

A particular integral is one obtained by assigning a 
definite value to one or more of the arbitrary constants in 
the complete integral. Thus 'y = x~~\, y — y = x^ arc 
particular integrals of (4) in Ex. 1 of last article. 

Another way of considering the integration of a differential 
equation may be illustrated thus: — Find a function y (i) 
that shall satisfy the equation 

X D-y— Dy = 0. 

(ii) that shall be equal to h when x=a and (iii) that shall 
have its first derivative equal to c when 'x — a. 

Since the complete integral y = Ax^ + B contains hvu 
arbitrary constants A, B we can determine them to satisfy 
conditions (ii), (iii). These conditions give 

h = Ad--\-B: c = ‘2,Aa. 
so that A=cl2a, B — b — iac, 

and the function tj= I 

^ 2a 2 

satisfies conditions (i), (ii), (iii). 

For another illustration of a .similar kind see § 69, exs. 1 , 2. 

The student should work through the following set of Exercise.s ; 
several of the differential equations oecur frequently in physical appli- 
cations. _The primitive, considered as the integral of the differential 
equation, is in each case the complete integral. It will be noticed (see 
examples 7, 8) that the one differential equation may ari.se from 
different primitives into which the constants entci' in different forms. 
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EXEECISES XXXVII. 

1. If y = .i4.r+ 5, then Z)2_y = 0. What is the geometrical meaning of 
the equations Dij = A , /)-y = 0 ? 

2. If y=Ax”~^ + B.r''~'^+...+K.vA-L^ a rational integral function 
of degree (n-1), prove Z^"y=0. 

3. If y = + Bx + C, then ZPy = 0. Interpret geometrically 

4. Ify = .d.*^+ Bx“ + Cx, then 

or x^IPi/ + 6x/)y -6^=0. 

5. If y = .d/.r+5, then 

.r2/)y=-^, m/ + -^D// = 0. 

6. If y = A log X + B, then 

xDfi=^A, i)^y + ^Z)y = 0. 

7. If y = A cos nx + Z? sin nx or if y = C co8(?(,c - E) then 

Z>-y + «“y=0. 

8. If y — Ae'^+ or if y = Gcosh sinh nx, then 

D'^ — ifiy=0. 

9. If y=.l /.r + .ff +.»■“, then 

iy‘y + ~Dy — ii. 

10. If y = .4 cos9W' + .6,sin /(.r+ A’co.s/Af+ Z^siny.r where A, .S are 
arbitrary and n, p unequal, prove 

n^y + nh> — {n^ — jo^) E cos px +(/«•- p^) F sin px. 

11. If y = e~^'’^(A cos n.r + B sin Jix), then 

Bh/ + k By + («' + \F‘‘)y — 0. 

12. If y = e’“ + Z?e" then 

/)2y+/f-/>y-(«*-i^")y=o. 

13. If y = + then 

Z>2y - (?« + n)Dy+mny=0. 

14. Ify=(yl + Bx) e"’', then 

jpy — Dy + n^y = 0. 

(Compare 13 and 14.) 

15. If y = (.il +5 j-) cos w.r + i,E+ Fx) sin nr, then 
B^y + 2n2 D-y + nh/ = 0. 

If y = ( A cos 7i.r + jB sin nx)lx, then 

lF{ay)+n^xy = 0, or lFy + ^By + nh/^0. 


16 . 
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17. If — + then 

D'-!/ + - /•// - n'h/ =0. 

18. Ify = »i.r + f/, i/i, in being arbitrary, then 

.r{Dy'f—i/ Dij + (r = 0. 

19. If x-l(a“ + k) + y-jilr' + !•) = 1 , 1- being arbitrary, then 

■vy ( Dj/f + (.r^ — //“ - a? + h~) Dy ~ ■‘'y = 0. 

The primitive i-epresents a family of central conics having the same 
foci (confocal conics). 

20. Show that the complete integral of equation (iii) § 154 is 

f(.r) = A sin (aain^' .r) + /?coa (o sin“’ x). 


§ 165. Equations of the First Order and of the First Degree. 

We will now state one or two types of equations which can 
be readily integrated ; at any rate their integration can be 
reduced to the evaluation of an ordinary integral. So far 
as the theory of differential etjuations is concerned, the 
solution may be considered to bo obtained wlien the equa- 
tion is reduced to either of the forms 


dy 

dx 


for these equations give at once 

y = + O : .r - j -f C, 

and the rest of the work is ordinary integration. 

Type I. Variables Separable. The variables are said to be 
separable when the equation may be written 
f{x) d:c-I-F(y) dy — 0, 

where f{x) is a function of x alone and F{y) a function of 
y alone. The solution is 

j fix) dx+\^Fiy) dy - C. 


Ex. 1. 

We have 

therefore 

or 

or 


«(.r -f-a)Zty +»»(■!/ + 6) =0. 

•nd)! mdx „ 

— ^ -1 =0 ; 

y+o x+a 

n log ( w + log (,r-)-«)=const., 
log \iy + byix -1- «)"•} = const 
iy + b)%rJra)^=C. 
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Aliy one of the last three equations may he taken as the sijlntion, 
but the last form is usually the most convenient since the integral is 
algebraic. 

Type II. Homogeneous Equations. An ecj nation is called 
lioinogeneous when it is of the form 

y)lF(.f, y), 

where f{x, y), F(ar, y) are honiogcneons and of the same 
degree in x and y. 

To solve, change the dependent variable by the substitu- 
tion y = vx\ the equation becomes 

v)IF{\, r) = (ji{v), 

and the variables are now .separable. 


Ex. 2. 
We find 

whence 

therefore, 

01 


%vyDy = + >r. 
'Z.i'-r{.vDv +v)=x'^{\ + 1 ’'*), 
dr Zvdv _ . 

X 1 — ’ 

log{.r(l ~ r-)l = eonst. =log C, 
x^-y-^Cx. 


The equation {ax+hy-\-c)Dy = ax + b'y-\-c' 
may be made homogeneous by the substitutions 
^=ax-\-hy+c, ri — a'x-yh'y + c, 
provided ah' — a'h is not zero. (See Exer. XXXVIII. , 6, 7.) 


Type III. Linear Equations. An e(]uation is said to be 
linear if the dependent variable and its derivatives occur 
in it 07ily in the /ir.sf degree. The linear ecjuation of the 
first order is therefore of the form 


Dy + Py = Q, 

where P, Q are functions of .r (or constants). 
Let i? = j"prfa: and multiply by 


then since 
we find 
Hence, 


I)e^ = e^I)F = e^^P. 
e^'^Dy -p e^^iPy — D(e^iy). 
P(e^‘y) = c^Q; 


and therefore 


e^y = dx -f- G. 


Cor. The equation Dy + Py=Qy” may be reduced to the linear' 
form by putting and taking v aa the dependent variable. 
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Ex. 3. 
Here 


and 


(1 —.v^)Ih/ + .'ry — ax. 

x ax 

^ 1 — x‘^‘^ 1 - x'^' 

A=//^= - ilogO -^^)=i«g7(r”.r2y 

Therefore ^ 

s/(l - X^) •' J - X^ 


and 


.V=r» + <V(1 -.r-). 


Ex. 4. When an electric current of sti-ength x is flowing in a circuit 
of inductance £ and resistance subject to an extraneous electroinotivc 
foi'ce E, the equation of the current at time t is 

Lj-\-Rx=E. 

First suppose E constant, equal to E^, L and R being constant. We 
have 




e‘fn + C=^^e‘+C\ 


gt 


and therefore 
and 

When < = 0 the current ./' = 0, and therefor e C= - EJR ; hence 


.r = '|' + Ce”' 




The pai’t E^fi ^jR is the extra or induced curr ent and dies away to 
zero as the total current attains its steady value EJR. 

Next suppose E= E„wfi{pt - a) ; then since 

gt 
l^L 

coai^pt - a)dt — -f,„ - — ir 7 -,Vfcos(p^-a) + nZsin(»i-a)}, 

/t*' •'/>*' 

_ — ^ 

we find .c=Ce '■ +-j^^-^i^-j^j^\R(:a9.{pt-a)+pLsu\{pt-a)\. 

As t increases, the term becomes of less and less importance ; 

the other- term gives the steady oscillation. The steady oscillation 
may be put in the form 

where ta,na,=pLjR. The quantity is called the im- 

pedance of tire circuit. 



LIiVKAE EQUATIONS. EXACT EQUATIONS. 


431 


Type IV. Exact Equations. Tlie equation 

M-\-NDy — 0, or, Mdx + NJi/ = (), 
where ili, N are functions of x and y, i.s- called an exact 
equation if Mdx + Ndy is a complete differential, that i.s, if 
dMI'dy is equal to dN/dx (S 94). In this case there exists a 
function u such that du = Mdx + Nd 1 / 

and, obviously, the integral is u = constant. 


Ex. .■). -Ij'i/ - I/- + ±r + (. 1 '^ - ±rij + 2y) Dij =■ ( >. 

Flei'e + + 

and 0i)//?//= I'.c- 2// = 0,U t.r, 

.so that: the equation is exact. Knowing tluit tlie equation i.s exact, 
we can readily ai'range d/<'/.c+ AW// as a sum of complete differentials ; 

we tind ('2,/;//(/.r + ./'W//)-(y-d.< +i:.'///i'//)4' 2./Wr+ 2//d//, 
that i.s, 't{x\ii)-<t{xy-) + d{.d)Jr(I{il-), 


K ~ /•-// - 

./•-// - ./;//' U. 

./-'* — 2 //" + '2x11 Dy = 0 . 


so that 

and the integral is 
Ex. fi. 

I'his e(] nation is not exact, but it become.s exact when niulti])lied 
by 1 We (ind 


s> jsi .7 


D 


m- 


and the integral is (./■■' +y-)/W‘^ = C, or, 

The factor 1 /./^ which makes the e/juation exact is called an inte- 
yrating factor ; when an ecpiation is not exact it- may be possible to 
guess ail integrating factor and thus integrate it. 


§ 166. Equations of First Order but not of First Degree. 

Let Dy be denoted by p; the equation, when of the 
vi‘*' degree, will have the form 

+ ... +irp + i = 0 (1) 

where A, B, ... are functions of .r and y (or constants). 

If possible, solve for p ; there will be in general n values 


p=Pi,p=P2, 

and each of these equations when integrated will give a 
relation between x and y that will satisfy (1). 

Ex. 1 . xyp^ — (j''’-\-y‘)p+.ry=Q. 

Therefore P=ylx or P^xjy, 

and the.se e(]uationa have as integrals 

^y = U.r, = 
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Ex. 2. Chn'raiit’s 

j/=.rp + f(/>) (i) 

This equation is of a special form and is integrated thus : 
Differentiate (i) as to . 1 , and we find 



Hence cither dpidx = 0, that is, jo = constant = (7 ; or 

.r+f(p)=(i (iii) 

The substitution of G for p in (i) gives the complete iiUeffrol 

p^G.v+f{G) ■ (iv) 


On the other hand, if p is eliminated between (i) and (iii), we shall 
get a relation between .r and // that xvill satisfy (i). This relation is 
not obtained by a.ssigning a pai ticulai’ constant value to 0 in (iv), and 
ia called a Siiuiular Solution. 

The .singular solution is in fact the envelope of the family of 
line.s (iv) ; for if we eliminate C between (iv) and .r + r(r') = 0, we 
clearly must get the same equation as that called tbe Singular 
Solution (we have simply intei'changed C and p). As we have seen 
(fS 145), the gradient of the envelope is the same as that of the family 
(iv) at their points of meeting. 

For example, the complete integral of p=.i'p + a p is 
y—C.r + a (\ 

and the Singular Solution is given by 

//-'=s 4(1.1'. 

§ 167. Equations of the Second Order. 

Type I. D-y = /'(x), a function of x alone. 

Integrate twice with respect to x ; two constants will be 
introduced. 

Type II. D^y=f(y), a function of y alone. 

Multiply by J)y ; then since Dy D^y = D {l{Dy)“} 

\{J^y? = ^fi:y)Dydx+ C=^f{y)dy + C. 

It may now be possible to integrate this equation of the 
first order. 

Ex. 1. The equation of motion of a simple pendulum of length I 
is 16— -gsin 6. To integrate, multirily by 6, then 
^l{df=g<M»e+C. 

When < = 0, let 6l = a, ^=0 ; then 

C= ~y cos a 



TYPES OF EQUATIONS OF SECONJj ORDER. 


UTS 


aud 0= - '>/(^^')v/(co.s (;-c.i)sa)- “ 2's/(‘^) 

thu negative Mign being taken beeause 0 decrease.s as t increases. 

If we put sinJ^i = siniasin </>, we get after reduction 

dt ^ _ U/\ 1 

d(ft V / ^/( 1 - sin^iu .sin-0)' 

Tlic integration cannot be cari ied furtlier }>y means of the elcnientaiy 
functions, but t may be expressed by an infinite series. The value of ;■ 
for tlie quarter period i.s A\f((l(/) [g'loR, oxv 3]. In general, 


///U^ d<l> _ 

\ \g/ V ^/(l — hin-.bt si!r0) 


Type III. a function of Dij alono. 

Lot J)y = v and we fjfet I)r — f(r) and it maybe possible to 
find V, and then y. 


Ex. 2. Tbo equation c/)-_y = j] +(/>y)2|i gives (],. 270) 
.r=cr'(l + r-)t + 0 (con.-.tant). 

Then Dy = r= q-(,r-n)/^/{e'-(.r-«)“}, 

y— s''{ -4- 1 (eon.stant), 
or {.l•-dy■■>r{y-h)- = <■■■. 


§ 168. Linear Equations. Tlie typical e(|uation of tlic 
second order i.s 

Dhj^rDy^(ly = n ( 1 ) 

ndiere P, Q, R are function, s of r alone (or constants). 

The complete integral of all linear equations i.s tbo sum 
of two functions ; — 

I. The Com.'plementary Function (c.F.) which i.s the 
complete integral of the equation when R (or in general the 
term independent of y atid its derivatives) is zero. This 
function will contain two (when the equation is of the 
n'-^' order, n) arbitrary constants. 

II. The Particular Integral (P.l.) which is any solution 
whatever of tlie equation as it stands. This function 
contains no arbitrary constant. 

We prove the proposition for equations of the second order, but it 
is easy to see that the reasoning is general ; for the equation of the 
a oi'der there will be n functioii.s like ?/, r, and ri constants. 

If y = u and y=v satisfy 

D'-y + PD/f -t- Qy = 0, 


•( 2 ) 
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HO does y = Aa + B» wheit' .1, D .ire constants. Kor if 
+ PDu 4 - Qu = 0 , D'» + Plhi -h (^v = 0 , 
then also JP(Au + Br)-^-P/){Aii + Br) + Q{A<i + Bo)~0, 
and therefore Av + Bv satisfies (2), and since it contains two constant-, 
it is the complete integral of (2). 

Next, if y = v' is the ])articulai integral, that is, if w veiifies 
equation (1) and if A>i + Bf is the coniplementaiy function, then 
Azi + Bv + w v/il I satisfy ( 1 ). Eoi- when y — Aii + Bi'+ ir, 

D^y + PDy + V.y’= />'(•( + Pv) + PfK- 1 « + P>') + » + Br) 

+ D-v 4 - PDw 4 - Qu\ 

The fir.st line on the l ight is zero, and, since w satisfies (1), the 
•second line is equal to R. This value of y therefore satisfie.s (1), ami 
since it contains two constants it is the complete integral of (1). 

The only equations we consider are those in which P, Q 
are oonstantii. 

§ 169. Complementary Function. The e(|uation to I)e 
integrated is ^ ^^jjy + = q (3 ) 

I. Let y = (X con.stant) ; then 

{X- + <tX + h)e^' = 0 . 

If therefore X is a root of the equation (the axixiliary 

equation) XH«X + h = 0 (4) 

e'^ will satisfy (3). The two roots Xj, X 2 of (4) are 
Xi = — hi 4 - — h), X.^=—la — lj( \a- — h) 
and P'-^, are two solutions of (3) Hence the comploti' 
integral of (3) is 

y = ’ = e - 1« <' ( ^ e ’'■< + Pe - ) ( d ) 

where n — — 

We must however consider special cases. 

II. If o- = 4(i equation (4) has two equal rootf^, namely 
Xj = X 2 = — ^a. In this case (5) becomes 

y-=iA 4-P)e-i“ '', 

and there is only one distinct constant, for we might 
obviously replace .4 + P by C. 

When a^ = ih lot y = and (3) becomes, after reject- 
ing the factor e ' ‘ , = 0 

of which the complete integral is u = A-\- Bx. 
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Hence the complete intofrral oi' (R) wlien tlie auxiliary 
equation has two equal roots, each = — la, is 

y — {A-\- Bx)e~^'^'' (6) 

III. If a2 < 4i the roots of (4) are imagiiiaiy. Ai)ain, let 
y — and equation (3) becomes 

Bhi + ivru = 0 (7) 


where -}a^ — h= — m' and m is real. Now (7) is satisfied 
by u = coHmx, u-— sinmx; its complete integral is thus 
u = A cos mx + H sin m.r, 

and therefore the complete integral of (3) when a-<4<h is 

y = e~-"' u = (A cos vt.r + B sin mx) (S) 

We shall now show how to write down ('>) and (8) when 
the roots of (4) are known. 

Let ?' denote as usual — 1 ). When the roots of (4) are 
real let — h = n- : the roots then are 
— ia + n, —-\a — n, 
and the solution is y = ex + Be- 

When the root.s of (4) arc imaginary let la~ — b 
the roots then ai'c 

— la + ni, — .b( —ni, 

and the solution is 

i/ = e- A cos nx + Jl sin 1 ?,/'), 

■SO that instead of c’"'', c"'"'’ we have cohvx, sin n.e. 

It should be noticed that the auxiliary equation is ob- 
tained by replacing 2) by A and rejecting //. 

Ex. ]. + 7 A/ — 8y = 0. 

Aux. Eq. A--h7A-8=0; A, = l, A.-=-8. 

Solution y = A<^+ 

Ex. 2. n^y + 2Dy + \0y=-0. 

Aux. Eq. AH 2A -1-10 = 0; A,= - 1-1-3?', A;i - - 1 - 3/. 

Solutiou y = cos 3.!' -1- B .sin 3.? ). 

Ex. 3. D*y ~2lPy + iJ)'^y — SDy + iy=0. 

Aux. Eq. ;^^'4.-2A''-t-5A--8A -1-4=0; 

Ai = ]=A.., A3=2?', A4=-2?‘. 

The equal roots A„ A 2 give {A +B.r)e^ ; the imaginary roots 2?', -2?' 
give E cos 2.V -i- Esin 2.v. Hence the 
Solution y = (A -I- Bx)e^+ Ecoa 2x H- /’.sin 2.r, 
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§ 170. Particular Integral. The most important practical 
cases are those in which is a sum of terms of the form 
ie", Zsinoa:, Zcosax; the simplest method of findinfr a 
particular solution is by substitution. Equation (1 ) is now 

D-)j + aDy + by = R (9) 

I. = Ze*^. Let y = C'e*-' and try to find C so that equa- 
tion (9) shall be verified. We find 

G(a^ d- au+ h)e^ — Ze“, 

and Ge’^ will satisfy (9) if C' = Z/(a“-t-oa-f-?'). 

There are exceptional cases, however. 

I. {(i). If a is a root of the auxiliary equation (4) then 

a- d- au + h = 0, 

and the value of G i.s infinite. In thi.s case try Ccce'^ or 
according as « is a single or a double root of the 
auxiliaiy ecjuation. 

Ex. 1 . iy\i/ - H D>/ +y = 0 ^ + 

Aux. Eq. /U-2/\.-l-l =0 ; A=] twice. 

To iiiid r.i, take U and c'" separately ; that is, .since the coefficient of x 
in c'' is 1, and 1 is a double loot of Aux. Eq., try C.r-e^, for P.i. corre- 
sponding to e^, and Ac--' foi r.i. corresponding to c-b Hence we put 

>/=C.r^<f+EeK 

and the equation becomes 

2 -f Ee'-^ = c* -i- e'^, 

so that E-\, and therefore 

iM. = 

The part corresponding to may be obtained at once by direct 
application of I. d'he complete integral is now 
//~c.K. -l-r 1. 

= (A 

II. R = L sin ax d- M cos ax. 

Take as trial solution 

y = E sin ax + F cos ax. 

We find 

{ — a^E — aaF +bE) sill ax-\-{ — a^F+aaE+hF) cos ax 
= Z sin ax d- M cos ax. 
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and the equation will l)e satisfied if 

Q} — a?) E — aaF — L ■, aaE+{h— a') E= M : 

„ (h — a-)L + aaM „ — aaL + (b — <x") M 

»>■ (,,-«y+aV ■ -(6-?-j= + a4 ■ 

If (1 = 0 we get 

E=L!(h-u^)-, F=3i;{h-a-): 
but this solution fails if a^ = h, that is, when the com- 
plementary function is A cos a.r-|-i?sin <i,r. We have then 

II. {(i). If « = 0 and a- = I) it will be found on trial that 
L , M . 

P.i. = — X cos ax -J - X sin ax, 

2a za 

when R= L sin ax + M cos ax. 


Therefore 

Hence 


..(i) 

.(ii) 


Ex. 2. The equation 

.r-t-I-.i + fij' = aco»0’f - o) 

is typical in dynaniical and electrical theory. 
c.F. is easily found. To find r.i. try 

.(•= A’coa(«< - a)-|-/’sin(;n - a), 

and we find hy substitution in (i) 

( - n^E+ ktiF+ iiE) cos(Ht - <4) 

-I- ( - 11 ^ F- k-nE+ /r/’).sin {nt -a) = a - a). 

Hence (ii) will satisfy (i) if 

{fi-nOE+htF=a ; - kn E+Oi- )r)F—-0. 

(ix~n-)a kna 

(p, — H“)" + k~n^ ’ (fx — /i“)“ + k^A 
{ft — 7i-)cos(«< — u) + I-« sin (»< — tt)} 

~ Km - 

= a ms{7i( - a — ai)’'\'{{tx - + khx ^ } 

where tan = knl{fx — n'O- 

li k = Q and n^ = fx, we have II. («). In this i;ase 

III. If R is a rational integral function of .r we may put 
for y a rational integral function and try to determine the 
coefficients so as to satisfy the equation. 


§ 171. Simultaneous Equations. We will illustrate, by 
solving one or two examples, .some methods of integrating 
simultaneous ordinary differential equations, the number of 
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equations being equal to the number of dependent variables. 
We take t as the independent variable and restrict our- 
selves ‘to two dependent variables, x and y. 

Ex. 1. .'■■= — <u)/ ; (i) 

y — (ii) 

Ditferentiatc (i) and substitute for // its value w.v given by (ii) ; we 
thus get an oi'dinary eij nation w'itb one dependent variable, namely, 
■r + = 0, of whieli the integral is 

.)■= A eos (at + /f sin or .r= ('cos((ut — £1) (iii) 

The value of // is now found from (i) ; we get 

// = A sin (ut - B cos (o< or y= 6'siu((o< - B) (iv) 

It should be noticed that although A and /] are ai bitrary, yet the 
constants in y aie deteiininate as soon as tho.se in .r are chosen. If, 
however, (i) contains x alone, and (ii) _y alone, the constants in x do 
not condition tho.se of >/. Thus the equations 
,V;-t-(i)-.r=0, //' -f- (D-y = 0 

give ,r = A cos (o< + Bsin (ut, i/ =£ con lot + Fain wt, 

and there is no relation between A, B and E, F. 

Ex. 2. .)■' + Ar - 3y = 0 (i); y-f 15.r- 7.y = 0 (ii^ 

Differentiate (i) ; .V + h.r - 3y = 0 (iii) 

From (i), (ii), (iii) we can eliminate // and y ; we find 

,V-2; + 10.r=0, (iv) 

of which the integral is 

.r=r‘(A co.s 3? + B sin 3t) (v) 

Eciuation (i) now determines //, namely, 

y = c'l(2.1 -f-B)cos 3t-l-(2B- A)sin 3t} (vi) 

If (i), (ii) had each contained both <■ and y, we should have differ- 
entiated both (i) and (ii), and from the four equations we should have 
eliminated the three quantities y, y, }/. 

Ex. 3. As the last example we take the equations 


Lx My -I- B.j: = B, (i) 

M.i- +My + Sy = Q, (ii) 


which connect two mutually influencing electric circuits, x and y 
denote the currents, L and M the self-inductances, M the mutual 
inductance, B and B the resistances, and 1‘ and Q the extraneous 
electromotive forces. The product LN is greater than 
We ma}^ proceed as in example 2 by differentiating (i) and (ii) and 
eliminating y, y, y ; but we will illustrate another method. The prin- 
ciple of complementary function and particular integral evidently 
holds for simultaneous linear equations; B, § are either constants or 
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fuiictioii.s of ty Mild we may iipply the pi ineipk- ta (i) and (ii). The 
complementary function is? tliu.s fibtainea fi'oni 


IjX + Ji/f/ + /fa* = 0 ; ( i i 1 ) 

Mx- + + tiij — 0. (i 1’) 

r>et .)• — where A, B are eon.stants, and .‘?ul)stituto in 

(iii), (iv). We find {Lk+lt)A + J/Ai5=0 ; (v) 

MkA H • ( WA + .V) Z? = 0 (v 1 ) 

If we eliminate the ratio A : B from (v);iiid (vi) we get the condition 
that (v) and (vi) should he s?inuiltaneoiisly satisfied, namely 
(IX + B){XX + B) ~ M-X' =- 0, 

or (LN- ^r■)X- + iLS+ XR)X + BS = 0 ( v ii ) 

The roots of (vii) are real ; for 

(LS+ NRf - J ( A.T- J/Q/AS'={/eV - NRy^ + AM^-RS, 


so that the discriminant of (vii) is positive. Also, since LX>AP, the 
roots of (vii) have the same sign ; lioth are negative. If we call them 
-A], — Aj and take the constants as A,, ,l._, and B^, B,^ we got for 
the .solutions of (iii), (iv), 


..■ = Aie-h' + Jy.-V e- ''i' + ZJ,,r (viii) 

iJ] is connected w-ith ^1,, and B-t with Jv by equation (v) cir (vi), that is, 

B^ = A^(R- AA,), iVA,, bS^A.{R - LX.,) MX.,. 

If P, Q are constants, the iKirticular integi'als are clearly 
.r = P/.', y. V/N, 

and these added to (viii) give the coinplet' integrals of (i), (ii). 

The only other important ease is that in which P— Pq cos(?)/ - re) 
V=0, and the particular integral is found by assuming as a trial 
solution, a; = Pcos(Mf-a)+ Psinfi)/ - re), 

y = G cos (nt -«)+// sin (nt - re), 
and determining tlic constants E, t\ t', U. 

The equations .V + A-=0, ?/ -X-.r + c'y/^O, 
are the equations for the small motions of the bob of a gyrostatic 
pendulum (gyroscope axis along su.s|)ensiou), and also the elementary 
equations of motion of an electron in a magnetic field in tlie theory of the 
Zeeman eti’ect. (See (Iray, Moquctism and Elertra-ity, Vol. I., ^ 565. 
In Chaptei’ X. of this work will l)e found several instructive examples.) 


EXERCISES XXXVIII. 

!{\ -,,=)Py = ^/(l~y‘-); 


Integrate equation.s 1-16. 

1. (l-t-.r2)7Jy = l+/; 2. 

3. y ~x T)y = m {y- + By ) ; 4. 

5. .r By -y = J(x- + y ') ; 6. 

7. (a.v + by + c)Dy = m(a.i: + by) +ff ; 


(xy -h .(.•-) By +y- = 0 ; 

(2,?.'-t-18y- 14)Py -6a’q-5y-7 ; 

Replace y by the 
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substitution t) — n.r + hy. 

8. {ax-\-hy + c)Dy = f.r — ay-{-g; 9. Dy+y^e'^ 

10. .rDy+y=^.v, 11. {l-x‘^)Dij-xy = \ \ 

12. (l+y^)Dy + 2.ry—.r^ ; 13. Dy + ay = cos (bx + c) ; 

14. X Dy+y = .r[if ] 15. /)y +y^=xy ■, 

16. y (.i'“ — y'^ — b'^) By + .v{x^ + y^ — a'*) = 0. 

Find tile cotnplete integral and the .singular solutions (wheie they 
exist) of equations 17-19. 

17. (i/ — p.ry = d^p^ + b'^ ■, 18. y=px+p^ ; 19. x-(y -px)=yp\ 

Solve equations 20-27. 

20. I)-y-{a + b)ny + aby = 0-, 21. D'^y - bDh/ + &!)// = 0 ■, 

22. /1-y- 6/)?/-+- lOy = siii 2^ ; 23. /I'b/ — .3/h/ + 2?/ = ; 

24. D'^y + )i\i/ — a cos 71.1' + h sin ti.r ] 25. D-y ~n“y = ae^ + he~"'^ \ 

26. tJhj - 6/b/ -t- 1 .3y = x'‘ ; 27. / )*y + 2 D'^y + y = 0. 

Integrate the simultaneous equations 28-31. 

28. X — lx -t )/ = 0, if — 2.r - Tn/ = 0 ; 

29. i- +.?/ + 2,r -t-y = 0, y + 5.r -I- .3y = 0 ; 

30. .i’ + 2,r - 3^ = y — 3.( + 2y = ; 

31. .V' — 3r — 4// = 0, //+'’-fy = 0. 

32. Integrate the equations .('=0, 'y= -g, determining the constants 
so that .r = 0, y = 0, x= Feosa, y— Fsin a when i=0. 

33. Integrate the equations .V-=-/ar, y——ny, choosing the con- 
stants so that X — a, y = 0, >■ = 0, y = hj g when t = 0. 

34. Integrate the e(iuation x= — /a/x', choosing the constants so 
that x = a, i =0 when < = 0. 

35. The equation BD*y = v} occin-s in the theory of the bending of 
beams, JJ being the Hexui'al i-igidity and tv the weight per unit length ; 
integrate the equation under the conditions ; 

(i) ,y = 0, Dh/=0 when .(- = 0 and when .t=1 ; 

(ii) y = 0, Dy = 0 when .r=0and when x = ! ■, 

(iii) y — 0, J)y = 0 when .r=0and I)\i/=0, D\i/ = 0 when x=I. 

36. The plates of a charged cojjdeiisei- of capacity C are connected 
by a wii-e of self-inductance L and resistance Jt ; if at time t the 
difference of potential between the plates is F, then V satisfies the 
e(piation 

UZF-l-yfC'F-l- F-=^0, 

and the current y is — FF. Show that the discharge will be oscil- 
latory if that the period T is given by 

7’-47rZ/v/{4Z/6'-/f'‘!}, 

and that the logarithmic decrement of the potential is RTjAL. 
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2 

37. Integrate the equation + = 0 by changing tlie 

dependent variable from >/ to u where v =.e//. 

tlive the complete integral, and al.sf) the integral which remains 
finite as x converges to zero. 

38. Show that the complete integral of 

.r^'D’-y + tf.rDy + liy -= 0 

is y = A.r>'' + Ii.r>^‘ 

where Aj, A 2 are the root.s of the equation 

A(A- i)+oA + ?> = 0. 

Take as trial solution y— M and proceed as in 16!). 

39. Integrate 

(i) xDh/ + 2IJy = (i.t' \ (ii) j-^If-'y ~ ‘Xr-D-y + Dy -&y = .r^ \ 

(iii) .r^D-y - iy =- ,/ . 

40. Integrate the equation 

.r- Dh) + ,r l)y + v'-y = 0 

by changing the independent variable from .>• to 0 where .r = e''. The 
equation for A, corresponding to that of example 38, has in this case 
imaginary roots. 

41. Integrate + 

42. Integrate '^,-1 + ' =0. 

dr- r dr 

43. Find I)y from the equation 

d^ r>-y = y { 1 + ( Dyf 

44. If y — uv, where «, r, are functions of .r, show that the linear 


equation 

D\i/ + PDy +Qy=fl (i) 

becomes, the accents denoting .r-derivatives, 

vv" + (2r' + Pv)u' + (y" + Pv' + Qv) u = R (ii) 


It follows that if v is any solution of (i) when R--i), the value of 
(and therefore of ?y) can be found ; for the coefficient of is zero, and 
(ii) is linear, and of the fir.st order when u' is the dependent variable. 

45. Integrate x'-D'-y+.rDy -y=x^. 

Put y=xu. 



ANSWERS. 


CHAPTER 1. 

§ 6, p. 6. 1. 34 ; 2 ; - 3 ; 4-o6. 3 . (i) + ; (ii) - 

§ «, P- 9- 2. The locus in each case is a straight line ; in eases (i), (ii), 

(iv) the line is perpendicular to the axis of abscissae, and in (iii) the 
line is the axis of ordinates. When the oidinato is given the lines aie 
parallel to or coincident with the axis of abscissae, 

*. (i) + ; (ii) 

§ 7, p. 10. 2. (i) (ii) V17 : (iii) (iv) 2v'13; (v) 37rV2/‘2 or (i) 2-24; 

(ii) 4-12 ; (iii) 2'24 ; (iv) 7-21 ; (v) 6-66 

Set I., p. 19. 

1. 1, 1, 1. 2 (nx + l>)-~{ax + h)-2. 

3 , .r^-5.r^+l; •H’-S.i'N 1 ; sin-.r - osin.f -h 1 : -2 04. 

9. + hyx + c ; ax- + hx'^ + c ; «//■= + by^ + c. 

CHAPTER II. 

Set II , p. “29. 

1 . A, G, D on curve ; fl, K not on curve. 

2. Y'OT is an axis of symmetry for (i), (iii), (vi), (vii). Point (1, - 1) lies 

on (i), (ii). a = 0. 

3 . Turning points, (i) (0, -1); (ii) (0, -1); (iii) (0, 1); (iv) (y, s) ; 

(v) (-Y> 4 ); ('’i) (t) ft). Abscissae (i) -1,1; (ii) ; 

(iii) ^2’ (V) ’(-li-V''): (vi)^,I. 

3. (i), (ii), (iv). In (iii) y is imaginary when x is negative. 

Set III., p. S 2 . 

1 . (i) -1,2; (ii) 2, -1; (iii) -4, -1. 3 . C lies on line. 

6 . (i)a; + 3 / = 3; (ii) a: + y=l ; (iii) a: + y--0 ; (iv) 84 ; - 2y + (i = 0. 
l.y = 2x-5. O. y-h = c(x-a). lO. (1, 1), ( - 3, 9). 

Set IV., p- 41. 

8. (i) -2-84, -44, 2-40; (ii) -3-14. 


9. -1'98, - 06, 2.06, 3-98. 
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Set V., p. 54. 

H. (i) (ii) 1^15. 


CHAPTER III. 


14. 

16. The equation is equivalent to y + 1 = ±-?r(a: - 3). 

Set VI., p. 60. 

13 . (i) an ellipse, (3, -4), ‘2tt = 6, 25 = 4; (ii) a hyperbola, ( - 11, 5), 2a = 4, 


■26 = 2^3. 


19. (i) i; (ii) 4 


27 


'SIS 


30. (i) abU( a'-8in'^0 + 5-COS-9) which may be written hj4{l - (’"cos'^fi) vvlien 
a- - 5“=e-o[“; 

(ii) (1 - e cos 6){alt4l {a^&in“6 + b‘^coe!^$) = h{\ ~ ecos0)/^'(l -e\'os~d); 

(iii) 5 ( 1 + e cos e)/4 ( 1 - e^cos^d). 


CHAPTER IV. 

§ 32, p. 67. 4. The values of SuJSx, are in order .331, 31.5’2.5, 303'01, 
300-3001, 300-030001. 

6. The values of Si/JSti are 

(i) -015038, -01.3077, -015100, -015107; 

(ii) -008594, -008661, -008701, -008713. 

6. The values of SyJSxj are 

(i) -001332, -001.334, -0013.35, -001.336; 

(ii) -0059.50, -005990, -006028, -00603. 

§ 37, p. 74. 1. 0, h), g, 2g. 3. -a/i’j- 


CHAPTER VI. 


§ 68, p. 106. - 10, -4, 0, 2, 8. 

§67, p. 111. 3. .5C, - -ijOsJe, -2rk 

4. |.r-’, 4v/.r, -l/.r, -:i/4x*. 


Set VIII., p. 115. 

1. 21^^+ 10.j: + 4. 3 


4. l/(5-2a-)2. 

7. n (a;” 

9. 5a;-'’ + ' - -pr 


112x- 10. 

6 -L. J . 

2^/j" 2v5r' 

8 . -bx~"‘~^). 


i. 3a:2-4.r-5. 


lO. 2(x + l)(r' - l)/ar>. 
11. {ad-hc)l(ct + df. 13. ~ncj{h + etf. 

18. 2{(aB-hA)f^ + (aC-cA)t + (hC-cB)\l(At:- + '2Bt + C)-. 

6«2-2) 


14 


1 6 . trtvu + tmiv + tn’ir. 


■ (t + \f(t + 2f' 

17. Abscissae of turning points (ti) 4, (5) ±1, (c) 0, ±1. 


18. (ilx^-x + C; (ii) f x'* + - + (7 ; (iii) pa.r* + 45,r'^ + cx + C. 

X 

19. y = - ia:- + X. SI. 
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Set IX., p. 119. 


V(1-^)' 


' 2(1 -.r)3' 


4. a^{a'‘-x^) L ». ni={rt'-‘ + r'‘r 


a. l{‘ix--i]lJ(2x+\){x-2). 


6 . {a:i'-^ih)/^{ax^ + bj'-\-c). 


-2j.‘ {aB-bA)x^-\-{aC~cA)X'i-(hC-cB) 

(a-2-lV(*"-*l)' ®' Mx* +’^ + + 2hx + c)^l(Ax^ + 2Bx+C)' 

(x + 7)(x + l)’‘ _ {rriT -nx + mb - na)(x + ay^~^ 

(x-l)" ■ ■ (x + by ‘+^ 

-it -3,1- 

16. - (2x + 2^ - 5)/(2x + 2j/ + 1), grad. = 1. 18. n, h - ct ; ta,n if>=(h - ct)la. 


/■^ ,..,A+2Rx ..... 

1 , 1 
18- IS. hi”. 


(iv) 

nx 


ao. -/(«)• 


Set X., p. 125. 

a. yyi = 2a(x + .ri) ; (,y-yi)2(j+(.r- .r,)j/,=0. 


CHAPTER VII. 

Set XI., p. 1.31. 

^TT StT 

1. 3(cos3x - sill 3 .t). a. cos — (x + h). 

an 

a. m cos mx cos nx. - n sin mx sin nx. 4. x cos x. 5. x sin x. 6. sin^x. 

7. cos'^x. 8. cos^x. 9 . sin*.r. lO. J(sin3x + oo8.3x), 

11. “siii (ax + ?)). 13. ^tan(ax + 6). 18. ix + ;j:sin2x. 

14. |x- isin2x. 16. - yV cos 6.r - J cos 2x. 

16. - 2a cos (ax + 6) sin (ax + 6). 17. tan( 2 a:+ l).sec^(|x+ 1). 

18. co8 2x/U8m 2x. 19. sin x (3 - cos^x)/cos*x. 

30. sin x/(l +C0S x)''^. 31. 2Binx/(l +COSX)®. 

33. (cos X - sin X tan“x)/(l + tanx)'*. 

35. (i) < = -{(iV+4)7r + e}, s=0; (ii) <=-(iV7r + e), s= i-a where N is any 

71 

integer. 

36. - a sin t, b cos t ; tan 4> = - (b/a) cot t. 

3B. b tan (x/fe) ; {a^j2b) sin (2xjb). 

86. For cosx the inequalities are not changed ; for sinx put >■ in place of «=.. 
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Set XJI., p. 134. 



3 



1 


3 

1. 

^(1-9x2)' 

2. 

s'(2- 

1 

«• 5 

- 2x 4 2ar’ 


-1 



1 a: 


X 

4. 

.^(2x-x3)- 

5. 

sill ' 

■'■\/(l-x*)- 

8 . tan-'x4|-^^2. 

7. 


8. 


9. sin-’(^% 'y 


Set XIII., p. 

139. 


■ 



1. 

1 + log X. 

2. 

- 1 

(1 4 Hlogx). 

3. cot^ 

4. - tan 

6. 

1/ain X. 


6. 

2/cos r. 

7. 

2/8in X. 

8 . 

a/(a- - x)^lx. 


9. 

1 

2^/(.r^ - n'**)' 

lO. 

(x+l)e^ 


X" '(x 





.rr-' 

11. 


12. 

- 2r ^ sin X. 

13. 

(1 Ktf 

14. 

1 log (3x4 4). 


16. 

1 , X - o 

16. 

1 , 2x - 3 

12 ''*='2x + 3’ 





1 


’ll 

“ 

17. 

log{x-\-\ J'' ^ 1}. 

18. 

-e- 

a 

21. 

a ; ' ' . 

a 



r 


, / I’ 



22. 

i-r 

- e 


\a\c‘' - e 




Set XIV., p. 146. 

1. 28r‘-6.t-; 84.t’2 ^ 12.<- ; lC8.r- 12; 168. 

2. (.r'Mir-. 3. Pix-'- 12rt.c l-2a'^: 12(2x-a). 

4. y'= _(x-l)-2-(x+l) ■•'+(x + 2)--; 

y'' = 2(x- ])-•'-(- 2(x+ l)-’-2(.r f 2) = ; 

— ( - ] )'<(« !)(.r - 1) ‘ + two similar terms. 

6. -2" ' cos (2x + (i7r/2). 

6. y(«) = x" cos d + 2iix sin 8 - )i{n - 1) cos0 where 8-x + mr/'2. 

7. y = isiii 2x+ ’-sin 4x ; y('‘> = 2"''‘sm (2x + 7t7r/2) 4 2''"‘“sin (4x + H7r/2). 


lO. + 2nx + ?j(?i - 1 )}. 

18. y" = 0 when x— - 1/^/3 or + 1/^/3. 


8. e‘{x + n). 

12 . Ex. 1. x= ; Ex. 2. x = 0. 

23 ~ ^ 24 - - ^ 

2a«“' a"ain>i 
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CHAPTER VIII. 

§ 70, p. 157. - 67 X 10-6, 50 X 10-®. 

Set XV., p. 159. 

1. aVjOP^. 3. -dpldx=gp. 

4. - dNjdt is the time-rate of decrease of the number of lines that pass 
through the circuit ; or, the time-rate at which lines a,re withdranm 
from the circuit. 

&. E=RC+LdCldt. e. X=-dEldx. 

1 . (i) (ii) /;(r„' -■^)/(l- 7 ) or (pp-j- P 2 r.j)/( 7 - 1). 


CHAPTER IX. 


a. .r-^l, max.; x = 3, min. 


Set XVI. a., p. 176. 

1. x= -1, max.; a; = 2, min. 

3. a; = 0, min.; x- -4/7 max. 

4. »= -a, max.; x= - |a, min.; .i: = iei, max. 

6. x= - 1, min.; a:=l, max. 3. ar= -1, max.; x=}j, min. 

7. x= - 1, min.; max. if rt>0. 8. x— - 1 min.; .c = l max. 

9. x=ia, max. lO. .f = - ?r, min.; a' = ^, max. 

11 . x-c, min. if 6i>0. 12 . No max. or min. 

18. OT”‘«"{i/(7n-f 15. (a + hfic- 4ahlr-. 

16. (m^Xj + m.x„+ m.^+ ...)■ l*. 3abc. 

ao. a6r/3V3; 3dy(ahc)^ 30 . 2ab. 

Set XVI. b., p. 177. 

1 . tan QA B = bja,J2, 

3. ^{a + b - \^a- - ab -I- 6-). 

n /6 , 1 . JS , 

11. -g-d ; ^^d. la. id ; V“d. 13. 


3 . 86 “). 

lO. x=ia; ,r — 


- id) 

14. a/^/2. 16. AP -. PB = a -.b. 

Set XVI. C., p. 179. 

lO. ^a. 13. AP^-. PB"-^a^-.b'\ 

18. (i)tanil^^(^); (ii)^(y: (Pi)^. 17.^. 18. 


19. e. 


30 


■ 2 ^- 
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Set XVII., p. 18 ^ 

1. Origin a point of inllexion on (i), (lii), (iv). 2. .!,• = ± 4 . 

3. X for points of inflexion (i) (ii) 0, (iii) 

(iv) 0, '+ nj'i. 

6. The origin. 7. (i) 0, ir ; (ii) ; (iii) P, tt. 

». (i) -r = ‘2, (ii).r=+-L lO. = logf-'Y 

b~ a ^\aj 

11 . bx + c - 2d--VT (§ 7.5, Ex. 4). 


CHARTER X. 

Set XVIII., p. ‘>01. 

9. (1) ,Vt-(5o= (2) 1); (:nia=iogJ-: 

(4) (.5) .. Ssin ' sin2(?]^5 

lO. 


CHAPTER XT. 


§ 91, p. 218, 2. ax,.r bi/,y -I {.r - = (j/ - i/,)/by, = (-. 

3. by,>/ 1- nr- = X + x, ; - (.f -.-•,) = (//- //,)//o/,- 

4. a.r,x hbi/r/-l-nr~0; (.f -.«•,)/«.(•, = (y - ja)/!'//, -('- -. il/r-.j. 


Set XIX., p. 289. 

2 . r- + 2(/)i,rf- - i-Dgr-O. 


i 4 II cos ! 
(I sin‘y 




CHAI’TER XII. 

Set XX., p. 253. 

1. ‘2 137 812. 2. -226 074. 3, 2-188 920. 

4. 2-.588 968. 6. -057 014; 1-467 6.5. 6. 1-895 494. 

7. -7.39 085. 8. 1-165 6; 1-604 2. 9. 91-964. 

lO. (1)4-7.30 04; (li) 1-87-5 1. 11. 5-601.) 257, or in deg., 320° ,52' 16". 

13. a;= 1-996, (/--909. 

Set XXI., p. 260 . 2 . 1 -57 in. 


CHAPTER XIII. 

§ 111 , p. 266. 1 . ir”; 2^C-; i(33--4)^ nV(3.r-4); sin-’-|^. 

a. 2 ; 0; 1; Iog(6“/rr); -log .3. 
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1. 

3. 

6. 


Set XXII., p 269. 

'lx*+ j.r'' + ’ / .r^ 4- 51.r + 1 50 log (.r - ,S). 



3. .T + log - 1). 


, \L + .^\/.3 



8. ilog (2a: + N^4.r''* )-.S). 9. .2x4- ] sm2jr. 

1 •! I ’ 

10. si'i 4 sill 2.'x + _j'j^sin 2 ((ix 4 -?)). 


13. f sin 2.1' 4 tjV sin 4.c. 13. .’ .sin x ~ sin 7x. 

14. o cos (.r+ 1) - jV cos {7u’ + 5). 16. ].>' 4- ^ sin2.»: 4- sin4x4- ftV sin6.i'. 

13. 7r/4. 17. 7r/4. 18. tt/S. 19. llogS. 

30. flogCj). 31. t/6. 33. 7r/2. 38. (ii\) iirahcjS. 


Set XXIII., p. 280. 

3. log(x- J-«4-\V -'a.i). 

* sill i,_a )■ *• ^log(rt-4-X'). 6. ^I{a~ + x~). 

f '(”'.,^'.3 ^)' ®- s'O'-i 2 x-;?). 

10 . logsin.r. 11. log ( 1 + sin .c). 13. log (.v 1 sin x). 

13. 3 tan* .r - tan x 4 - x 14. — -] coO x + i cot“ x 4 - log sin x. 

16. tan tan 16. -- cos x i cos'* x - cos'* x +» cos’ x. 

17. - r, cos'* X 4 - 7 cos’! X - co.s'* X. 18. tanx-cot.f. 

19. isecLc. 30. 2.^/(a-.r){J (n-x)**- ? 3 a(o-x). 

31. - 3 {x4-2fi)^'(a - x). 33. log(x4 Vx - I ) - tan 

33. (i) 8/15; (ii) 8/315; (iii) Tr/nij ; (iv) JlogS; 

(v) 2 log 2 ; (vi) (vii) 27r/3^'3 ; (viii) 7 r/ 2 . 

34. I log (XI 4 -X + 1) 4- ^gtan*^^^,j 35. x-2tan'ix. 

33. 3 (x- 1)3 4- 2 log (x^ 4 - 2x4- .3). 37. s log (.r“ - 2) 4- log (x= f 2). 

38. x4-4log(.c- l)-4/(.r-l). 39. sin'*x-^'(l - x'^). 

30. ^,/(.r3- l)4-log(x + \V-* 1). 31. ,^/(.c‘3 4-ax) 4-^ log ( r 4 - “4-«yx“4-ax). 

33. sj (ax - x^) + sin~* ^ 33. sin'* 
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34. 

37. 

40. 

43. 

43. 

1 . 

4. 

6. 

8. 

lO. 

13. 


IS. 


17. 

18. 
13. 

30. 

3. 

5. 

6 

28. 

34. 

9. 


x + 1 ■ 

35 s/(+*-l) 

3-1 ■ 

- V(ra)' 


®°- a7'"«(x4‘l)' 

39. 

2^/{x^ + 2x + 3) 

4 log (sin X + cos x). 41. -j’x- 

1 log (sin 3 4 2 cos 3 ) 


(i) 7 r /4 ; (ii) 7 r /2 ; (iii) 5 r /4 ; (iv) 7 r/(l-r®) or ir/(r^-l) accnrding as 
r'<l or »->l ; (v) a/sin a ; (\i) rr/‘>^/(I - h') ; (vil) }^log3. 

{i) t/' 2 ■, {ii) ~ Trl2. 46. Sa^jlo. 43. Eacli=2a'73. 47. »( 2 aHJi=)ir. 

Set XXIV., p. 288 . 

-(x+\)e 3. - (.•r' f 6a; + 6)e'*. 3. sin a; - .r cos a:. 

X sin X 4 cos j . b. \x co.s 2.r H I sin 2x. 

- 3-'^ cos .r + 23- sin x i 2 cos x. 7. -r log x - , , a.- 

w + 1 ^ (ra + 1 

J(logx)''*. 9. - .’e •' + 3 ’ye'“^(cos 2 x - 2 sin 2 x). 

«^/(l+a-)- 11. - l< 12 . xsiii->3 + V(l- 32 ). 

r tan ' ’ 3 - 1 log ( 1 + x^). 14. ^.I'-isin ’ x - ] sin ’ 3 t 4 x^'{ 1 - x-). 

J (H 3 -)tau‘' 3 - iu', 16. .4 (x- l)^/(3 + 2.r- . 1 -) 1 28111 

-o (x+ 2x + 3) f log(a-+ 1 i-vx- + 2a ^ 3). 

(x - a)^/(2a,c - a'^) t ■lo’^sin ' • 

(x + a)^/{'2ax f x^) log (a i a }-iJ‘2ax ( ,r-) 

■ 5 sm'‘x- ix.^/(l-x-). 21 . 32. (4 sin 4x - 3 cos 4x). 

0 (cosh X .sill X + siiiii X Cos a ). 24. .’ (cosh x sin .1 - .sinh 3 co.s x). 

35Tr/256, Stt/K), 3ir/2o6, 4/35, 7ir/2o6, 13/15 - 7 r /4 

TraVie, 7 rciV 2 , 5ira'‘/8. 27. ( 7 r- 2 )a -74 

m! n !/ (to + iH- 1) !• 33 ?a! a !/(?»+?() !. 

iro«/32, (21 7r/32- 28/15) «». 36.32^/2/15. 37. to'-. 

4a(l -COS0/2). 40. ^a0.^/(l +^-) + ialog(^4 v'i + e'^). 41. (r -a)seca. 


Set XXV., p. 296. 

l. log (x + 2) - log (2x + 1 ) - log (.33 + 2). 

I. 1532-51og(x'‘-l) + 801og(x2-4). 3. 


"'(a - (i)(« - r) 


log(r-a). 


_1 _1 

■ 2x + l ' 4 

311 

16 (x + 1)' 

1 1 


1 , X - 1 
+ 7 log: 


1 


'x+1 


1 , X- 1 

+ log • 

X ° X 


10 


1 J . A/'_L-4. J_ + l 

+ 1)* 16 (3-1)' I 6 V 3 +I 3-^ ^^X+IA 

2 . 1 „ 1 
- loalji4-lc+*piJe«.4a‘” - X + 1 ) .(; 


,. jx=-l)=' 


Ojc-l 

O. ^ lAai. x . J i. U - y 4- 1 ~ • 
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O — 1 

lO. x + log(:c*-a;+ + tan"’-^- 

J2 , X 1 , x-l 

11. \ Uu + 12 

1 


9. 5a:'’-|tan“*a^. 

•* O 


3 


1 fl 

*■ a^~h-\h 


, tan'J?-itan"^ 
i> ha 


] ^+11 

2(«'^ j;*+a2' 


14 




a tau'^ — ?) tan' ^ 
a 


t}- 


16. ^iog(x-l)-|log(a:= j:4 ’ ^ 

4:^ '"S + ^2 + 2^2 !)■ 

.5 ,x + 1 I 3 a:+l 

17. jgtan 2 +a:’ + 2a; + 5 8 a^ + 2a: + 5‘ 


1 a . 

- 36^' ■*" “ b\< 

1 , ,3ainr 

19. 


ax + b 

X 


1 , 2 + cos x , 1 , 1 - cos r 

20. tt; log ,-r + - log 

” .Z - ontj T* tf\ ® 


21. 


2 - COS X 6 

1 a,' + 4 3 x + 2 .3,.^ -iE±2 

8 (x'^ + 4j: + 6)^ 32 .r- + 4x + 6 64 **’” i^2 ’ 


1 + cos x' 


1 


- ax + a- 


2a x^ + ax + a*’ 

aa. (^og (a- + 1 ) + j log (x2+ 4) - ^ log (4a;'“ + 1 ) 


+ 3= tan''2a-- Y^-.tan'*^*. 
/ o loU ^ 


24. 


11 X 3 
X 2 1 + x* 2 


tan ■' a'. 


26. 


1 


(a - 6)’'*+" 

.i 


^Jii- 


■ 


du. 


26. 2^x - 2 tan ' V*- 27. 2x^ - Sx’’ 4 6x« - 6 log (1 + x '' ). 

28. 2v'(x-l)|x + |(x-l)= + ^(x-l)»|. 


29. 


2 2a + hx 


^ t -1 W2 
•“ ?2-” '?(l^ 


31. 


32 


¥ ^f{a + hx) 

1 

Winn - ^ ^ ^ 

xj(x^-a) ^ 1 
2a 


, xv'2 1 , .vA**+l) + »\^2 

itanh ’ ,r. log''' 


33. 


2a + 2 log(x + Vx'‘-a). 

- jWl® + - 1»(“ + bx"}^ 

36. (2x2-iy(l + x=)/3x!>. 

37. 


84. J.(l + xV 


1.3 


(1 +X^ 


36. 


{a - x)^j(a + x)^. 


1 , 1 + tan X - \/2 tan x 1 . . , , /jr: , , 

„-r;log ; :=^ + - 7 =tan '(v'2tatix- 1) 

2y ^ 1 + tan X + 1 I 2 tan x \/2 


ix). 


1 


+^tan"’(V2tanx + 1), 
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CHAPTER XIV. 

Set XXVI., p. 306. 

1. aj(a^ + b^). a. bl(a? + h^). 3. tt. 4. STr/iea'*. 

5. 6. Jra. 7. tt. 8. tt (h - 0)^(8 

9. TrlsJ{a^-b% lO. •F/2ft6. H. w {a^ + h'^)liaV. 

la. (e-tan-ie)/<^. 13. +£=) - 2 ^;slog(e + v^l +e2). 14. 0. 

16. -]. 13. -1/9. 18. n] 19. w-14. 20. tan 


Set XXVII. . p. 312. 

Stt r 3 

1. 27ra/r ; ^ .^/a[(a + /j)- - a'-'J. a. vk-.J{bc). 

4. TT (6 - a)^{6 + (l)/4r. 5. Tr{n^ + b-)li. 

9. (4~Tr}a^f2; (4 + r) a^/'2. lO. Sira-; ‘2v-a^. 

13. (7r-2)a“/2. 13. 7ra»(10-37r)/C. 

18, 37ra“, 4a (1 - cos o/2), SttV, jrV. 19. abcl&. 


a. ; 47ra6“/16. 

7. ai-/30. 

11. wV[2. 

16. 2 . 
ao. irac^l^. 


aa. 




a 1 


t- / a 1 .ax 


( siuf 

2(1 -- f*)! 1 f ('CO 

33 . 5ra2/12. 34 . wa-l4, va‘‘/2. 35 . (3 - 2 log 2) c-'/I. 36 . (4 - 5r)a“/2. 

Set xxvni., p. 322. 

3 . 16a-/3. 6 . llrr. 


sin a 2 

f ('cosa'*'«\^(l -«*)' 








'2mn\m^^ li 




CHAPTER XV. 

Set XXX„ p. 347. 

1. (i) (a,“ + a2-+ ... +0/2. (ii) (!',- + *./+ ... +b„-)l 2 . 

3. (di^ j + (fiBi + a.^A., + b.,B^)j'2. 

7. (i) 3/t/6, 3i:/8. (ii) 2fe/5, I-/2. (iii) aasin“a/{o - sinacoso), 0. 

(iv) S = |a(l + cosa). (v) Oa/O, 0. 
lO. (i) 6ilfa2/4. (ii) 74/a2/r>. (iii) m*/6. 

(iv) SMa^HO, 3M(a^ + 4h^)l20, 
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CHAPTER XIX. 

Set XXXV., p. 416. 

6. (l-aM)(l- bu) - h'^ti^ — 0 ; ?t], u., are the squares of the semi-axes of 
the conic ax^ + 2hxy + hy'‘=l. 

7. P'o^Ka^ -u) + in%^j(h'^ - n) + iific-j(e‘^ -u) = 0 •, u^, «2 the squares of 
the semi-axes of the conic in which the plane cuts the ellipsoid. 


Set XXXVI., p. 422. 

1. ^n{n+\). 2. 1/2(1. 

6. 00 and 1. 

8 . 1 and - 1. 

11 . (Ioga-logft)/(logc-log 3 ). 
14. ^ and 1. 


3. a. 

6.-1 and - 1. 
9. ajh and ‘2alh. 
12 . 1 and 1. 

16. e-o’/w® and 0. 


4. (oj-f-a2+ ««)/»• 

7. 2 and 2. 
lO. 1/2. 

13. a^a2.,.a„. 

17. 4- {alb). 


CHAPTER XX. 

Set XXXVIII., p. 4;w. 

1 . y - x=::C{l+xy). 2 . sin sin' '.* = (7. 

3 . Cy = (\-my)(x \ m). 4 . xy^^Ciiy + x), 

6. y = 0x2-1/46’. 6. (2x-3y-t-l)2(x4-2v-2) = 6’. 

7. x = C + where /f={a + mb)v + ar + bff. 

8 . 6i/2 + 2axy -fx‘- - 2;/x -t 2cy = 0. 9 . y = (x -t (7) e ' 

lO. y = \x + Cjx. 11. j( = (sin-»x-(-C)/.,,/(l-x2). 12, ( 1 + x^) y = ^x^ -I- O. 

13. y = Oe {a cos (f/x sin (6x -h c)}/(o 2 + 

14. l/y“= ®x’-)-0xl 15. xly=C+\ogx. 

16. x'* -1- 2 x 2 y 2 - y*- 2aV - 2b^'^=G. 

17. (y-67x)2=:a2(72 + {,2. x^la^+y^lb'^=l. 

18. y=Cx+0^; 27y2 + 4x2=0. 19. y^=Cx^ + C'‘. 

20. y = Ae‘^+ Be”^. 31. y = A+Be"=^ + Ge^\ 

22. y = e^^(A COB x + B sin x) -1- (2 cos 2x -I- sin 2x)/30. 

28. y=Ae’^-i-Be‘^^-x&‘. 

24. y =.4 cos nx + B sin nx + x(a sin Jix - b cos nx)l2n. 

25. y=Ae’^ + Be~”^ + x{ae'“ -be' ”^)j2n. 

26. y = e^{A cos 2x -t- .S si n 2x)-f( 169x2 136x4- 46)/2197, 

27. y=(A+Bx)coBX + {E+ Fx)amx, 
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38. a;=e'’'(A cos /+ Bsin <), 

y — (}'<'{{ A -i?)cos< + (A + jB)sin<}. 

20. a; = A cos i + Rsin <, 

y = }^(B- 3A ) cos t ~i{A +3B) sin t. 

30. .r = Ae* + - .J j + 7 e“, 
y = A6' - JSe*®‘ - it - 56 +4«“. 

31. x = {A + Bt)f> + {E+Fl)e-', 

y = \(B - A - Bt)e‘ — F+ Ft)t~*. 

32. X— Vt COB a, y=Vl sin a - 

33. x = acoant, y^hsinnt where n = ^/ti. 

34. ~ ’ t,^ (^^'^ = 6 + sin 6 cos B, where i; = a cos-(i. 

35. (i) By=^.}-fV’{x*-2/x-'^Al*x); 

(ii) By=.ljwx\l-xf-, 

(iii) By = -.^iiox‘^(x- -^h- dP). 

37. y = (A cosna + fi sinMa:)/x ; y = B(sinnx)jx. 

30. (i) y — A+Bjx + x'^-, (ii) y=A.r"+ B.e--t r.i- - .r-log.r ; 

(iii) y=Ax'^ + Blx-\x. 

40. y=: A cos(» log.r) + /j’sin(«loga;). 41. xu= Ar Bjr^. 

43. r=Alogr + R. 43. (Dyf + X^ia^KC-y-f. 

46. y — \x^ + Ax + Blx. 
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Abdank-Abakanowicz, 192. 

Abel’s Theorem, 386. 

Abscissa, 4, 7. 

Acceleration, 150. 
angular, 153. 
normal, 359. 
radial, 239. 

Adiabatic curves, 127. 
expansion, 230. 

Algebraic functions, 43. 

Amsler’a planimeter, 321. 

Anchor-ring, 322, 349. 

Angle, 31, 219. 
between two lines, 42, 207. 

Appell, 322. 

Approximations, 196, 244-269. 
rule for, in expansions, 249. 
to areas and volumes, ,328. 
to integrals, 299, 308, 328. 
to roots of equations, 244. 

Arc, derivative of, 124, 201. 
of circle, Huyghena’ approxima- 
tion, 396. 

Area, approximations to, 328. 
derivative of, 185, 201. 
interpretiition of, 187. 
of closed curves, 316. 
of surfaces, 193, 338. 
of some common curves and sur- 
faces, 309. 
sign of, 186. 

swept out by moving line, 319. 

Argument of function, 14. 

Asymptote, 38, 250. 

Auxiliary circle, 54. 
equation, 434. 

Attraction, 151, 154, 241. 

Axes, change of, 52. 
rectangular, 6, 205. 


Bernoulli’s numbers, 401. 

Bessel Function, 407. 

Beta Function, 350. 

Binomial Theorem, 394. 

Cardioid, 202, 360. 

Catenary, 139, .360. 

Cauchy, 121. 

Cauchy’s form of remainder, 393. 
Centre of curvature, 354. 
of gravity, or inertia, or mass, 
341. 

Centroid, 341. 

Chrystal’s Algebra, 173, 250, 290, 
375, 382, 386, .395, 396, 404. 
Elementary Algebra, 20. 

Circle, Area of, 85. 
of curvature, 354. 
involute of, 373. 
perimeter of, 85. 

Cissoid, 314. 

Clairaut’s equation, 432. 
Commutative property of deriva- 
tives, 221. 

Complementary function, 43.3. 
Complete differential, 213, 224, 
integral, 426. 

Compound interest law, 97. 
Concavity, 180. 

Cone, surface and volume of, 86, 
.309. 

moments of, 349. 

Confocal conics, 428. 

Conic section, definition, equation 
and properties of, 47, 54, 61. 
polar equation of, 63. 
tangent projierties of, 124-128. 
confocal, 428. 

Conical point, 218. 
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Conicoid, 218. 

Consecutive normals, 355. 

Constant, 13. 
arbitrary, 262, 425. 
elimination of, 424. 

Contact of curves, .361. 

Continuity, 12, 87. 
of elementary functions, 90. 
of series, .385. 

Convergence of series, 375. 
absolute or unconditional, 382. 
conditional, 382. 
uniform, 385. 

Convexitj’, 180. 

Coordinate geometry — 
of two dimensions, 27. 
of three dimensions, 205. 

Coordinates — 
cylindrical, 210. 
polar, 10. 
rectangular, 7. 
spherical polar, 210. 

Corrections, small, 258. 

Cos X, expansion of, 394. 

Curvature, 352. 
centre of, 354. 
chord of, 354, 360. 
circle of, 354. 
formulae for, 353, 355. 
radius of, 354. 

Curves — 
contact of, 361. 
derived, 183. 
equation of, 2;l, 209. 
family of, 365. 
integral, 190. 
tracing of, 311. 

Cusp, 46. 

of second kind, 261. 

Cycloid, 368. 
properties of, 369, 373. 

Cylinder, surface and volume of, 
86, 309. 

Decreasing function, 104. 

Definite integral, see ‘Integral.’ 

Definite value, 15. 

Density, 341. 

Derivatives, 101. 
geometrical interpretation of, 
105. 

not definite, 107. 


Derivatives of sum, product etc., 
112114. 

of a function of a function and 

of inverse functions, 116. 

of implicit function-s, 119, 214. 

of arc, 124, 201 . 

of area, 185, 201. 

of surface and volume, 193, 346. 

successive or higher, 142. 

Derivatives, partial, ‘204. 
commutative property of, 221. 
geometrical illustrations of, 214. 
of higher orders, 220. 

Derivatives, total, 212. 

Derived curve, 183. 
function, 102. 

Differential, 120. 
complete or total, 213, 224. 
higher, 234. 

Differential coefficient, 102 see 
‘ Derivatives.’ 

Differential Equations, 4‘24. 
degree of, 424. 
exact, 431. 
homogeneous, 429. 
lineal’, 429, 433. 
order of, 424. 
ordinary, 424. 
partial, 424. 
simultaneous, 437. 

Differentiation, 101. 
logarithmic, 113. 
of series, 400. 
we ‘Derivatives.’ 

Dimensions of magnitudes, 68. 

Direction cosines, 207. 

Directrix of conic, 47. 

Discontinuity, 88, 154, 387. 

Divergent series, 375. 

Durand, 193. 

Dynamics, 149-15.5, 225, 341-347. 

Eccentric angle, 55. 

Eccentricity of a conic, 47. 

Elasticity, coefficient of. 156, 230. 

Electric current equations, 159, 
430, 438. 

Elimination of constants, 424. 

Ellipse, definition and simpler 
properties of, 49, 54, 61 . 
area of 281, 310. 
curvature of, 353, 359. 
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Ellipse, evolute of, 362. 
perimeter of, 40,). 
tangent properties of, 124 T28. 
Ellipsoid, moments of inertia of, 
345. 

Volume of, 270, 310. 
of revolution, .see ‘spheroid.’ 
Elliptic lamina. 

centroid of quadrant of, 342. 
moments of inertia of, 345. 
Energy, kinetic, 150. 

Envelopes, 364. 

contact-property of, 366. 
Epicycloid, 369. 

properties of, 373. 

Epitrochoid, 370. 

Equations, of a curve, 23, 209. 
of a surface, 209. 
theory of, ‘242-254. 
differential, 424. 

Errors, superposition of small, 258. 
Euler, 253. 

theorems of, on homogeneous 
functions, 412. 

Everett, 70. 

Evolute, 361. 

Expansion, coetlicient of, 156, 
230. 

Expansions of functions, 390, 408. 
Explicit function, 16. 

Exponential function, 96, 394. 

graph of, 58. 

Extension, 152. 

Fluent, fluxion, 109. 

Focus of a conic, 47. 

Forms, indeterminate, 418. 
Forsyth’s Differential Ecjnations, 
424. 

Function, algebraic, 43. 
definition of, 14. 
explicit, 16. 

graphical representation of, 20. 
homogeneous, 412. 
implicit, 17. 
inverse, 18. 
multiple-valued, 17. 
notation for, 16. 
of a function, 90. 
periodic, 56, 303. 
single-v^alued, 17. 
transcendental, 56. 


Gamma Function, 349. 
Gennochi-Peano’s Cialciilns, 421. 
Geometry, coordinate — 
cf two dimensions, 27. 
of three dimensions, ‘205. 
Gradient, 32, 102. 

Graphical integration, 19‘2. 

Graphs, 20, 311. 

general observations on, 59. 
of inverse functions, 44. 

Gray’s, Absolute Measurements, 
70, 175. 

Magnetism, and Electricity, 439. 
Pliysicsi, 1.54, 160. 

Gray and Matliews, Bessel Func- 
tions, 407. 

Gregory's scries for tt, 401. 
Gyration, radius, of 344. 

Harmonic motion, 152. 160. 

Heat, conduction of, 157. 

Henrioi’s Report on Planimeters, 
32‘2. 

Hobson's Trigonometry, 257. 
Tlolditcli's Theorem, .‘?23. 
Homogeneous functions, 

Euler’s theorems on, 412. 
Iluygliens’ rule for circular arc, 
396. 

Hyperbola, definition and simpler 
properties of. .50, 54, 61. 
area of sector of, 289. 
cm’vatnrp of, 359. 
evolute of, .371. 

rectangular, referred to a.symp- 
totes, 54. 

tangent properties of, 124-128. 
Hyperbolic functions, 139-142. 
Hypocycloid, 369, 373. 
Hypotroehoid, 370. 

Identical Equality, tlieorein of, 
388. 

Impedance, 430. 

Implicit function, 17. 

differentiation of, 119, 214. 
Increasing function, 104. 
Increment, 65. 

Indeterminate forms, 41 8. 
Inductance, 159, 430, 438, 

Inertia, centie of, 341. 
moment of, 343. 
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Infinite, 60, 80, 195. 

scries, see ‘Series.’ 
Infinitesimals, 195-200. 

Inflexion, point of, .‘55, 180, 239. 
Inflexional tangent, 35. 

Integral curve, 190. 

function, 188. 

Integral, complete, 426. 
definite, ‘203, ‘298-309. 
double, .334. 
general, 189, 262. 
geometrical representation of, 
188, ‘263. 
indefinite, 26‘2. 
limit of a sum, 324. 
line, 347. 

particular, 4‘26, 433. 
related, .‘501. 

standard forms, 265, 278. 
surface, 34". 
triple, 338, 

xee ‘ Approximations.’ 
Integrand, 262. 

infinite, 304. 

Jiitograph, 192. 

Integrating factoi', 431. 
Integration, ‘262, 295. 

by algebraic and trigonometric 
transformations, 267. 
by change of variable, 271, 340. 
by partial fractions, 268, 290. 
by parts, 281. 

by successive reduction, 284. 
of quadratic functions, ‘274. 
of trigonometric functions, ‘278. 
of irrational functions, 294. 
of rational functions, ‘292. 
of series, 399. 
along a curve, 318, 347. 
over an area, 337. 
through a volume, 338. 
Intercept, 31, 33. 

Intrinsic equation, .357. 

Inverse function, 17. 
differentiation of, 116. 
graph of, 44. 

Involute, .361. 

Isolated point, 31.3. 

Lagrange’s remainder, 392, 409. 
Lamb’s Calculus, 348. 

Laplace’s Equation, 223, 23.5. 


Leibniz, 121. 
series for tt, 401. 
theorem on derivative ot pro- 
duct, 144. 

Limits, 74-86. 

distinction between limit and 
value, 81, 405. 

theorems on existence of, 100, 
377. 

of a definite integral, 263. 

Line integral, 347. 

I.inear differciitial equations, 429, 
433. 

function, .31. 

Lituus, ‘202. 

Lodge’s Mensuration, 331. 
Logarithmic differentiation, 

113. 

function, 57. 

.series. 395. 

Logarithms, calcidation of, .395. 
derivative of, 136. 
graph of 58. 

Liiroth, 257. 

Maclaurin’s Theorem, 301. 411. 
Maclean’s Physical Units, 70. 
Magnitudes — 
dimensions of, 68. 
directed, 13. 

geometrical rejircsentation of, 

13 . 

Mass-centre, ,341. 

Maxima and .Minima, 166. 
elementary methods, 171. 
of functions of several variables, 
412. 

Maxwell’s Heat, 232. 

Mean- Value I'heorems — 
Derivative, 162, 419. 

Integral, 3t)0. 309. 

Mean value of a function, 3.32, 
3,39. 

Mechanics, ■'•ee “Dynamics.'’ 
Minima, “Maxima.” 

Moment of differential, 121. 
Moment of inertia, 343. 
Momentum, 150. 

Multipliers, undetermined, 415. 
Multiple-valnod function, 17. 
Murray’s Differential Equations, 
424. 
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458 AN ELEMENTARY TREATISE ON THE CALCULUS. 


Napier’s base, 69, 92. 

Newton, 109. 

his method oi approximating to 
the roots of equations, 24-1. 

Node, 423. 

Normal, )23, 201, 216. 

Number c, 92. 

TT, 85, 401. 

Order of differential equation, 424. 
of infinitesimals, 19.“). 

Ordinate, 7. 

Origin of coordinates, 8. 
change of, 52. 

Oscillating series, 375. 

Osgood on Infinite Series, 375. 

Pappus’ Theorems, 348. 

Parabola, definition and sirnplei 
properties of, 48, 54, 01. 
arc of, 127, 314. 
curvature of, 3i53 
evolute of, 367, 371. 
semi-cubical, 127. 
tangent properties of, 124-128. 

Parallel curves, 361. 

Parameter, 365. 

Partial Derivatives, .ler “Deriva- 
tives, partial.” 

Peano, 413, 421. 

Pendulum, period of oscillation of, 
402,' 432 

Pericycloid, 369. 

Period of a function, 56, 303. 

Perpendicular, lengtii of, 03. 

Plane, equation of, 209. 
tangent, 216, 411. 

Planimeter, 321. 

Plotting of points, 9. 

Points, conical, 218. 
distance between two, 9, 206 
isolated, 313. 
turning, 24, 167. 

Polar formulae, 200. 
tangent, normal, etc., 201. 

Potential, 153, 223, .351. 

Power, fundaHwi(b.l limit, 91. 
derivative' of ' 11 1 . 

Power series, SJS. 
continuity of, 386. 
differentiation dbrl integration 
of, 400. 


Primitive of differential equation, 
425. 

Prismoid, 332. 

Proportional parts, 255. 

Radius of curvature, 354. 

of gyration, 344. 

Rates, 65-73, 101. 

Rational fractions, integration of, 
290. 

Rational function, 34. 

integration of, 292. 

Reduction, successive, 284. 
Remainder in Tajlor’s and 
Maelaurin’s Theorems, .392, 
409. 

Ring, lie “Anchor-ring.” 

Robin’s Tracts, 121. 

Rolle’s Tlieorem, 161. 

Roots, see ‘ Equations.’ 

Schlomiloh-Rocho’s form of re- 
mainder, 393. 

Segments, directed, 1. 

addition and subtraction of, 
2, .3. 

measure of, 5, 12. 
symmetric. 3. 

Series, infinite, .375. 
alternating, .382. 
differentiation of, 400. 
integration of, .399. 
multiplication of, 388. 
semi-convergent, .382. 

See ‘ Convergence of series,’ 
‘ Power-series. ’ 

.Sign of area, 186. 

Simpson’s Rules, 330, 332. 
Simultaneous differential equa- 
tions, 4.37. 

sin-c, sin'*x, expansion of, 393, 
401. 

Slope, 102. 

Solution of a differential equation, 
426. 

singular, 4.32. 

, Space-rate of change, 103, 150. 
Sphere, surface and volume of, 
194, 309. 

Spheroid, oblate and prolate, 310. 

surface and volume of, 310. 
Spiral, of Archimedes, 201. 
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Spiral, equiangular, 202, 360. 

reciprocal, 202. 

Stationary value, 105. 

Step, see ‘Segments.’ 

Subnormal, 123, 201. 

Subtangent, 123, 201. 

Surface, equation of, 209. 
of revolution, 193. 
areas and volumes of, 309, 
312-315. 
integral, 347. 

Symmetry, 9, 23. 
centre of, 29. 


Tan'’x, expansion of, 401. 
Tangent, definition of, 78. 
length of, 123, 201. 
inflexional, 35. 
plane, 216, 411. 

Taylor’s Theorem and Series — 
for function of one variable, 
390-398. 

for function of several variables, 
* 408-412. 

Thermodynamics, 228-233. 
Time-rate of change, 103. 

1'ore, 322, 349. 

Total derivative, 211. 
differential, 213, 224. 


Trapezoidal rule, 329. 
Trigonometric functions, direct 
and inverse, 56. 
differentiation of, 129, 133. 
integration of, 265, 278, 284. 
Trochoid, 370. 

True value, 418. 

Turning value, 24, 166. 

Ultimately equal, 199 
Uniform convergence, 385. 

Units, 26, 28. 

Value, stationary, 105. 
true, 418. 
turning, 24, 166. 

Variable, dependent and indepen- 
dent, 12. 

change of, 2.33, 271. 
t'ariation, near a turning value, 
174. 

in a given direction, 218. 
Velocity, 149. 
angular, 153. 
components of, 110. 

Volumes, 193, 309, 331, 3.35. 
polar element of, 346. 

Wallis’s value of ir, 307. 

W’ork, 150, 225. 
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